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Abstract

A spray S on the tangent bundle TM with a n dimensional differentiable manifold M defines an almost product structure T' (I'=l, | being the identity vector 1-form) and
decomposes the TTM space into a direct sum of horizontal space (corresponding to the eigenvalue +1) and vertical space (for the eigenvalue -1). The Lie algebra of

projectable vector fields /TS whose Lie derivative vanishes the spray S is of dimension at most n?+n. The elements of the algebra /TS belonging to the horizontal nullity

space of Nijenhuis tensor of I" form a commutative ideal of /TS They are not the only ones for any spray S. If S is the canonical spray of a Riemannian manifold, the

symplectic scalar 2-form Q which is the generator of the spray S defines a Riemannian metric g upon the bundle vertical space of TM. The Lie algebra of infinitesimal

n(n+1)

isometries which is written At contained in A_S is of dimension at most

superior or equal to three is semi-simple if and only if the nullity horizontal space of the I" Nijenhuis tensor is reduced to zero. In this case, /Tg

Mathematics Subject Classification (2010) 53XX « 17B66 « 53C08 * 53B05ns.

. The commutative ideal of /TS

is also that of Zg The Lie algebra /Tg of dimension
is identical to /TS

Keywords: Differentiable manifolds « Lie algebra ¢ Spray * Nijenhuis tensor Riemannian manifolds ¢ Infinitesimal isometry

Introduction

Frélicher-Nijenhuis and Rund H.’s works [1,2] have enabled Grifone J.
[3,4]) to show a connection as a vector 1-form T" such that JI'=J and T"J=-J
of which J is the natural tangent structure of the tangent bundle TM to a
differentiable manifold M. Such T" 1s an almost product structure (I"%=l),
| being the identity vector 1-form. This formalism allows a more algebraic
approach for the study of Lie algebras defined by I [5].

Given a paracompact differentiable manifold M of n > 2 dimension
of class C*, T is a connection [3]. In [5], we studied the associated Lie
algebras to I, through their first Chevalley-Eilenberg cohomology spaces,

namely, the Lie algebra of vector fields Ar on TM, whose Lie derivative
applied to T is zero, and the horizontal nullity space Nh of the curvature
Rof " (R_l[ I, T']). The Lie algebra Ar is formed by projectable vector

fields, and contams two ideals A and A ,whereA consists of
projectable vector fields of the horlzontal nulllty space of the curvature R
and Aﬁ an ideal of the vertical space.

In [6], Loos O. considered a spray S as a system of second order
differential equations on M. If we denote by A, the Lie algebra of vector
fields on TM which commute with S, the projectable vector fields of A
correspond to 4, ~ (M), y(M)being the complete lift on the tangent

bundle TM of the set of all vector fields (M) on M. V. We will denote the set
Ag suchthat 4, = 4~ y(M). The Lie algebra A corresponds to a Lie
group G of transformatlons on M of which the tangent linear mappings
preserve the spray S. The group G acts freely on the linear frame bundle
of M. The dimension of A is at most equals to n%n.

In the following, a connection I" is linear without torsion, in this case
[3], T is written: T'=[J, S] and [C, S]=S, where C being the Liouville field
on TM. We prove that 4, = 4_ by considering 4. = 4.~ y(M) . For a
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linear connection without torsion such that the rank of the horizontal nullity
space of the projectable vector fields of curvature R is nonzero constant,
the Lie algebra 4. contains a nonzero commutative ideal 4_ "formed by
the horizontal elements of 4 . All the commutative ideals of 4. do not
always come from the horizontal nullity space of the curvature for any spray
S. Let E be an energy function [3], that is to say, a mapping C* on TM to
R*, null on the null section, homogeneous of degree two (L,E=2E), L,
being the Lie derivative with respect to C, such that the 2-form Q=dd E is of
maximum rank. The canonical spray S is defined [5] by

i ddE=-dE,

i being the inner product with respect to S. The 2-form Q defines a
Riemannian metric on the vertical bundle. In local coordinate system on an
open set U of M, (x, yi) the coordinate system on TU , the function
E is written

ije{l,...,n} !

1 n i j
E= Egi,(x',--.,x W'y

where gij(xl,...,
(gij(xl,...,x") is invertible . We denote by 4, the set of X e y(M)such that
L.Q=0, 4 'is a commutative ideal of 4, and 4. . We then have the
following algebra inclusions: A_rh cA_gcA_r. The dimension of A_g is at
most equal to w .The AT is also the Lie algebra of the Killing fields of
projectable vectors which commute with the spray S. If the dimension of /Tg

X") are positive functions such that the symmetric matrix

is greater than or equal to three, the Lie algebra Ai, is semi-simple if and
only if the horizontal nullity space of the Nijenhuis tensor of I" is reduced
. It follows that
, the Killing

algebra /Tg also, contain commutative ideals. For Riemannian manifolds

to zero. In this context, the algebra 4, coincides with Aj
for the flat Riemannian manifolds (R=0), the Lie algebra 4
with nonzero constant sectional curvature, 4 is the isometry algebra
(4-=4,), and it is semi-simple.

This study also makes it possible to construct numerous examples of
Lie algebra containing a commutative ideal. In particular, for a semi-simple

Lie algebra, the derivative ideal coincides with algebra. This examples show
that this property is not sufficient to be a semi-simple Lie algebra.

