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Abstract

The transport of contaminants has been a problematic issue for many years, mainly due to the adverse impact of 
the contaminants on the quality of groundwater. In order to analyse this, this study has developed a prediction model 
that allows the early detection of possible contamination. Firstly, the paper introduces the concept of the modelling 
of contamination transport through a soil matrix. Then it presents a two-dimensional Convection-Dispersion Equation 
(CDE) for contaminant transport in a soil matrix. This includes the investigation of different reaction coefficients 
and time-dependent inlet boundary conditions, from which a numerical solution is derived. The study also verifies 
recent previous work in this area through the use of numerical programming. The results for soil contamination in two 
dimensions are presented in this research.
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Introduction
Contamination in soil may include different kinds of waste such 

as bacterial, chemical or radioactive waste. There is much concern 
regarding those wastes which are soluble in water and can therefore 
affect groundwater resources. There are two major methods applied in 
examining contaminant transport with regard to reactions in porous 
media. These methods are termed stochastic and deterministic [1-3]. 
Stochastic methods deal with reaction coefficients and are considered 
to ‘be stationary processes’ [1,4-10], or they may be verified through a 
random hydraulic conductivity field [1,11,12]. As proper site-specific 
quantities are fundamental for simulation of contaminant transport, 
these models are expensive and unlikely to be used in practical cases [1]. 
The other approach is to analyse which of the deterministic methods 
could be simpler and more general compared to the stochastic methods 
[1] through considering two dimensions for the soil medium and the
possibility of it being developed without Laplace transformation. One
approach to consider deterministically is to model the soil medium as
a layered system in which each layer has its own constant coefficients
of reaction [13-18].

Besides the reaction processes, the behaviour of transported 
contaminants in soils is mainly influenced by inlet boundary conditions. 
The literature usually assumes aconstant source of inlet boundary 
conditions for solute transportation. Boundary conditions (BC) and 
reaction processes increase the complexity of stimulating contaminant 
transport in soils [1]. According to Gao et al. [1], there has so far 
been no study which has considered and provided a solution for the 
contaminant transport phenomenon with the three above mentioned 
factors combined. Flury et al. [2] have cited literature where analytical 
solutions were presented. However, adsorption and degradation were 
modelled separately in the Convection-Dispersion Equation (CDE), 
while in practice; adsorption and degradation can be simultaneous in 
contaminant transport in soils. 

In recent work conducted by Gao et al. [1], a one-dimensional model 
was applied and an analytical solution derived. The study investigated a 
1D CDE related to soil contaminant transport. An analytical solution is 
derived for the depth-dependent reaction coefficient, constant reaction 
coefficient and time-dependent inlet boundary condition. The solution 
manipulated the Laplace transform and the numerical inversion of 
that to obtain the actual solution in the time domain. The results are 
compared and the effect of each parameter is studied. Finally this study 

presents a few field application of the presented analytical solution for 
field herbicide and tracer leaching experiments.

Improvements to the numerical approach, such as programming 
[19,20], have made it possible for this type of work tobe developed for 
2D numerical code modelling. Moreover, a numerical solution may 
be more appropriate than an analytical solution for this problem. This 
study will focus on applying Matlab coding [21] to consider a new 2D 
numerical code, and will be conducted by the Geotechnical Research 
Group at Curtin University, Western Australia. A similar approach 
has been applied by Bresler E [22] to consider solute transportation 
using the implicit finite difference scheme. The current study uses the 
explicit finite difference and the equation is assumed to be uncoupled 
in horizontal and vertical directions. Yet it should be noted that in the 
development of the model there was an attempt to expand the previous 
simulation from one dimension to two dimensions, but this still 
could not come close to a real situation in which a variety of effective 
parameters and a three-dimensional situation must be considered. 

The usual consideration for solute flux density is applying the 
continuum theory to solute transport, Parker and Genuchten [23] 
recommended that for one dimensional condition the following 
equation would be considered:
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Developed Mathematical Theory
As outlined before, Gao et al. [1] considered a 1D model of 

contaminant transport in a soil matrix. This section presents a new 2D 
mathematical model. The mathematical model will be implemented in 
Matlab to generate valid and reliable data for use regarding contaminant 
transport in soil space.
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The governing equation is a 2D Convection-Dispersion Equation 
(CDE).The equations are applied on the basis of constant water content, 
dispersion coefficient and velocity. The use of 2D analysis should assist 
researchers in finding out more about the nature of the transport of 
contaminants in soil.
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For the sake of simplicity, given that this work is dealing with the 
two-dimensional for the very first time, reaction factors are considered 
to be constant and occurring in a homogenous environment.

Initial and Boundary Condition
In this study, the finite space system applied is the same as that 

of Gao et al. [1] and the contamination is considered to be zero in 
origin. The principle of this assumption comes from Genuchten and 
Parker [23] who stated that in order to satisfy the criteria of balance 
requirement, equations 10 and 11 should be met (Danckwerts effluent 
boundary condition) [1]. 
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Simulation Parameters
A number ofparameters were considered to run the simulation. 

