Review Article
Volume 11:2, 2020

DOI: 10.37421/jpm.2020.11.315

ISSN: 2090-0902 Open Access

Journal of
Physical Mathematics

A Second Order Accurate Difference Scheme for the
Diffusion Equation with Nonlocal Nonlinear Boundary

Conditions

Abdelfatah Bouziani*, Souad Bensaid? and Sofiane Dehilis®

University Larbi Ben M’Hidi, Algeria
2University of Constantine I, Constantine, 02500, Algeria
University Larbi Ben M’Hidi, Oum EI Bouaghi, 04000, Algeria

Abstract

This paper is considred to solve one-dimensional diffusion equation with nonlinear nonlocal boundary conditions. For the interior part of the problem, our discrete methods
use the Forward time centred space (FTCS-NNC), Dufort-Frankel scheme (DFS-NNC), Backward time centred space (BTCS-NNC), Crank-Nicholson method (CNM-NNC),
respectively. The integrals in the boundary equations are approximated by the trapezoidal rule. Here nonlinear terms are approximated by Richtmyer’s linearization method.
The new algorithm are tested on two problems to show the effciency and accuracy of the schemes.
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Introduction

In this paper, we interest to study the numerical solution for the diffusion
equation in one-dimensional time-dependent

2
ou 0 u
——a—zzf(x,t), 0<x<1, 0<t<T, 1)
Ot Ox
with the initial condition
u(x,0)=qo(x), 0<x<l, (2)

and the nonlinear nonlocal boundary conditions
u(0.6)= [ p(x.0)u’ (x.)dx+ E(r),
u(Le)=[q(x.0)w (x0)dx+G(r),  0<t<T, @

Where f,¢,p,q,E and G are known functions, so must be determined the
function u.

0<t<T, @

Recently, this kind of nonlocal boundary-value problem with Y=1 has many
important applications in chemical diffusion, thermoelasticity, heat conduction
processes, population dynamics, vibration problems, nuclear reactor dynamics,
biotechnology and mathematical biology, and so forth [1-4] and the references
theiren. Also, this problem arises in the quasi-static theory of thermoelasticity
treated by several mathematicians such as Day [5,6], who has shown that the
entropy per unit volume u(x,t), satisfies:

2
a—u=aa—tj, 0<x<l, 0<t<T, (5)
ot ox
u(x,O):(p(x), 0<x<1, (6)
w(0.0)= [Ju(x.t)dx,  0<1<T, ™)
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u(l,t)='[;ku(x,t)dx, 0<t<T, (8)
where
a=(1+8)",  k=-5, ©)
and
9 1/2
5=(3l+27/)£m] B, (10)

A and y are the elastic moduli, 0 is the reference temperature, ¢ is the
specific diffusion unit volume, and B is the coefficient of the thermal expansion.
Dagan [7] describes the quasi-static flexure of a thermoelastic rod of unit
length. In this case, the entropy u satisfies (5) with the initial condition (6) and
subject to the nonlocal conditions

u(O,t)=I;p(x)u(x,t)dx, 0<t<T, (11)
u(l,t)=j(jq(x)u(x,t)dx, 0<t<T, (12
where
p(x)=—252 (2—3x), q()c)=252 (1—3x), (13)
and
a=(1+6%)", &= 6,8° , (14)
cA

Ais the flexural rigidity, the constant B is a measure of the cross-coupling
between thermal and mechanical energy and again, 8, and ¢ denote the
reference temperature and specific heat per volume, respectively. The
detailed derivation of these equations can be found [8]. Friedman [9] and
Kawohl et al. extended the Day's result which they generalized the parabolic
equation in several space variables.

The numerical solution of this problem and its variations has been
considered in several papers. Ekolin [10] proved the convergence of the
Crank-Nicolson method by using an energy argument, Morton and Mayers
[11], and Liu [12] considered the Crank-Nicolson method (6-method).
Fairweather, Lopez-Marcos [13] considered the Crank-Nicolson Galerkin
method, Ang [14] solved the problem by using the Laplace transform,
Zhi-Zhong Sun [15] used the high order difference scheme and recently,
Dehghan [16-18] presented different method explicit and implicit, Martin-


mailto:aefbouziani1963@gmail.com

Bouziani A, et al.