This paper is part of the continuation of the studies made in [5,7-9].
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Preliminaries
We will recall the bracket of two vector 1-form K and L on a manifold M
[1]. If we denote (M) the set of vector fields on M,
[LK] (X Y)=[LX, KY]H[KX, LY]+LK[X, Y]+KL[X, Y]-L[KX, Y] (2.1)
-K[LX, YI-L[X, KY]-K[X, LY]
for all X, Yey(M).

The bracket N =1/2 [L, L] is called the Nijenhuis tensor of L. The Lie
derivative with respect to X applied to L is written:

[X, LIY=[X, LY]-L[X, Y].

The exterior differentiation d, is defined by [10] d =[i, d]. Let " be a
connection. By

h=1/2(1+ ') and v=1/2(1-T),

h is the horizontal projector, projector of the subspace corresponding
to the eigenvalue +1, v the vertical projector corresponding to the
eigenvalue -1. The curvature of I" is defined by

R=1/2 [h,h];

which is equal to

R=1/8 [T, I].

The Lie algebra A_is written

A =(Xex(TM) such that [X, T" ]=0}.

The nullity space of the curvature R is written:

Ny ={X € y(TM)suchthat R(X,Y)=0,VY € y(TM)}.
According to the results of [5], the elements of A_ are projectable

vectors fields. The horizontal and vertical parts of A_ respectively Alf'
and A; are ideals of A_. If we denote by H° the set of horizontal and

projectable vector fields, then we have
h_ °
A-=H NN, (2.2)
Definition 1 [3]
We call strong torsion T of I the vector 1-form
T=it-1/2[C, T'],

where S indicates a spray, t=1/2 [J, I" | called weak torsion of I', i the
inner product with respect to a spray S.

We recall a result of [3] on the decomposition of a connection
I'=[J, SJ+T.

The elements of Alf' are well known [5]. In the following section, we
will be interested in the ideal A .

Properties of the Vertical Ideal of 4

A vertical vector field can be written in the form JX, J being the tangent
structure on TM, and X a horizontal vector field.
Proposition 1 [5]

Avertical vector field JX is an element of A: if and only if JX commutes
with all horizontal and projectable vector fields.

Proposition 2

Let " be a zero weak torsion connection, X and Y two horizontal vector
fields such that JX and JY are elements of Arv . So we have

J X, Y]=0.
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In particular,
[X, YI=R(X, Y).

Proof: The nullity of the weak torsion of I allows to write
v [UX, YI+v [X, JY]=J [X, Y], (3.1)

for all X, Y horizontal vector fields. If JX and JY are two elements of
A: , we get v [JX, Y]=0 and v [X, JY]=0, that is to say

J [X, Y]=0.
This means that the horizontal part of [X, Y] is zero, we find
X, YI=v [X, YI=R (X, Y).

Proposition 3

Let " be a zero weak torsion connection, X a horizontal vector field. The
two following conditions are equivalent:

a) X is a projectable vector field and [JX, h]=0;
b) [X, J]=0.

Proof: The nullity of the weak torsion of T is written:
[UX, h]Y+[X, J]Y=h[X, JY], (3.2)

for all horizontal vector fields X, Y. If X is projectable, the term
h [X, JY] is zero; and if [JX, h]=0, we get [X, J]Y=0, for all horizontal
vector fields Y. If Y is a vertical vector field, we have [X, J] Y=0,
since X is projectable. This proves that the relation a) implies b).
If [X, J]=0, the horizontal vector field X is projectable [11], so we have h
[X, JY]=0; and the nullity of the weak torsion of I" (3.2) results in [JX, h]=0.
In the following section, we assume that the connection
I' has a null strong torsion, that is, I'=s[J, S] and [C, S]=S.
Einstein’s convention on the summation of indices will be adopted. In natural
local coordinates on an open set U of M, (x\y),._,, . the coordinates on
TU, a spray S is written:

0
X’ oy’

For a connection T =[J, S, the coefficients of I" become T’/ =
and the horizontal projector is

S = yii.—2Gf(x1,...,x",yl,...,y")

oG’

i

h( a.)z 6.— {i
ox'’ ox' oy’
0

hi, :0.

G,

The vertical projector is written:

( f’.jzrgi
ox' oy’
a2 -2

o' ) oy

The curvature R=1/2 [h, h] become

R =lRl.k.dx[ Adx’ ®ik
27 oy

£oary
With R;,:ai——w

k
ox’  ox'

i 8)}1 J ayl 4

We can associate with T a linear connection D on TM, called Berwald
connection [4] with curvature

i,j,k,le{l,..,n}.

R (X,Y)Z=D" D'y JZ-D", D' JZ=D' 1, 17

[hX hY] >

for all X, Y and Z ex(TM). The curvature R of T is linked to ‘.R by the
relation:

R(X,Y)Z = J[Z,R(X,Y)]-
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[JZ,R(X,]+R(JZ,X],Y)+R(X,[JZ,Y])
In particular,
R(X,Y)S = —R(X,Y).
Proposition 4
Let JX € A4 such that X be a projectable vector field, then we have
R(Y,Z)X =0,
forally, Z ey (TM).

Proof: Let JX € A. This means [JX,h]=0. According the expression
of R=1/2 [h, h] and the identity of Jacobi, we get [JX,R]=0. In other words,
forallY, Z ex(TM), we have

[JX, R(Y, 2)I-R([JX, Y], 2)-R(Y,[JX, Z])=0
So the expression of SR becomes
RY,Z)X =J[X,R(Y,Z)].

