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Abstract
An epidemic model with optimal control strategies was investigated for Hepatitus-A Viral disease that can be transmitted through infected 
individuals. In this study, we used a deterministic compartmental model for assessing the effect of different control strategies to control the spread 
of Hepatitus-A viral disease in the community. Stability theory of differential equations is used to study the qualitative behavior of the system. The 
basic reproduction number that represents the epidemic indicator is obtained by using the condition of endemicity. Both the local stability and 
global stability conditions for disease free equilibrium is established. Uniqueness of endemic equilibrium point and its global stability conditions are 
proved. Numerical simulation of the model showed that applying all the control strategies can eliminate the disease from the community. However, 
using all intervention strategies is impractical in most circumstances; therefore, using prevention strategies can be recommended in the present 
mathematical modeling context.
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Introduction

Hepatitis, plural hepatitides, is an inflammation of the liver characterized 
by the presence of inflammatory cells in the tissue of the organ [1,2]. The 
inflammation of liver causes soreness and swelling. Hepatitis is most 
commonly caused by one of the 5 hepatitis viruses: hepatitides A, B, C, D 
and E. Hepatitus A infection is associated with poor sanitation and hygiene 
and is transmitted by the ingestion of contaminated food or water or by direct 
contact with an infectious person. Congregate living conditions, both within and 
outside shelters, increase the risk for disease transmission, which  can result in 
outbreaks [3]. Peoples at increased risk for HAV infection include international 
travelers to areas with high or intermediate hepatitis A endemicity, men who 
have sex with men, users of injection and non-injection drugs, persons with 
chronic liver disease, person with clotting factor disorders, persons who work 
with HAV-infected primates or with HAV in a research laboratory setting, and 
persons who anticipate close contact with an international adoptee from a 
country of high or intermediate endemicity [4].

Hepatitis A is very common, potentially fatal disease. Globally, it was 
estimated that 119 million people were infected with HAV in 2005, with 31 
million symptomatic illnesses and 34000 deaths [5]. This infection is very 
common in developing countries. Hepatitis A causes only acute hepatitis. 
HAV is transmitted mostly through exposure to contaminated food or water, or 
through exposure to infected persons. A safe and effective vaccine is available. 
According to the report of WHO published in 2015, globally it is estimated 
that each year, hepatitis A caused approximately 11,000 deaths accounting for 
0.8% of the mortality from viral hepatitis [6-8].

A study conducted by Anthony E. Fiore also revealed that Hepatitis A 
is caused by hepatitis A virus. The disease spreads by the fecal-oral route, 
either by direct contact with an HAV infected person or by ingestion of HAV 
contaminated food or water. Food borne or waterborne hepatitis A outbreaks 
are relatively uncommon in the United States. However, people’s who prepares 

food infected with hepatitis A are frequently identified, and evaluation of the 
need for immunoprophylaxis and implementation of control measures are a 
considerable burden on public health resources. Moreover, HAV- contaminated 
food may be the source of hepatitis A for an unknown proportion of persons 
whose source of infection is not identified [7].

A systematic review and meta-analysis was used to provide a clear and 
comprehensive estimation of viral hepatitis epidemiology and the potential 
clinical burdens in Ethiopia [8]. This review indicated that all types of viral 
hepatitis origins are endemic in Ethiopia. Incorporating a recommended 
diagnostic and treatment algorithm of viral hepatitis in the routine healthcare 
systems and implementing prevention and control policies in the general 
population needs an urgent attention.

Different mathematical models have been developed to analyze the 
transmission dynamics of HAV as well as the effectiveness of some intervention 
strategies against the spread of HAV infections.  For example, Marco Ajelli and 
Stefano Merler developed an individual–based model with dynamic network of 
contacts, parameterized by employing sociodemographic and epidemiological 
data and accounting for millions of individuals [9]. Their study showed that 
very low vaccination coverage is sufficient to control Hepatitus A in Italy while 
its elimination is not possible since new cases are continuously imported from 
high endemic areas outside the country.

A study in [10] used a compartmental dynamic transmission model 
stratified by age and setting in rural and urban was developed and calibrated 
with demographic, environmental, and epidemiological  data from Thailand. 
HAV transmission model was used as a function of urbanization and access to 
clean drinking water. The model was applied to project various epidemiological 
measures. Their study indicated that modeling the relationship between water, 
urbanization, and HAV endemicity is a novel approach in the estimation of HAV 
epidemiological trends and future projections. This approach provides insights 
about the shifting HAV epidemiology and could be used to evaluate the public 
health impact of vaccination and other interventions in a diversity of settings [10].