J Phys Math, Volume 11:2, 2020

Vaquero et al. [19,20] presented a new method and discussed this method
with Dehghan, Javidi [21] considered the method of lines (MOL), and
others [22,23] proposed a general technique for solving the solution in the
reproducing kernel space.

In this paper we organized our work as follows:

1. The forward time centred space with nonlinear nonlocal boundary
conditions (FTCS-NNBC)

2. The Dufort-Frankel scheme with nonlinear nonlocal boundary
conditions (DFS-NNBC)

3. The backward time centred space with nonlinear nonlocal boundary
conditions (BTCS-NNBC)

4. The Crank-Nicholson method with nonlinear nonlocal boundary
conditions (CNM-NNBC)

5. Numerical experiment
6. Conclusion
Finite difference schemes

For the numerical solution of the considered problem (1)-(4) we apply
the finite difference technique. First, we take a positive integers N and M We
divide the intervals [0,1] and [0, T] into M and N subintervals of equal lengths
h=1/M and k= TIN, respectively. By ;" , we denote the approximation to
u atthe i grid-point and n™ time step. The Grid point (x,t ) are given by x,
=ih,i=01.2,.,M,t =nk, n=0,12,..,N

The notations u;",

difference approximations of u(x,
respectively.

S ply g, E" and G are used for the finite
t), fx,t), pix,t), q(x,t), E(t) and G(t),

The Forward Time Centred space with
Nonlinear Nonlocal Boundary Conditions
(FTCS-NNBC)

We can approximate the time derivative by the forward difference
quotient,and use the second order approximation for the spatial derivative
of second order in (1) to obtain:

u;’”k—u,-" =a( ”_2;; l/ j+f,.". (15)
This scheme can be written as:

w™ = ru, +(1=2r)u +ru) +kf" (16)
Fori=1,2,...,M-1,n=0,1,...,N, and r = ok/h®.

Order of accuracy of the scheme is O(k) + O(h?). We still have to
determinates two unknowns u, and u,,,, for this we approximate integrals
in (3) and (4) numerically by trapezoidal rule (We have chosen this
approximation since it is of the same, second, order of accuracy in space as
the methods used for the interior part of the problem):

ugﬂ =u(0,t"“)=jolp(x tm) (x’tn+1)dx+En+1
(pn+l(un+l)y +2M] lpln+l(uin+l)y +plrlz/[+l(un+l)y)+En+l +O(h2),
an

u}"f = u(l,t"“) = J-Olq(x t"“) (x,t”“)dx+G"+1

(qn+l (un+]) + 25\/[1 ]qln+l(un+])7 + q;\'[/;l n+l)}/)+ Gn+l + O(h )
(18)
Thus, we can write

2u61+1 hpn+1(un+l)y n+l(un+1);/,
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— 2hpn+1(un+l)y +. +2hpn+l (un+l )y +2En+l’ (19)
_hqn+l (un+l)y + 2un+1 n+1 (un+l )y
_ 2hqn+l(un+l)y +. +2hqn+l (un+l )y +2Gn+l. (20)

By applying the Taylor's expansion

) =6 () -
= (ul” )7 + k;/(u;’ )'%1 [L‘;MT_MZH}L
=) () (o )

Hence to terms of order k,
(™) =) () (=) ) @
a result which replace the non-linear unknown ( ”*‘) by approximation linear
in ( ”*‘) (the Richtmyer's linearization method [24]).
Substituting (21) for i=0 and i=M in (19) and (20), we have
(2 hypnﬂ(uo )y l)un+l n+l7/(uw)/ lun+]
— 2hpn+l (un+l)y +. +2hpn+l (un+l )y (22)
+h(1=7)py " (ug Y +h(1=y) Py (uy, )Y +2E™,
_hqnﬂy(u );/ 1 n+1+(2 h}/qnﬂ(u )y l)un+1
— 2hqn+l (un+1 )7 4o+ 2hqn+1 (urHl )}/ (23)
+h(1=7)qe " (ug) +h(1= gy, (uy, ) +2G™,

Hence we have:

u" = f[zl @ hygy;" )™+ bl e ) ) . (24)
u:;l——[zz(z hy Py WY )+ 2hgy Y ) (25)
where
z,=2hp! " ™Y + o+ 20 Y (26)
+h(1=9) prt' @Y +h(1= ) pit (ul, ) +2E™,
z,= 2hqr1+l(un+l)y +.. +2hq;14+]1(u:4+1])/ (27)
+h(1=7)gy" ) +h(1= )iy (), +2G™,
and
Y= Q= hygly iy @~ hypy @y ™) 29

_h272q(r)1+l(u0)vl n+1(u )/ 1 ¢O

(28) is true for sufficiently small h.a.