The vector field X being projectable and R(Y, Z) vertical, the second
member of the equality is null. So we find S{(Y Z)X =0.

Let &V, be the nullity space of ER KeriR the kernel ofm
N\;t ={Xey(TM) such that R (X, Y)Z=0, V'Y, Z ex(TM)};

Ker R ={Xe(TM) such that R (Y,2)X=0, V' Y, Z ex(TM)}.
Proposition 5
The horizontal ideal Allf of Ar becomes

A"=N. AH cKerRAH".

R

Proof: According to the relation R(X,Y)S =—-R(X,Y) for all X, Y
ey (TM), we have

N. c N,

R
If X eN,, according to the previous relationship between R and R,
we get

R(X,Y)Z = R([JZ, X],Y):

if X is projectable, [JZ, X] is vertical and R ([JZ, X], Y) is therefore zero.
This results in

N, "H cN,"H".
In conformity with aﬂr{esult of [5], we have
N, NH =N, "H" = 4.
Blanchl identity on ﬂ? is written [4]
SR(X Y)Z+ER(Y Z)X+‘R(Z X)Y =0,
forall X, Y, Z ex(TM). If X e N , we find
‘R(Y Z)X =0, (3.3)
forally, Z ey (TM).
Proposition 6

If the module N, N H" on the ring of constant functions to the fibers is
of nonzero and constant rank, there is locally a non-trivial vector field such
that XeA and JX € 4.

Proof: We will solve the equation
XeN,nHand [JX,h]=0. (3.4)
This leads to solving, according to the proposition 3, the equations

XeN,nH" and [X,J]=0.
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In other words, X is a horizontal and projectable vector field of the
nullity space belonging to the Lie algebra A . The elements of A are well
known [11]. We can write in local coordinates:

8 ox’ 0
=X'(x ) Rty
ox' oy’

For a linear connection, we have 1"{ (x,y)= y’l"-l.’} (x) , the system of
equations to be solved becomes
oX’ (x)
o'

with i, j, | €{1,...,n} . The compatibility condition of the equation (3.5),
according to the Frobenius theorem, is

X (X)——X( )F’

==X'(x) T, &9

axk a i i~ sk

This condition is nothing but X e KerRH° and according to the
proposition 5, we have H AN, — Ker R~ g If the rank H° NN, is
nonzero constant, H° N N, defines a foliation. On a submanifold defined
by the distribution H°~N,, the equation (3.5) admits a non-trivial
solution.

J J
XI(%—a k4Tl -T, rfj 0,i, j,k,I,s €{l,...,n}.

Proposition 7
Let B be the set defined by
B= {X € y(TM ) suchthat X € Al et JX € A;}

Then B+JB is a commutative subalgebra of AﬁxArV and a
commutative ideal of 4. " 4,.

Proof: On the one hand, let X and Y be two elements of B, according
to the proposition 2, we have

[X, Y]=0

On the other hand, X and Y being projectable, we find

[JX, JY]=0.

It is obvious that B is a subalgebra of 4", and JB a subalgebra of AL
Consequently, B+JB is a commutative subalgebra of A” x AL and of A

hlf. Y S A. N A, for XeA}’, we have [Xx,Y]e 4! sinne
A4 is an ideal of A. . Now let us prove JIX,Y]e 4 that is,
[J[X, Y], h]=0. According to the proposition 3, this leads to prove that [[X, Y],
J]=0 and [X, Y] is a horizontal vector field, which is inmediate by the identity
of Jacobi and X € 4", horizontal ideal of A .

Particular Lie Algebras from I" and S
The Lie algebra A is well known [11], and it is written

Ay=x(M)+J x (M)
inwhich »(A7) denotes the complete lift on the tangent bundle TM of

x(M). We denote A, ={X ey (TM) such that [X, S]=0}.
Proposition 8
The vertical vectors fields of A, are trivial.

Proof: A vertical vector field is of the form JX, where X € (TM). JX is
an element of A if [JX, S]=0. In conformity with the formula J [JX, S]=JX for
all X e x(TM), the previous relation implies JX=0 for all JX € A,

Proposition 9

The set of projectable vector fields of A coincides with 4 M ¥ (M)
andthat 4 N y(M)=A4. N y(M).

Proof: Let X be a projectable vectors field, the identity of Jacobi makes
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it possible to write
[J, [X, SII+IX, [S, JII+[S, [J, X]I=0.
If [X, S]=0, the above relation becomes
[[J, S, XI=[lJ, X], S]. (4.1)
But we have I'=[J, S], T"h=h, I'v=-v and h+v=I, we find
[T, X]Y=[TY, X] -T" [Y, X]=2v[Y, X],
for all Y horizontal vector field of I" . On the other hand, we have
[S, U, XN Y=[S, [J, XIY]-[J, X] [S, Y].

As [J, X] [S, Y] and [J, X] Y are vertical since X is projectable, by
applying J to the relation (4.1) we find

[J, X] Y=0, (4.2)

for all Y horizontal vectors field. If Y is vertical, it is immediate to note
that

14, X] Y=0. (4.3)

The relations (4.2) and (4.3) prove that [J, X]=0. In other words, X
e A. But 4, = y(M)+J z(M), and taking into account the proposition
8, therefore the set of projectable vector fields of A coincides with
A (M),

With [J, X]=0, the relation (4.1) proves that X e A_. That is to say

A, y(M)c 4.0 (M) -

Let us now prove that 4. N y(M) < Ag N (M) -

Let be X € 4. N z(M). This results in [X,#]=0 with S=hS. If we
apply to S the above relation, we get
[X.hS]—-h[X,S]=0=v[X,S]- (4.4)

From the relation [Y,J]:O,, we find J[},S] =0. In other words,
taking into account that h is semi-basic

h[X,S]=0, (4.5)
as v+h=l, the two relations (4.4) and (4.5) result in
[X,5]=0.
Which proves that
A-NyM)c A,y (M).

