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The Homotopy Analysis Method for a Fourth-Order Initial Value Problems
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Abstract

In this paper, we apply the homotopy analysis method for solving the fourth-order initial value problems by
reformulating them as an equivalent system of first-order differential equations. The analytical results of the differential
equations have been obtained in terms of convergent series with easily computable components. Several examples
are given to illustrate the efficiency and implementation of the homotopy analysis method.
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Introduction

In this section, we consider the general fourth-order initial value
problems of the type:

{y‘”i’ ()=, 9" "), a<x<b,

: (1)
yY(a)=«, i=0,..3.

Where fis continuous function on [a, b] and for each i=0,3... the
parameters «, are real constants. Such type of initial value problems
arise in the mathematical modeling of physical and engineering
sciences. Liao [1-5] presented the homotopy analysis method for
solving different problems in several dimensions. In this method,
produced solution is in infinite series form and this form is converges
to the exact solution.

In this paper, we applies the homotopy analysis method to solve the
linear and nonlinear fourth-order initial value problems by using the
transformation of problem to a system of first-order differential eqn.
(1). Several Numerical examples have been presented in Section 3, to
illustrate the advantage and the effectiveness of the proposed method.

Homotopy Analysis Method

In this section, we will briefly describe the use of HAM for the
differential equation:

Nlu(x)] = g(x) )

Where N is a linear or nonlinear operators, x denote the
independent variable, u(x) is an unknown function and g(x) is a known
analytic function.

By means of generalizing the traditional homotopy analysis
method, Liao [1] constructs the so-called zeroth-order deformatin
equation:

(1= @) L[#(x,q) —uy ()] = cgH (x) {N[#(x,9) = g()]} ®)

Where L is an auxiliary linear operator with the property L[0]=0 N
is the nonlinear operator related to the original eqn. (2), q€[0,1] is the
embedding parameter in topology (called the homotopy parameter),
c'0 is the so called "convergence-control parameter”, and H(x) is an
auxiliary function [6-9].

Note that in the frame of the homotopy, we have great freedom
to choose the auxiliary linear operator L, the initial guess u (x) the
auxiliary function H(x) and the convergence-control-parameter c.

Obviously, when g=0 and g=1 one has:

#(x,0)=uy(x) and P(x,1)=u(x) )

thus as g increases from 0 to 1, the solution ¢(x,g) varies from the initial
guesses u (x) to the exact solution u (x)

Expanding ¢ (x,q)in Taylor series with respect to q one has:

P50 = 0,0+ S0, (D" ©
where:
()=~ T0ED, 0
m!  oq"

if the auxiliary linear operator, the initial guesses, the auxiliary
parameters ¢, and the auxiliary function are so properly chosen, the
series solutions eqn. (4) converge at g=1, and we have:

PO = 1,0+ D, ()

wich must be of the solution of the original nonlinear equations, as
proved by Liao [1].

As c=-1 eqn. (2) becomes:
(1= @) L[P(x,q) =y (x)] = g{N[(x,q) = g(x)] = 0
which is used mostly in the homotopy perturbation method (HPM) [2].

According to eqn. (5), the governing equations can be deduced
from the zeroth-order deformation eqn. (2). Define the vector:

() = {1ty (X), 14, ()., 14, (x),}

Differentiating eqn. (2) m times with respect to the embedding
parameter q and then setting =0 and finally dividing them by, m! we
have the so-called mth-order deformation equation:

L[, (%) = g, ()] = cH(X)R,, (ttn1) 7)
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where
- 1 8" 'N[g(x,
R, (um-1)= [fg 9] |q:(] (8)
(m—-1)! oq
and
0, m<1
Xm 1’ m>1

It should be emphasized that u,, (x),m >1 is governed by the linear
eqn. (6) with the linear initial conditions that come from the original
problem, which can be easily solved by symbolic computation softwares
such as Maple and Mathematica [10].