The Dufort—Frankel scheme with
Nonlinear Nonlocal Boundary Conditions
(DFS-NNBC)

Richardson method is a Central Time Central Space (CTCS) scheme for
parabolic type Dufort—Frankel scheme diffusion equations. The application
of central differencing for time and space derivative in a straightforward
manner to equation (1) will yield

n+l n-1
woo—u u', —2u +u (29)

2k " A
This is known as the Richardson method. A stability analysis would show

that it is unconditionally unstable, no matter how small k is. Thus, it is of no
practical use.

The Richardson method can be modified to produce a stable algorithm.
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This is achieved by replacing «;" on the right-hand side with the time-average
of previous and current time values at n-1 and n+1. This new formulation is
called Dufort-Frankel scheme and is given by

n+l n—1

u™ —u w™ , .
2khz|: Uiy 2[2 +u =fi

i i

or
W= 2 [ul, — T ™ ] | 2k (30)
after some rearrangement we get
o (1 Zr) +2r(uHl +u )+2kf,f” ’ 31)
' (1 + 2r)

fori=1,2,...M-1,n=0,1,...,N, and r = ak/h?.
2
Order of accuracy of the scheme is O(k*)+O(n’ )+0[{];J ] The

scheme is not consistent in the classical sense, but it is if we assume that the
ratio % converge to zero. An optimal choice of k as a function of h to have a

high order scheme is to choose k of the same order as h? In this case, the
scheme is of order 2 in space. We still have to determinates two unknowns u,

and u_, for this we approximate integrals in (3) and (4) in the same way as in
FTCS method.

Note that the Dufort-Frankel method is a two-level method since the
stencil contains values of u at two time levels other than the current level n.
Consequently, to start the computation, values of u at n and n-1 are required.
Therefore, either two sets of initial data must be available or from a practical
point of view, a one-step method may be used as a starter to generate additional
data. We can use the FTCS method (15) with n=0 to find approximate values
for u}',i=1,2,...M-1 at the first time level, from the known values u,O Then
(31) with n=2,...,N, is used to compute approximations to u(xt ) This scheme
is explicit and can be shown to be unconditionally stable by the von Neumann
stability analysis.

The Backward Time Centred Space with
Nonlinear Nonlocal Boundary Conditions
(BTCS-NNBC)

Using the the classical backward time centred space finite difference
scheme to approximate the derivative in eqution (1), we get

Mfﬁl _u.n Mn+1 2un+1 +un+l
i k L _ g h2 i+l — fin+1, (32)
and after some rearrangement, the equation (29) becomes
n+1 +(1+2r)un+1 ;:;1 — M +/¢n+1 (33)

fori= 1,2,...,M,-1, n=0,1,...,N, and r = akl/h?

Order of accuracy of this scheme is O(k) + O(h?)

There are M-1 linear equations from (37) in M+1 unknowns UgpUyee
u,. In order to solve for unknowns, we need two more equations. So, let us
formally approximate integrals in (3) and (4) numerically by the trapezoidal
numerical integration rule (the BTCS scheme is second-order accurate with
respect to the space variable) :

u(1)1+l _ M(O tn+l ) _ p(x tn+l) (X,t"“ )dx+ En+l
(34)
(pn+l (uml)y 2,M] 1p:z+] (M;’H)y + p;x/;l (un+1 )y) + En+l + O(hz )’
un+l _ u(l,t"”) _ q(x tn+l) ( ’tml )dx +G"!
(35)
(qn+l (un+l),/ + 2’Ml Iqxn+l (u;r+1)y + ql)\?;»] (u»y+1)y) + Gn+l + O(hz).