Remark 1: The proposition 9 is contained in [12] in another way.
In the following, we assume 4, = A4, N y(M) and

A_r =4.NnyM) ,A_rkthe horizontal part of 4 .
Proposition 10

The horizontal part of A_l- is such that

A ={XecA and JX e A4}

and A_rh is a commutative ideal of the Lie algebra 4

Proof: This is to prove that the horizontal part of 4. is only the B of the
proposition 7, which is immediate according to the proposition 3.
Theorem 1

For all differentiable manifold of n dimension with a linear connection
without torsion such that the rank of the nullity space of the projectable
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vector fields of the curvature is nonzero constant, the Lie aIgebra_A_r
contains a nonzero commutative ideal formed by the horizontal part of A,

Proof: This is the consequence of previous studies. The existence of
the nonzero horizontal part of A is given by the proposition 6.

Automorphisms

We denote by G the set of diffeomorphisms ¢ of M such that the
induced drﬁeomorphrsms ¢. on TM preserve a spray S, G, forms a group.
From the study of the equations of A and G on a Iocal coordinate
system of M, using the classical theorem of Palars Loos O. [6] deduces
the following result:

Theorem 2 [6]

a) G acts freely on the linear frame bundle of M. In particular, the
dimension of "4 is less than or equals to n%n.

b) There exists a unique Lie group structure on G such that G is a
Lie transformation group of M with Lie algebra the set of complete vector
fields in 4 .

c) If the dimension of Z=n2+n and M a manifold simply connected,
then (M, S) is isomorphic to (R",Z,) foran unique 1 e R; Z, is given by
the equations d_yl:,wf i=l..n

dt 9 9 b

Examples

Example 1
Let be A7 =R® and the connection I'=[J, S] with

1 0,2 0

§= +y —+ 0
rwas Grvas trv)

—2e (y)g—Ze (v )82’

then the coefficients of I being 1/ =aai:for i,j €{1,2, 3}, the nonzero
v

coefficients of the connection are ! =27y T2 =2¢"' 3.

The horizontal space is generated by
i}—Ze; 1 al’ a2 e} ’ a 83
Ox oy Ox ay " o
We notice that /T ={0}. The Lie algebra A
o o0 , 0 . 0 0 ) 0

— = — -+ 2% o R
o e ey o

is generated by

o 0
We note that all the subalgebras of {a g }are commutative ideals

of 4

-
None of these nonzero ideals are horizontal.
Example 2
Let E be the energy function such that
= %(e"1 (') +e (7) +e* (°)*). The canonical spray is written:
0 , 0 1 ! o 1

0 , 0 1\2 Y3\ 2\2
— Y 4y (") - 2e ——
Punb s v 2((y) (y))ay1 2(y)

62 —2)/])/3 63'
o i)

S:yl

The nonzero coefficients of the connection are

1
r :y_,r; '3l—~2 y =

2
The horizontal vector fields are generated by
o y o 36 o Yy o o .50

0
6y ot 2 ot ax Y o' Y Exh

=y’ =y
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The horizontal nullity space of the curvature is generated by i,ﬁ o,

2

— ot 2 oy
The elements of A are generated by

o 0o 40

o 0 >~ @ ¥ 9
PR T 5 Az P Aa X R 3
ox~ Ox Ox 2 oy Oox ox oy

= 5 30
The commutative ideal is generated by e * (——-——).
€ y (6x2 2 o
We note that for any linear connection (see the example 1), the
commutative ideals do not always come from the horizontal nullity space

of the curvature.

The example 2 shows that the commutative ideal is of the horizontal
nullity space of the curvature. The question is to know if it is true for all
canonical connection coming from an energy function in the language of [3].
This is the object of our study.

Connections on Riemannian Manifolds

In this paragraph, we are content to state the well-known results on the
Riemannian manifolds which will be used.
Definition 2

We call the Riemannian manifold, the couple (M, E):

. M is a differentiable manifold;

. E a function of ZM =TM —{0} into R*, with E(0)=0, C”on
TM, ¢? on the null section, and homogeneous of degree two, such that
dd E has a maximum rank.

We notice that if E is of class ¢' on the null section, we will have a
Finsler manifold. Imposing E of class C? on the null section implies that the
function E is of class ¢~ on TM.

The application E is called energy function, Q=dd E its fundamental
form defines a spray S [13]:

i;dd E=-dE and I'=[J, S] is called canonical connection. (7.1)

The fundamental form Q allows to define a metric g on the tangent
bundle by

g (X, Y)=Q (X, FY), (7.2)
X and Y being two vector fields on TM, F the almost complex structure
associated with I, (FJ=h and Fh=-J where % :%.There is, [4], one and
only one metric lift D of the canonical connection such that:
1. JT(hX,hY)=0,
T(JX,JY)=0(T(X,Y)=D,Y -D,X -[X,Y]),,
DJ=0,
DC=v,
DI'=0,
Dg=0,
DF=0.