Mariana Alves de Guimaraens and Cláudia Torres Codeço also used an 
SIR model to study the transmission dynamics of Hepatitus A disease in the 
community. Their study revealed that heterogeneous access to sanitation 
services is a characteristic of communities in Brazil. This heterogeneity leads 
to different patterns of hepatitis A endemicity: areas with low infection rates 
have higher probability of outbreaks, and areas with higher infection rates have 
high prevalence and low risk of outbreaks. Under their study they developed a 
mathematical model to study the effect of variable exposure to infection on the 
epidemiological dynamics of hepatitis A [11].
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Different mathematical models have been developed to analyze the 
transmission dynamics of HAV as well as the effectiveness of some intervention 
strategies against the spread of HAV infections. All of the above studies reveal 
an important result for HAV disease transmission dynamics by considering 
different conditions. In this study, we considered a PSCIR (Protection, 
Susceptible, Carrier, Infected, and Recovered) model for HAV. Our model is a 
modified and extended version of the model presented in with optimal control 
strategies for the control of the disease.

Description and Formulation of Model

The compartments used in this model consist of five classes: is the 
compartment used for those peoples who are protected against the disease 
over a period of time. is used to represent the number of individuals that are 
prone to the disease at time t. I(t) represents the number of individuals who 
have been infected with the disease and are capable of spreading the disease 
to those in the susceptible categories. Denotes the number of individuals who 
are infected with the disease and are capable of spreading the disease without 
showing any symptoms of the disease. R(t) denote the number of individuals 
who are recovered from the disease. Protected individuals are recruited into 
the population at per capita rate. This compartment is consisting of population 
groups which are immune due to pediatric vaccination. Susceptible individuals 
are recruited into the population at per capita rate. Susceptible individuals 
acquire HAV infection at per capita rate. The susceptible class is increased by 
birth or emigration at a rate of and from protected class by losing protection 
with rate. is the effective force of infection which is given by where is effective 
contact rate of individuals with asymptomatic infectious and is effective 
contact rate of individuals with symptomatic infectious. is the rate at which 
asymptomatic infectious individuals become asymptomatic infectious. is the 
natural mortality rate, is the disease induced mortality rate due to asymptomatic 
infection, is the disease induced mortality rate due to symptomatic infection is 
the rate recovery of symptomatic infectious people due to natural immunity and 
joining recovered class, is the rate of recovery of asymptomatic infectious due 
to natural immunity and joining recovered class (Figure 1).

The asymptomatic infectious subclass is increased from susceptible 
subclass by screening rate. The symptomatic infectious subclass is increased 
from susceptible subclass by screening rate. Those individuals in the 
asymptomatic infectious can recover due to natural immunity and join recovered 
subclass with a rate of. And those individuals in the symptomatic infectious 
subclass can recover due to natural immunity and join recovered subclass 
with a rate of. The recovered subclass also increases from asymptomatic 
infectious class due natural immunity at a rate of and symptomatic infectious 
class will recover at due to natural immunity at a rate of. In all the subclasses, 
is the natural death rate of individuals, but in the asymptomatic infectious class 
is disease induced death rate and is the disease induced death rate due to 
asymptomatic infection. The assumption of this model is that there is no re-
infection once an individual is recovered.

Sensitivity Analysis

The total human mortality and morbidity attributable to HAV disease can 
be best reduced by investigating the relative importance of the parameters 
featuring in the basic reproduction number. To determine how best we can do 
in order to reduce mortality and morbidity due to HAV disease, it is crucial to 
know the relative importance of different factors responsible for its transmission 
and prevalence.

Sensitivity analysis was carried out to determine the model robustness to 
parameter values. This will help us in identifying and verifying model parameters 
that most influence the pathogen fitness threshold for the pathogens. Further, 
values obtained for sensitivity indexes indicate which parameters should be 
targeted most for intervention purposes.

Extension into an optimal control

In this section we apply optimal control method for the system (1-5) by using 

Pontryagin’s maximum principle. The optimal control model is an extension of 
HAV model by incorporating the following three controls mentioned below:

i. Is the prevention effort, that protect susceptible from contracting the 
disease.

ii. Is the supportive treatment used for asymptomatic infectious 
individuals.

iii. Is the vaccination used for symptomatic infectious individuals.

 After incorporating and in HAV model (1-5), we get the following 
optimal model of HAV disease.

Numerical Simulations

In the present work, we have used PSCIR epidemic model with control 
measures. The simulations are carried out in order to explore the impacts of 
control measures on the HAV disease dynamics. Following parameter values 
are used in the model for simulation purpose (Figure 2).