By applylng the Richtmyer’s linearization method (21) in (34) and (35),

Page 3 of 6

we have

=3 () ()£ 0-1)(0))

! (v () () + (=) () ) (%)
+§p;17@¢)fxu;q+u-yxugy)+sz
(( )+ (-7 )

wa (v () ("“) (1-7)(u)) @)
w2 () () (-7 ) )+ 67

Thus, we can write (36) and (37) as follows
(7/hp"+1( )77 _2) n+l_i_27/th1 lpn+l< )771 (uin+l)

+]/hp"+1 ( )7 (u;\’;l)

(38)
:( —l)hpm( g) ( _l)thllan( )7
( )hp"“( ) _2En+1’
thnH( )7‘ n+1+2}/hM] 1qln+1( 1)7‘1 (”z’n+1)
h n+l 7 _2) n+l
el o) =2 ) .

=(r =gy (ug) +2(r =1)A% g (u! )

( )hqn+l ( ) _

2Gn+1’

then, we have

n, n+l

+a,u,

n, n+l

n, n+l n+l n
ayi, +ayu,” +..+a,,_ 1“M1+aMuM =L,, (40)

where

7hpn+l( )7*1 )

4

}/hpnﬂ ( ) -1 (41)

o _27}’1’“]( ) i=1,2,.M—1
and
Ly =(r=0hp5 () +2(r =) hs pr () (42)
(=) ko (ui, )
and also

n, n+l n n+l n, n+l n n+l n  n+l n
biuy” +b'w)" +bjuyT + .+ by _uy s +byuy =K, (43)

where
B = yha (ug)
by = yhaly (w2 (44)
b =2yhg (u)" i=1,2,, M —1,

and

Ky =(y=1)hgy™ (uy) +2(y =) n% g (u')

( )hq"“( )/,

(45)
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Combining (41), (44), with (33) yields an (M+1) x
of equations. We write the system in the matrix form

(M+1) linear system

An+1Un+l — BrH—l, (46)
which
ay a a, a; Ay, Ay, ay
—-r 1+2r —r 0 0
g 0 -r 1+2r -r :
: RS 0 ’
0 —-r 14+2r -r
by b’ by by, by, by (M+1)x(M+1)
(47)
n+l
U,
n+l
U,
n+l
u
Un+1 — 2 , (48)
n+l
Uy
n+l
M J(M+1)x1
(7—1)h(pg”(u0) +2M11p,"ﬂ(ui) +P:,1+l( w) )_2En+l
u]” +/gpln+l
Bn+1 —
uy, l+k}(,\;+1]

(r=1)h(gs" () +205" g () " () ) 26"

(M+l)><|
(49)
n n n
where a;, a/,ay,....ay ,,a,, and b),b',bl,..,b; bl are the

coefficients in (41) and (44), respectively.

Theorem 1: The BTCS scheme has a unique solution for sufficiently
small h.

Proof. It is easy to see that |1+2r|>|2r|, the matrix (47) is diagonally
dominant (thus it is non singular), if

M M-1
lag > la'| and |by > |8 |
i=1 i=0

i.e

tha) |p”“( ) - |<1 and hZ;/a) \q"“( )H <1

i=0
(50)

Where o= =112, ©=1, i=1,...,M-1. As (50) is true for sufficiently
small h, the existence and uniqueness of the solution of BTCS scheme are
proved.

The Crank-Nicholson Method with Nonlinear Nonlocal
Boundary Conditions (CNM-NNBC)

To get abetter approximation for 6_” we give the Crank-Nicholson
ot

scheme to approximate equation (1), then we have :

n+l

: k_ . 22!2 (e

_2“”""“”1)"'(“”” 2un+l+un+l))

i+l

(51)
’E(f,v"”+f,-")‘
and after some rearrangement, the equation (1) becomes
_r M+ - L il
(52)
—%ul l+(1 r)u 5 u, +— (f"“ +f").
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fori=12,...M-1,n=0,1,...,N, and r = otk/h®

Order of accuracy of the scheme is O(k?) + O(h?)