N e o k&~ WD

The linear connection D is called Cartan connection. For a Riemannian
manifold, the Cartan connection D and the Berwald connection D are
identical. We have

D, JY=[J, JY] X, D, JY=[h, JY] X.

To the linear connection D, we associate a curvature

R(X,Y)Z =D, D,yJZ - DD,y JZ = D, yy}JZ,
(7.3)
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forall X, Y, Z € %(TM). In particular,
R(X,Y)S=-R(X,Y). (7.4)
In natural local coordinates on an open set U of M, (X, y)) eTU € i, j
{1,..., n}, the energy function is written [3] p.330
1 "N
E :Eg,.j(x',,..,x )y'y?

where g".(xl, ..., X") are symmetric positive functions such that the
matrix (gij(xl, ..., X" )is invertible . And the relation i.dd E=-dE gives the
spray S,

.0 . , 0
S=y —=2G(",..,x", ¥, V") —.
Yo ( VoY )ay‘

, 1,
with G ==Yy iy
_1(%gy  oOg, Og;
where 7, 72[ ox' * ox’ oxt )

By 7; =&" 7y

1,
we have G* =57 y’}/,f.

The relation (7.1) is equivalent to the following relation
d,E=0. (7.5)

Properties of the Curvature ‘R of a
Riemannian Manifold

From the properties stated above, we obtain the following classic
results: forall X, Y, Z, T € y(TM)

g(R(X,Y)Z,JT)=-g(R(X,Y)T,JZ) (8.1)
R(X,Y)Z+R(Y,Z) X +R(Z,X)Y=0; (8.2)
g(R(T.X)Y,JZ)+g(R(T.Y)Z,JX )+ g(R(T,Z) X, JY)=0;
(8.3)

g(R(X.Y)Z,JT)=g(R(Z.T) X, JY). (8.4)

Properties of the Horizontal Nullity
Space of Curvatures

From the properties of the curvatures given above, we have:

JX LImR* <> X eKerR'(R*=isR),X € x(TM); (9.1)
JX LImR < R(S,X)Y=0,X € y(TM),vYe y(TM);
9.2)

XeN, < JXLR(S.Y)Z,X e y(TM)NY,Ze y(TM);

(9.3)
XeNy o X LR(Y,Z)T,X € y(TM),VY,Z,Te y(TM);

(9.4)
XeNy = R(Y,Z)X=0,VY,Ze y(TM). (9.5)

Proposition 11

On a Riemannian manifold, the horizontal ideal Aﬁ of the Lie algebra
A satisfies

A'=N,"H =KerRNH =N, "H =KerR° " H".

Proof: According to the proposition 5, the horizontal ideal Ar of Ar
is written
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A'=N,nH =N, "H < KerRNH".

From the relation (8.4), we get KerRNH c NyNH'. It
remains to prove that

Ny "H° =KerR" " H".
It is immediate to notice that
N, "H° cKerR° N H".

R

Let be X € KerR° N He. According to the relation (9.1), we have for all
Y ex(TM),

g (R° (Y), JX)=0.

As Dg=0, we get

g ([J, R (V)]Z, IX)=-g(Re (Y), [J, IX]2).

The vector field X being projectable, [J, JX]=0, we have

g ([J, R° (Y)]Z, JX)=0. (9.6)

From the relation (8.2), namely: namely:
R(S.Y)Z+MR(Y,Z)S+9R(Z,8)Y=0,we conclude

g ([J, R° ()IZ- [J, Re (2)]Y, IX)=8(3R(Y, Z)+R° ([JZ, YI-R° ([JY, Z]), JX).

According to the relation (9.6) and that JX is orthogonal to Im R°, we
find
g(R(Y,2),Jx)=0,

that is, JXL ImR. Taking into account D g=0, and X a projectable
vectors field, we have

g(R(Y,2)T,Jx)=0,
thatis, KerR° "H " < Ker' RN H"

Proposition 12
On a Riemannian manifold, the three following relations are equivalent:
i. the horizontal nullity of the curvature R is reduced to zero

ii. the horizontal nullity space of the projectable vector fields of R is
reduced to zero

iii. the dimension of the image space of the curvature R is equal to n-1

Proof: If the horizontal nullity space of the projectable vector fields
is not reduced to zero, there will be a nonzero horizontal and projectable
vector field X, according to the proposition 11, such that X e N,
and according to the relation (9.4), JX is orthogonal to ImNR, therefore
orthogonal to ImR according to the relation (7.4). The image space of
the curvature R is both orthogonal to JX and to the Liouville field C=JS
with JX A C =z 0. This is only possible if the dimension of the image
space of R is strictly less than n-1.. So the relation (iii) implies (ii).
We notice by (7.5) that d_E=0. That is, the image space of R is in the
kernel of dE. If the dimension of the image space of the curvature R is
strictly less than n-1, there will be a horizontal vector field X such that
JX e KerdE and JX L ImR. According to the relation (9.2), we have
R(S,X)Y =0,VY € y(TM) . By developing this equality and taking into
account the relation (9.1), we have R(X, Y)=R°[JY, X] VY ey (TM).. This is
only possible if X=8 or Xe N_. Since, JX LG, therefore, we have Xe N._..

This last calculation proves at the same time that the horizontal nullity
space of R is generated by projectable vectors field belonging to N..
Consequently, we have (i)==> (iii) and (ii)==> (i).