Most parameters selected were similar to those found in Gao et al. [1] 
and Flury et al. [2], the main reason being to ensure that the new steps 
verified past work. The simulation parameters are presented in Table 1.

1DCode Verification and Validation
This section shows the verification process of the Matlab code by 

comparing the results to those presented by Gao et al. [1].

Figure 1 illustrates the flux concentration at 100 cm from the 
contamination coordinates. This is a verification of the numerical 
model with the analytical solution given in the time domain. Acceptable 
results are very close to those calculated by the analytical solution. The 
maximum difference is at five days when the peak occurred and the 
numerical solution resulted in 0.22 g/m3 while the analytical solution 
was 0.21 g/m3.

Figure 2 shows the resident concentration at Day 5 (where the 
maximum concentration occurs). Figure 2 verifies the numerical and 
analytical solution in the space domain. Once again, very acceptable 
responses are obtained here. The maximum difference occurred at 
the peak (55 cm for numerical and 60 cm for analytical) where the 
numerical model resulted in 0.31 g/m3 and the analytical solution was 
0.32 g/m3. 

Newly Developed 2D Model
The idea of 2D modelling can now be applied after verification of 

the 1D model with examples from the literature. This section deals 

Parameters Description Values Symbol
Finite spatial domain length 250 cm L
Volumetric water content 0.4 cm3/cm3 θ
Bulk Density 1.2 g/cm3 ρ
Average pore-water velocity 20 cm/d υ
Hydrodynamic dispersion coefficient 400 cm3/g D
Retardation factor in top soil 2 R
Adsorption coefficient in topsoil 1/3 cm3/g K
Observed time for concentration profiles 5 day, 10 day, 20 day T

Table 1: Simulation Parameters.

Figure 1: Verification in time.

Figure 2: Verification in Space.
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with implementing the 2D model in Matlab. The material properties 
used for the analysis were the same as those found in Gao et al. [1]. 
Due to the complexity of this phenomenon, a limited time and space 
analysis was applied. The space varied between 0 m and 2.5 m and the 
time varied between 0 and 25 days. In both the X (horizontal) and Y 
(vertical) directions, the coefficients were assumed to be equal. µ and 
K were considered to be depth independent and time independent, 
which is expressed mathematically: µ=µ0 and K=K0. Moreover, both 
the vertical and horizontal directions were assumed to have the same 
physical properties.

In order to obtain a better understanding of the effect of the 
degradation rate and the adsorption coefficient, the model was run for 
different values of field data; this data was taken from Vryzas et al. [24].
Assumptions were applied due to the complexity of the work, i.e., the 
reaction factors each time were one of the values taken from Vryzas et 
al. [24].The values are presented in Table 2.

Results and Discussion
This section consists of two parts. The first part deals with modelling 

and understanding the mechanism of the contamination transportation 
in a 2D soil medium and the second with studying the effects of various 
reaction coefficients.

Mechanism of the contamination transportation in a 2Dsoil 
matrix

Figures 3-5 presents the calculated contamination in 2D space over 
time. It is clear that with the change in time from five days to 10 days, the 
peak of contamination moves in the soil matrix, i.e., the peak is found 
in a different location (it has moved from the (55,55)-cm coordinate to 
(125,125)-cm after 10 days and to (225,225)-cm after 25 days).

Maximum contamination occurs first somewhere close to the 
corner of contamination (the location of the contaminant is assumed to 
be found in the origin). Over time, this maximum moves towards the 
other diagonal corner and decreases in amount. Moreover the contours 
will expand in space. This means that the contamination is expanded in 

space and decayed by time. This can only be observed in a 2D modelling 
as it is completely hidden in a 1D analysis.

The concentrated contaminant (the maximum amount) moves in a 
diagonal direction which it can be assumed is due to the same physical 
properties existing in both horizontal and vertical directions.

The results from the 2D modelling are presented in Figures 3-5. 
Figure 3 presents the flux concentration over five days. The contours 
clearly demonstrate the validity of the results and illustrate the 
mechanism of contamination movement in the soil matrix.

Figure 4 presents flux concentration after 10 days, which again 
confirms a similar mechanism to that illustrated in Figure 3. It can be 
observed that the concentration decreased and expanded in the space 
(the maximum has decreased from 0.613 g/m3 to 0.243 g/m3 and the 
contour lines are farther from each other).

Figure 5 presents the flux concentration after 20 days which shows 
the movement of contamination source to the corner of the domain. 
After these 20 days, the contamination is significantly decayed (from 
0.613 g/m3 to less than 0.1 g/m3).

Effect of reaction coefficients on the model
The value of the reaction coefficient is considered to be constant 

and the soil matrix is considered to be homogenous. It is important to 
discuss the effect of different values on reaction factors.