Crank-Nicholson finite difference technique is second-order accurate
with respect to the space variable, so the integrals in the boundary
conditions (3) and (4) will be approximated in the same way as in the BTCS

method. Combining (41), (44), with (52) yields an (M+1) x (M+1) linear
system of equations. We write the system in the matrix form
1 1 _ 1
Ar‘l+ U}'H- — B}'H- , (53)
which
a @ a a4 Ay Gy Ay
“Lowr Lo 0
2 2
r
I R ,
: 0
0 A T
2 2
BB b Bl Bl Bl ey
(54)

(?/_l)h(P(’)Hl (uo) lelpzwrl (ui) +PL”( M) )_2En+]

L+ (1) S+ S A

2
Bn+1 —
o n L k n n+l
SUM-2 +(1_r)u.w—1 + Uy +7(f:’l f
2 2
(7-1)h(%’” (ug) +22" g () + g () )—ZG”*‘
(M+1)x1
(55)
u(;wl
uInH
n+l
u
U!’l+] — 2. , (56)
n+l1
Z’lM—l
n+l
Un (M+1)x1
n n n n n n n n n n
where dg, @ ,0Qy,....@y @y and by ,b!,b),....b}, b},

are the coefficients in (41) and (44), respectively.

Theorem 2 The CNM scheme has a unique solution for sufficiently
small h.

Proof. It is easy to see that |1+r|>|r| the rest is obtained by following the
same procedure done in establishing the proof of theorem 1.

Numerical experiments

To test the above algorithms described above, we use two examples
with known analytical solutions as follows:

Example 1: We consider the following problem (Test given in paper [25]
they used a fourth-order accurate difference scheme [26-28])

u_ou —Z, 0<x<l, 0<¢<T, (57)
ot Ox (H—l)

subject to the initial condition
u(x,0)=x2, 0<x<1, (58)

and the nonlinear nonlocal boundary conditions
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—('\,2 N Er(h, k)= u—u,, ||,= max{max |u(x,,t )—uf },
(0= [ () o 0<esT, (9 =t = e toma (o ) =
, and the experiment order convergence is calculated using the formula:
u(t)= [ () e+ SIS g a, (60) rder = MCE ) Er (k)
’ 6(t +1) In(h_, /1)
The functions f,p,p,q,G and E are chosen so that the function Example 2: The second test example to be solved is
2
X 2
=2 61 ou Ou
u(x’t) (H_lj : (61) 5—¥=(1+ﬂ2)exp(t)cos(ﬂx), 0<x<l, 0<t<T, (62)
is the exact solution solution of the problem (1)-(4) with the initial condition
In Tables 1 and 2 we present results with h=0.05, 0.005 and r=0.4 0)= 0<x<l 63)
using the finite difference formulate discussed above together with the u(x,0) = cos(7x), r=Li

results from [2] for x=0.1 and t=0.01, 0.02, 0.03,...0.1.. Table 3 and Table 4
gives the maximum errors of the numerical solutions experimental order of

and the nonlinear nonlocal boundary conditions

u(0,1)= Lj sin(7zx)u’ (x,¢)dx+exp(t), 0<t<T, (64)

convergence. The maximum error is defined as follows

Table 1. Some numerical results at x=0.1 with h=0.05 for example 1.

t exact FTCS DFS BTCS CNM results from [2]
.01 0.0098029 0.0103508 0.0103390 0.0103547 0.0103523 0.0093
.02 0.0096116 0.0103461 0.0103425 0.0103573 0.0103515 0.0091
.03 0.0094259 0.0102447 0.0102440 0.0102646 0.0102545 0.0090
1 0.0082644 0.0091799 0.0091850 0.0092375 0.0092086 0.0079

Table 2. Some numerical results at x=0.1 with h=0.005 for example 1.

t exact FTCS DFS BTCS CNM results from [2]
.01 0.0098029 0.0098085 0.0098085 0.0098086 0.0098085 0.0098
.02 0.0096116 0.00961190 0.0096190 0.0096192 0.0096191 0.0096
.03 0.0094259 0.0094341 0.0094341 0.0094343 0.0094342 0.0094
1 0.0082644 0.0082736 0.0082736 0.0082742 0.0082739 0.0083