Conformal Infinitesimal Transformations
of a Riemannian Manifold

Definition 3

Let  be a p-differential form defined on a manifold M. A conformal
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infinitesimal transformation of w is a vector field X defined on M, such that
for all elements (t, x) of the domain D(X) of the flow @D of X, we have

(Dta)(x) = p(ts x)a)(x)a

where p is a differentiable numeric function, with positive values,
defined on D(X).

We have the following result:

Proposition 13

For a vector field X to be a conformal infinitesimal transformation of
p-differential form w, it is necessary and sufficient that we have,

Lo=Ao,

where L, is the Lie derivative with respect to X and A a differentiable
numerical function defined on M. When this is the case, the function A is
linked to the function p which appears in the definition 3, by the relation

pt,x)= exp(_[; Ao q)s(x)ds).

In the following, we are interested in conformal transformations of the
fundamental form Q of a Riemannian manifold.

Proposition 14
If X is a conformal infinitesimal transformation of Q, i.e.
L Q=1Q,then X is a constant function.
Proof: Let be X a vector field belonging to x(TM) such that
L0=1Q,

with 1e F(TM) the set of differentiable functions on TM. Since
Q=dd E, we have

Add E=dL dE.

The expression 1.dd E is an exact 2-form, this implies

drA dd E=0. (10.1)

as dd,E is of maximum rank and the dimension of the manifold M is
assumed to be greater than or equal to two, the relation (10.1) results in

dA=0.

In other words, the function A is a constant.

In the following, we will denote Agc the set of conformal infinitesimal
transformations of Q and 4, = 4, " z(M).
Proposition 15

X e A_gc if and only if

LYE =AE,

where A is a constant given by the relation L€ = AQ.

Proof: Let x /Tgc , we have

L.dd,E=Add,E,

where A is a constant according to the proposition 14. As the two
derivations L and d, commute, we obtain

dd,L_E = Add E.

By derivating by i, the two 2-forms above, C being Liouville field, we
find

d,L_E=Ad,E.

The application of i to the above equality gives
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L.E=AE
L,E=JE with

note that by continuing the
L.dd,E = Add,E. -

AecR, it is
previous

Conversely, if immediate to

calculation, we have

Proposition 16

Agc C /Tr
Proof: Let X e A_gc . Since i;dd E=-dE, we can write successively
i,L-dd,E=Aidd E=-1dE

and L_idd £ =—L_dE =-AdE.
From the formula [Z;, L] =
| —dd,E=0

hs ¥

l[s,f] , we get

As dd E is a symplectic form, we find
[S,X]=0-
This means that} € Z For a Riemannian manifold,

Z coincides withA_r . Thus,
A4, C 4 -
Proposition 17

Let F be the almost complex structure associated to I" . So by noting
Ap =Ap N x(M)
we have

Tcd
Proof: Let } (S A_r . According to the definition of F, namely,
FJ=h and Fh=-J,
we can write successively for all Y ey (TM)
[X,FlJY =[X,FJY]-F[X,JY]=[X,hY]-FJ[X,Y] (10.2)
W[ X,Y]-hX,Y]=0
Similarly, we have
[X,FlhY =[X,FhY]-F[X,hY]=-[X,JY]- Fh[X,Y] (10.3)
=—J[X,Y]+J[X,Y]=0 ,
for all Y e¢(TM), the two relations (10.2) and (10.3) lead to
[X,F]=0.
In other words,
Tcd,
Proposition 18

Let X e x(M),AeR.So

LQ = 2Qis equivalentto g = Ag.

Proof: a) Suppose L}Q = ACQ), we have

for all Y, Zey(TM). Given the relation g(Y, Z)=Q(Y, FZ), the second
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member of the above equality becomes
(Ly9)(Y,2) = LyQ(Y,FZ)-Q(L.Y,FZ)-Q(Y,FL.Z).
By taking into account the propositions 16 and 17, we obtain
(Ly)(V,2)= L Q(Y,FZ),
forallY, Z ey (TM). If LXQ =10 , we find
L.g=A1g.
b) Suppose L_g = Ag . We have

(L)?Q)(Y,Z)=L}Q(Y,Z)—Q(LYY,Z)—Q(Y,L?Z), (10.4)
for all Y, Z ey (TM). The expression of Q in function of g is [3]
Q (Y, Z2)=g (Y, J2)+g (JY, Z), (10.5)

forallY, Z ey (TM).. The expression (10.4) becomes

(LeQ)(Y,Z) = Ly (g(Y,JZ) + g(JY,Z)) - g(LyY,JZ) - g (JL3Y , Z)
—8(Y,JLyZ)-g(JY,L3Z)

As 7 belongs to A , we get

(LyQ)(Y,Z2) = (Lyg) (Y, JZ)+ (L38)(JY,Z)

If L}g = /1g , taking into account the relation (10.5) we find

LOQ=]Q.

Automorphisms of a Riemannian
Manifold

Definition 4

A vector field X on a Riemannian manifold (M, E) is said to be
infinitesimal automorphism of the symplectic form Q if

L,Q=0.

We notice the canonical spray S of (M, E) is an infinitesimal
automorphism of the symplectic form Q.