And initial values P(0)=1000, S(0)=4000, C(0)=1800, I(0)=1200, 
R(0)=2000

The optimal control solution is obtained by solving the optimality system 
(40), which consists of the state system, the adjoint system and transversality 
condition. To solve the state system we use a forward fourth-order Runge-
kutta method and solve the adjoint system using a backward fourth-order 
Runge-Kutta method. The solution iterative scheme involves making a guess 
of the controls and solves the state system using forward fourth order Runge-
Kutta scheme. Due to the transversality conditions (40), the adjoint equations 
are then solved by the backward fourth-order Runge-Kutta scheme using 
the current iterations solutions of the state equations. The controls are then 
updated using a convex combination of the previous controls and the values 
obtained using the characterizations. The updated controls are then used to 
repeat the solution of the state (Figure 3).

The optimal control solution is obtained by solving the optimality system 
(40), which consists of the state system, the adjoint system and transversality 
condition. To solve the state system we use a forward fourth-order Runge-
kutta method and solve the adjoint system using a backward fourth-order 
Runge-Kutta method. The solution iterative scheme involves making a guess 
of the controls and solves the state system using forward fourth order Runge-
Kutta scheme. Due to the transversality conditions (40), the adjoint equations 
are then solved by the backward fourth-order Runge-Kutta scheme using 
the current iterations solutions of the state equations. The controls are then 
updated using a convex combination of the previous controls and the values 
obtained using the characterizations. The updated controls are then used to 
repeat the solution of the state and adjoint systems. This process is repeated 
until the values in the current iteration are close enough to the previous 
iteration values.

In this section we investigate numerically the effect of the following optimal 
control strategies on the spread of the disease in a population.

i. Using prevention effort, that protect susceptible from contracting the 
disease.

Figure 1. Flow diagram of the model.
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4 we observe that initially the control has minimal effect on the dynamics 
of symptomatic infectious population. In the mean-time the proportion of 
symptomatic infectious population decrease with time leading to faster 
declining of symptomatic infectious population.

Discussion and Conclusion

In this study a deterministic mathematical model of HAV consisting 
asymptomatic infectious and symptomatic infectious stages with optimal 
control strategies has been established. The model assumed the presence of 
population groups who are protected due to immunization by using pediatric 
vaccination against Hepatitus A viral disease. Since vaccines are not 100% 
perfect it was assumed that a certain fraction of those protected groups will be 
susceptible for Hepatitus A virus. The model also incorporated the assumption 
that all populations are equally susceptible. Both qualitative and numerical 
analysis of the model was done. We have shown that there exists a feasible 
region where the model is well posed and biologically meaningful in which 
a unique disease free equilibrium point exists. The steady state points were 
obtained and their local and global stability conditions were investigated. The 
model has a unique disease free equilibrium if <1 and has endemic equilibrium 

ii. Using supportive treatment effort for asymptomatic infectious 
individuals.

iii. Using vaccination effort for symptomatic infectious individuals.

iv. Using prevention for susceptible and supportive treatment for 
asymptomatic infectious individuals.

v. Using prevention for susceptible and vaccination for symptomatic 
infectious individuals.

vi. Using supportive treatment for asymptomatic infectious and 
vaccination for symptomatic infectious individuals.

vii. Using all the three controls, prevention effort, supportive treatment 
effort and vaccination effort.

Controls with vaccination only for symp-
tomatic infectious population

The vaccination (control) is used to optimize the objective functional 
J; the other controls relating to HAV disease are set to zero. From Figure 

Figure 2. Simulation of optimal control with prevention only.

 
Figure 3. Simulation of optimal control with treatment for asymptomatic infectious only.

Figure 4. Simulation of optimal control with vaccination for symptomatic infectious only.
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if >1. It was also proved that the model has a unique endemic equilibrium. 
Sensitivity analysis of the parameters of the model was carried out and both 
recruitment rate and the effective contact rate with infected individuals are 
responsible in escalating the endemicity of the disease. It also was observed 
that mortality rate has a higher impact in minimizing the burden of the disease 
when the parameter increases which is not biologically reasonable to use it as 
a control mechanism. Moreover, the natural recovery rate also has a higher 
impact in minimizing the endemicity of the disease.

For the given model an optimal control problem is formulated by 
incorporating different control strategies. The optimality condition was 
established by using Pontryagin’s maximum principle. A numerical simulation 
of the model was conducted and different combinations of control strategies 
were compared. It was observed that prevention has a significant impact 
in minimizing the burden of the disease. It was also shown that supportive 
treatments given for asymptomatic infectious and vaccination given for 
symptomatic infectious  population minimizes the burden of the disease. 
Finally it was observed that applying all the three control strategies will leads 
to total eradication of Hepatitus A viral disease from the population. Applying 
all the control strategies may be impractical in most circumstances. Therefore, 
using prevention strategies can be recommended in the present mathematical 
modeling context.
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