Table 3. The maximum errors and experiment order of convergence for example 1.
M N FTCS order BTCS order
40 2.4-10% 2.99x10°
160 6.08-10* 1.984 7.41-10* 2.015
640 1.52-10* 1.995 1.84-10* 2.004
2560 3.81-10° 1.998 4.62-10° 1.999
Table 4. The maximum errors and experiment order of convergence for example 1.
M N CNM order M N DFS order
40 2.68-10° 4 16 1.77-10°
80 6.70-10* 2.003 8 64 4.51-10* 1971
160 1.67-10* 2.000 16 256 1.130-10* 1.996
320 4.1810° 2.000 32 1024 2.82:10° 1.999
Table 5. Some numerical results at x=0.1 with h=0.05 for example 2.

t exact DFS FTCS BTCS CNM
.01 0.96061479 0.96074288 0.96074308 0.96074404 0.96074352
.02 0.97026913 0.97046058 0.97046112 0.97046570 0.97046320
.03 0.98002050 0.98025235 0.98025315 0.98026012 0.98025629
1 1.05108000 1.05140348 1.05140505 1.05141906 1.05141129

Table 6. Some numerical results at x=0.1 with h=0.05 for example 2.

. exact FTCS DFS BTCS CNM
01 0.96061479 0.96061606 0.96061606 0.96061612 0.96061609
.02 0.97026913 0.97027103 0.97027104 0.97027113 0.97027108
.03 0.98002050 0.98002280 0.98002282 0.98002892 098002286
1 1.05108000 1.05108323 1.05108325 1.05108340 1.05108331

Page 5 of 6
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Table 7. The CPU time (seconds) of all schemes for various grid sizes.

M N FTCS DFS BTCS CNM
160 1.59 2.12 2.13 2.25
640 22.69 23.34 29.22 30.14
2560 204.50 209.26 274.65 284.34
10240 1423.03 1532.45 2986.06 3194.61
. s 13. Fairweather, Graeme, and Juan C Lépez-Marcos. "Galerkin methods for a
u (Lf) = IO s1n(7rx)u (x,t)dx—exp(t), 0<t<T. (89 semilinear parabolic problem with nonlocal boundary conditions." Advances in
The analytic solution is Computational mathematics 6, (1996): 243-262.
u (x, t) = cos (ﬁx)exp(t). (66) 14. Ang, WT."A metI_u_Jd of solution for the_one-dimgnsional heat equation subject
to nonlocal conditions." Southeast Asian Bulletin of Mathematics 26, (2003):
In Tables 5 and 6 we present results with h=0.05, 0.005 and r=0.4 using 185-191.

the finite difference fqrmulate discussed abovq for x=0.1. and t=0.01, 0.02, 15. Sun, Zhi-Zhong. "A high-order difference scheme for a nonlocal boundary-

0.03...., 01 Table 7 gives the gmqunt of CPU-time used, in seconds, for the value problem for the heat equation." Computational Methods in Applied

computation on an Intel Core i3 with 2.1 GHz computer. Mathematics 1, (2001): 398-414.

. 16. Dehghan, Mehdi. "Numerical solution of a parabolic equation with non-local

Conclusion boundary specifications." Applied mathematics and Computation 145, (2003):

185-194.

_In this paper new techniques were applied to the one-dimensional 17 penghan, Mehdi. "Application of the Adomian decomposition method for
diffusion equation with nonlinear nonlocal boundary conditions. The two-dimensional parabolic equation subject to nonstandard boundary
numerical results obtained by using the methods described in this article give specifications." Applied mathematics and computation 157, (2004): 549-560.
acceptable results and suggests convergence to the exact solution when h N ) ) )
goes to zero. The FTCS method is explicit and require less computational 18. Det?'ghtap, Merlld" lEﬁ'c'?fr.“ t?’.Ch"'ﬂli‘es f;’rdﬂ;ve secqndl-ﬁ/;dte;,r par?polgze?;ggg)r!
time than the other implicit schemes (Table 7), but the disadvantage of this Z;éezc 0 honlocal specitications.” Applied Numerical Mathematics oz, ’
discretization is the strict stability criterion 0<rS5. The finite difference 19. Martin-Vaguero. "Two-level fourth-order explicit schemes for diffusion
techniques proposed in this paper can easily be extended to the similar two equations subject to boundary integral specifications." Chaos Solitons &
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