The modified homotopy analysis method

In this part, we will briefly describe use of the HAM for problem
eqn. (1) the modified HAM suggests that we reformulating the problem
eqn. (1) as an equivalent system of a first-order differential equation,

we use the transformation:
3

_ d _ &y _ ay_ 9
W=y, = n@ @ o), &)

we can rewrite the fourth-order initial value problem eqn. (1) as the
system of ordinary differential equations:

y1(x) 1 (x)
yf (x) = y3(x) (10)
»x) = V4(x)
V(%) S35 3,(%), y5(x), 3,4 (x))
with the initial conditions:
»i(a) Wa)
»,(a) y,(a) (11)
ys(a) Y'(a)
y(a) = y"(a)

We will present a brief description of the standard HAM for a
system of ODEs, we consider the differential equation:

N, [u,(x)] = g,(x) (12)

where N, are nonlinear operators (and i-1...4) and x denote the
independent variable, u,(x) are unknown functions and gi(x) are known
analytic functions, for gi(x)=0 eqn. (11) reduces to the homogeneous
equation [11-13].

By means of generalizing the traditional homotopy analysis method,
Liao constructs the so-called zeroth-order deformatin equation [1]:

(1= L (x,q) —u; ()] = c.qgH () {N,[¢(x,9) — &, ()]} (13)

Where L is an auxiliary linear operator with the property L[0]=0 N
is the nonlinear operator related to the original eqn. (1) q€[0,1] is the
embedding parameter in topology (called the homotopy parameter),
¢0 is the so called "convergence-control parameter”, and H(x) is an
auxiliary function [14].

Note that in the frame of the homotopy, we have great freedom
to choose the auxiliary linear operator L, the initial guess u, (x), the
auxiliary function H(x) and the convergence-control-parameter c..

Obviously, when g=0 and g=1 one has:
#.(x,0)=u,  (x) and @ (x,1)=u,(x) (14)

thus as q increases from 0 to, 1 the solution ¢,(x,q) varies from the initial
guesses u, (x) to the solutions u, (x)

Expanding ¢,(x,q) in Taylor series with respect to g one has:

$.(x,q) = 1, o(xX) + D 1, ,()q" (15)
m=1
where:
_ 1 9%(x.q) 16
u; ,,(x) ol 0" |q:0 (16)

if the auxiliary linear operator, the initial guesses, the auxiliary
parameters ¢, and the auxiliary function are so properly chosen, the
series solutions in eqn. (14) converge at g=1 and we have:
G0 = 0 (¥) + D, (%)
i=1
wich must be of the solutions of the original nonlinear equations, as
proved by Liao [1].

As ¢=-12 eqn. (12) and H(x)=1 becomes:
(1= q)L[#(x,q) —u, o ()] = giN,[,(x,9) — g,(x)] =0

which is used mostly in the homotopy perturbation method (HPM)
(2].

According to eqn. (15) the governing equations can be deduced
from the zeroth-order deformation eqn. (12).Define the vector:

i = 4t (), ()t ().

Differentiating eqn. (12) mtimes with respect to the embedding
parameter g and then setting g=0 and finally dividing them by m! we
have the so-called mth-order deformation equation:

L[u, ,,(X) = Lty s ()] = ¢, H,(X)R,,, (Ui m1) 17)

where

[ p— 6””‘N,-[¢,.7(]x,q>] )
’ (m — 1)] aqm

and

0, m<l1
Zm 1’ m>1

It should be emphasized that u,, (f),m >1 is governed by the linear
eqn. (16) with the linear initial conditions that come from the original
problem, which can be easily solved by symbolic computation softwares
such as Maple and Mathematica.