The set of infinitesimal automorphisms of Q forms a Lie algebra. We
will denote this Lie algebra by A,
Proposition 19

By supposing At =4, " y(M), we have

a) X eA_g if and only if X is a projectable vector field such that X eAg
and L E=0;

b) A_é c A_r; the horizontal elements of A_r form a commutative ideal
of A_g

c) The elements of A_g are Killing fields of projectable vectors of

the metric g belonging toA_r . The dimension of At, is at most equal to
n(n+1)
2 o

Proof: Itis clear that if X €4, then L E=0. This is a particular case of
the proposition 15 for A=0.

Let X be a projectable vector field such that L, Q=0 and L E=0, we

will prove that X eA_g. The fundamental form Q is written Q=ddE,
as L,0=0, we have

isL, Q=0.
Besides, according to the relation (7.1) and the hypothesis L E=0

[s,x]=isLx-ins’ we find

L Q=-dL,E=0. According to the formula i
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i, Q2=0.

[s.X]

Since the fundamental form Q is symplectic, we get [S, X]=0. The
vector field X being projectable by hypothesis, according to the proposition
9,Xed nyM).

-The result of b) is a consequence of the proposition 16 because /Tg
is a particular case of Aj for A=0. Since, we have by (7.5), the horizontal

elements of 4 belong to 4 and form a commutative ideal of 4, ,
according to the theorem 1.

- Finally, the property c) is given by the proposition 18 by taking A=0.

In addition, g defines a metric on the vertical bundle which is of n
dimension. The flow @ of a vector field X 4, is a local isometry for g.

Consequently, @ preserves the orthogonal bases of g on the vertical
bundle. With the method used in theorem 3.3 of [14] vol.1 p.238, the

dimension of Ai is at most equal to(n+1)

Theorem 3

Let (M, E) be a Riemannian manifold with a nonzero constant sectional
curvature. Then A_g coincides withA_r .

Proof: If the sectional curvature K is constant, we have [2]

R =2EKJ-Kd,E®C

where Re=i(R. For all Xe A_r , we have L)—(Ro = (. IfKis not zero,
we get

ZLYEJ = (lydE) ®C,

this is only possible if L E =0 thatis, according to the proposition 19
a), Xe 4, In other words,

Al
The proposition 19 b) gives
4,4
Riemannian Manifolds with Regular
Curvature

Definition 5

We will say that a connection I" has a regular curvature at a point z
of TM if the vector space generated by the image of the curvature R is of
n-1 dimension.

Proposition 20
Let (M, E) be a Riemannian manifold such that

R(X,Y) =0 for all horizontal vector fields X, Y linearly independent,
then (M, E) has a regular curvature.

Proof: The dimension of ImR is less than or equal to n-1, since the
canonical field C=JS is orthogonal to ImR.

If the dimension of ImR is less than or equal to n-2, there will be a
horizontal vector field Z such that JZ 1 ImR and S A Z = 0, and according
to the relation (9.2), we would have

R(S,Z2)=0
this contradicts the hypothesis.

Remark 2: The converse of the proposition 20 is not true in general.

Theorem 4

Let (M, E) be a Riemannian manifold, I" a canonical connection of (M,
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E) with regular curvature. So
A= Agc .
Proof: The proposition 16 gives
4, <4 . B
It remains to prove that 4. is contained in Z and for that, it is

simply sufficient to prove L.E=AE forall xe4. L AleR according
to the proposition 15.

Let X e 4., as A, is identical to A, we have

d[ﬂ]E =0.

According to the formula [L.,d, ] = d[m] and by (7.5), we obtain
d,L.E=0. (12.1)
That implies

dyd,LyE=0or d, L E=0.

Let H be the horizontal space of ', H ®Im R is contained in the
kernel of dE. By hypothesis, the curvature R is regular, so H @ ImR is of
2n-1 dimension, and the kernel of dE. Therefore, H ® ImR is a completely
integrable distribution. According to Frobenius theorem, at each point z of
TM, it passes a maximum integral manifold which is the solution of the
equation (12.1). We notice that L_£ is homogeneous of degree two and
that the function L-£' is continuous and null on the null section.

This imposes the initial conditions for the solutions of the equation
(12.1). Hence the result

L E = AE,
With X is a constant.

Remark 3: A Riemannian manifold with a constant and nonzero
sectional curvature has a regular curvature, but the value of A is zero. The
theorem 3 excludes the case of A = 0.

Proposition 21

Let (M, E) be a Riemannian manifold with regular curvature, R°=iR,
we have the following relation:

[X,R(Y)]=R[X,Y]=-[Y,R(X)],
forall X,Y e 4. .
Proof: Forall x,Y e 4., we have

[X,R]=0.

Thatis, [ X, R°(Y)]- R°([X,Y])=0,or
[X,R°(Y)]=R ([X,Y])=—[Y,R"(X)].

Theorem 5

The Lie algebra /Tg of the Killing fields contained in 4. of dimension
greater than or equal to three is semi-simple if and only if the Riemannian
manifold is with regular curvature.

Proof: If the Riemannian manifold is not with regular curvature, there is
the horizontal nullity space of the projectable vector fields of the curvature R
which provides the commutative ideal of 4, , according to the propositions
19 b) and 12, which is also that of 4, . Then 4, is not semi- simple.

It is assumed that the Riemannian manifold has a regular curvature. Let
Z,Zefg such that x, and X, are linearly independent. As the mapping

R’is injective on the projectable vector fields according to the proposition
11 and the definition 5. R°(.X,), R°(X,) are also linearly independent.
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According to the proposition 21,

[ X, R (X)) |=R[X,.X, ]=—[ X,,R (X,)].