No. Case K µ
Case 1 0.33 0.2
Case 2 0.49 0.007
Case 3 1.08 0.014

Table 2: Values of k and μ.

Figure 3: Case 1 - Flux Concentration - 5 Days.

Figure 4: Case 1 - Flux Concentration - 10 Days.

Figure 5: Case 1 - Flux Concentration - 20 Days.
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For this reason, two more reaction factors were applied to the 
model, based on the field values obtained from Vryzas et al. [24]. The 
results showed agreement among three cases in the study. 

One of the important indexes of contamination in our domain is 
the peak contours. The figures showed a peak of 0.584 in five days for 
Case 1, increasing to 0.769 in five days for Case 2 and 0.76 for Case 3. 
In the 10 day graph, the peak moved from 0.23 (Case 1) to 0.46 (Case2) 
and 0.41 (Case 3). In the 20 day graph, the peak increases from 0.05 
to 0.2 and then decreases to 0.05 again. This means that the effects of 
the combination of the reaction factors upon the mechanism cannot be 
predicted as a linear trend and the interaction effects between them can 
be comprehended only through numerical modelling or an analytical 
solution (Figure 6-11).

Table 3 presents the changes in peak in contours based on time 
(i.e. five days, 10 days and 20 days) and cases (i.e. Cases 1-3).This brief 
parametric study confirms the effect of reaction factors on peak place 
in domain and also peak values. For instance, after five days, while 
the reaction factors for Case 1 (0.33 (adsorption coefficient) and 0.2 
(degradation coefficient)), the peak happens at x=55 cm, y=55 cm in 
the space domain and the value is 0.613 g/m3, while for the second case 

with 0.49 (adsorption coefficient) and 0.007 (degradation coefficient), 
the peak happens at x=65 cm, y=65 cm. For Case 3 with 1.08 (adsorption 
coefficient) and 0.014 (degradation coefficient), the peak will happen at 

Figure 6: Case 2 - Flux Concentration - 5 Days.

Figure 7: Case 2 - Flux Concentration - 10 Days.

Figure 8: Case 2 - Flux Concentration - 20 Days.

Figure 9: Case 3 - Flux Concentration - 5 Days.

Figure 10: Case 3 - Flux Concentration - 10 Days.
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x=46 cm, y=46 cm. A similar trend can be seen for the other times (i.e. 
10 days and 20 days).

Conclusion
This research presented a newly developed 2D mathematical 

equation and a numerical modelling of contaminant transport in 
soil by applying a 2D convection-dispersion equation (CDE). The 
modelled monstrated the capacity to cover the results of 1D modelling 
in the verification step and then was extended to the 2D domain. The 
numerical modelling of the 1D model alone, with a new approach to 
obtain better and quicker results compared to the analytical approach 
done by Gao et al. [1], makes a significant impact on the fieldof 
contaminant transport. However, the authors believe that a lot can be 
done in the 2D domain, and continued research at Curtin University is 
expected to offer more in this area.

This study has shown the improvements in the simulation of 
the transport of contaminants arising from using a 2D convection-
dispersion equation (CDE). It has also authenticated the 1D model 
presented by Gao et al. [1] by using a highly advanced coding and 
computer program rather than an analytical solution which can cause 
complexity in interpreting results [1]. When similar assumptions to 
those made by Gao et al. [1] were examined in this study, the research 
was easily able to verify their latest work in this area. 

This study examined contaminant transport in soil according 
to a specific boundary condition (i.e. time-dependent) and with the 
assumption of reaction coefficients being constant. The adsorption 
coefficient and degradation rate applied were based on the field data 
of Vryzas et al. [24].The results describe the movement of contaminant 
through a soil matrix. Further study is required to consider a three-
dimensional soil medium including the variation of effective parameters 
and this is the scope of ongoing research at Curtin University.
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Nomenclature
•	 Cr: The resident solute concentration (ML-3)

•	 S: The sorbed concentration (MM-1)

•	 θ: The volumetric water content

•	 D: The hydrodynamic dispersion coefficient (L2T-1)

•	 υ:The average pore-water velocity (LT-1)

•	 ρb: The soil bulk density (ML-3)

•	 µ: The degradation rate (T-1)

•	 µ(x): The depth-dependent degradation rate (T-1)

•	 µ(y): The depth-dependent degradation rate (T-1)

•	 x: Spatial coordinate (L)

•	 y: Spatial coordinate (L)

•	 t: time (T)

•	 Kd: The constant adsorption coefficient (M-1L3)

•	 Kd (X): The depth-dependent adsorption coefficient (M-1L3)

•	 Kd(y): The depth-dependent adsorption coefficient (M-1L3)

•	 K0: The adsorption coefficient rate in the topsoil (M-1L3)

•	 R: The variable retardation factor (x ,y)

•	 J: is flux density
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