As Xx,x, are elements of 4 , we have the following system of
equations

Leg(R (X)) = g(R [ X, X, JT)+g(R (X,),J[ XX ]),¥¥ € 7(TM),
Leg(R (X)) =g(R [X,, X, |.JE)+g(R (X,),J[X,.1,]). VT, € 7(TM).

Taking JY, L R°(X,) and JY, L R°(X,). we have

g(R'[ X, X, |,JY)) =—g(R"(X,),J[X,, X)),

(12.2)
g(R'[ X, X, |,JY,) = g(R (X)), J[ X, ,]).

If we haveX, X, X,e4, linearly independent, we have

R*(X)),R(X,),R°(X,) linearly independent, and we have a system of six
equations as (12.2). For x_ X c A , We have a system of 2p equations

JERLE

as (12.2). Such a system of equations do not allow us to have a commutative
ideal of 4, other than zero.

We conclude that if A_g is of dimension superior or equals to three for a
Riemannian manifold with regular curvature, Ag is semi-simple.

Corollary 1

__On a Riemannian manifold (M, E) of n 2 2 dimension, the Lie algebra
A, of infinitesimal isometries contained in 4. of dimension superior or
equals to three is semi-simple if and only if the horizontal nullity space of
the Nijenhuis tensor of T is reduced to zero. In this case, the Lie algebra
A, coincides withA_g

Proof: The reasoning used in the theorem 5 is based on the existence
of two linearly independent elements of 4 . So the dimension of A is
assumed to be superior or equals to two. We know that there is no semi-
simple Lie algebra of one or two dimension. Hence, the condition of the
dimension of A superior or equals to three.

We notice the interlocking of the algebras A c A c A So if the
dimension of A is superior or equals to three, for a Rlemanman manifold
with regular curvature according to the theorem 5, A is semi-simple. In

this case, according to the theorem 4, A A and A is an ideal of A
ConsequentIyA =4, , otherwise we have a contradlctlon

Remark 4: If the Riemannian manifold is flat (R=0), the horizontal
elements of 4. constitute a nonzero commutative ideal of A_g If the
Riemannian manifold has a nonzero constant sectional curvature,
according to the theorem 3, A A It is obvious that this manifold has
a regular curvature.

Remark 5: The result of the theorem 5 is not true in general if we only
impose the fields of projectable vectors to be those of Killing, that is to say
to belong to A, without being elements of  (a7).

The elements of A, even projectable form in general an algebra of
infinite dimension.

Examples

Example 3

We assume M =R’, £ = %(e‘z (»")* +(»*)*) The spray S is written

0 o o 1 » bl
S R | 27+7 X N2 _ Y
ya‘ yax y o 5¢ (y)az

The nonzero coefficients of the connection are:
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F':Ji r :Ll Fzz_iexj_

1 2 22 2 > 1 2
The horizontal vector fields are generated by
o0 yo y,ea @ _y_'i
o' 209 2 o’ a2 o'

The curvature R is not zero. The elements of Ar are

1 1
(oD X2 0 ¥

20 ox' 2o

1 2 2 0 0 X
632(2()61) —e Jg—xly-l-

The Lie algebra A_r coincides with A_g It is semi-simple.

Example 4

Weassume M =R* p-

The spray is written:

O o ().

ox'

(2y1y27(y3)2 e“‘Z’Xl) 5 (2y3y27

2 67_ 2 i

The coefficients of the connection are:

3 2 40 1 2 1 3 a7y
r L)r‘z _re I :L,rf :L,ri :L’rg -_re
2 2 2
lex‘ -x? 3 2
ri=-2 Aty | P A
2 2 2

The T connection has a regular curvature. We note that . is

generated by %+ on R, and A ={0} .
X

ox’ 03

According to this example, we note that the Lie algebra of Killing fields
A, even projectable is of infinite dimension.

Example 5

We take M =R3, E:%(eXI (y1)2 +ex2 (yz )2 +ex3 (y3 )2) .
o0 e (e () o
axz y a 3 2 ayl 2 6)/2 2 8}/3 .

The non-zero coefficients of the connection are:

The spray S is written

0
S=y'—+?
Y ox' Y

1 2 3
r=2Xr=2 =2
2 2 2

Horizontal fields are generated by

The curvature R is zero.
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The elements of Ar are generated by:

2 1 2 1
0 o (V-y)o >( 0 o,
glz_l’gZZe : [__u_]’g3:e 2[____j7
ox

ox' 2 o'

ox' 2 o ox’ 2 oy’ ox’
g [2r o), e ) e
7 aor 2 97 ) o 2

e M) ey e 2o Yo
8= ¢ 3 ’gn_axs 812 =¢€ :

Bl 2 oy
The horizontal vectors fields which form the commutative ideal are {g,.g,.8,,}-
The elements in 4, , according to the proposition 19 (Table 1), are
€=8,7856,785¢78, 780,64 =87,65 =85 ~ 810-% = &2
Table 1. Multiplication table of A_g

o e e e [ e €
1 2

3 4 5 6
el 0 e, €_5 —e, ;63 0
2 2
e, —e, 0 e, 0 0 0
2 2
e, —e € 0 0 € -e,
2 2 2 2
e, e 0 0 0 —e 0
2
& & 0 S 0 o
2
e, 0 0 e, 0 e, 0
2
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\We see that the derivative ideal from Ag coincides with Ag .The
commutative ideal is generated by {e,, e,, }.
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