Application

In this section, we shall apply HAM to several test examples to
demonstrate its accuracy. To show the efficiency of the present method
for our problem in comparison with the exact solution we report
absolute error which is defined by:

E, = ui,exau(x) Ui, )1,

where u;, (x)= U, (x)+ u; (xX)+...+ u, (%)

i=1,..,4

Example 3.1

Consider the following non linear fourth-order problem:

) =32 (0) = y(x)yP (x) - 4x* + e (1-4x+x%), 0<x<1 (19)
with the following boundary conditions:

YO =1 y(©O=1 y"0)=3 y70)=1 (20)
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The analytic solution is:
y(x)=x"+e*

Using the transformation from eqn. (8) we can rewrite the fourth-
order initial value problem in eqn. (19) as the system of ordinary
differential equations:

yi(x) V(%)

y;(x) = »5(%) 21)
»3(x) Yy(x)

Vi(x) Y3 (X) =y, (x) 5 (x) —4x* + e (1-4x +x7)

with the initial conditions:
nO=1 »0)=1 »0)=3 y,(0)=1 (22)

To solve eqn. (21) by means of the standard HAM, we choose the
initial approximations:

Y00 =1 3,,0)=1 »,,(0)=3 »,,(0)=1 (23)
and the linear operator:
e = 25D (24)
Ox
with the property:
Llc¢]=0, i=1,.4 (25)

Where ¢, are constants of integrations. Furthermore, eqn. (21)
suggest that we define a system of linear operators as:

Nlg(x,9)] = a¢(xq) i=1,..3

N,[¢,(x,9)]

¢L+l (X)
¢4(x,q)—(¢1) (x.9) + $(x, )¢ (x.9) (26)

+Hx? —e" (x> —4x+1)

According to eqn. (12), we construct the zeroth-order deformation
equation:
(1= @)L[4,(x,q) 1, o ()] = c.qH () {N,[#,(x, ) = g(0)]} 27)

and the mth-order deformation equation (for H,(x)=1),

Llu, , (X) = 2,2, ,, ()] = ¢,R, , (Uin-1) (28)
with the initial conditions:

U, 0)=1 Uyo 0)=1 Us o 0)=3 Uyo =1 (29)
where

Rz m (u‘ m-— 1) = u;,nl—l(x) _ui+l,m—1(x)b

R, (tsn) —ul (), (O, (x) (30)
+4x* —e* (x> —4x+1)

i=1,.,3

’
uél,m—l

Now, the solution of the mth-order deformation eqn (22) for =1

becomes:

1 N
U (X) = oty g () + c,‘J‘OR,}m (im-1)dx + a;, i=1,.,4 (D

where the constants of integrations @;,(i =
the initial conditions:

1,...,4) are determined by

Then the series solutions expression by the standard HAM can be
written for i =1,2,3,4 in the form:

u,(x) =

Table 1 exhibits the exact solution and the series solution along
with the errors obtained by using the homotopy analysis method [13-
15]. It is obvious that the errors can be reduced further and higher
accuracy can be obtained by evaluating more components of u(x) .

u,yo(x)+u[71(x)+ul.’2(x)+... (32)

Example 3.2
Consider the following nonlinear initial fourth-order problem:

{ Y (@) -4y’ (x)=0, 0<x<l1
y©0) =1, »'(0)=3, y"(0)=0, »"(0)=16

(33)

The analytic solution is:

—2x

yx)=1-x+e -

Using the transformation eqn. (8) we can rewrite the fourth-order
initial value problem as the system of ordinary differential equations:

y(x) »y(x)
y5(x) »3(x)
ME = n® (34
yi(x) 4y,(x)
with the initial conditions:
»nO@=1, 3,(0)=3, »(0)=0, y,(0)=16. (35)

as shown in Table 2 the series solutions ( 10" order) to get the analytic
solution y()=1-x+ e** —e™* which are coinciding with the exact
solution.

Example 3.3

We consider the nonlinear fourth-order initial problem:

X Exact solution Series solution Error (a)

0 1 1 0.E-96

0.1 1.115170918 1.115155544 1.53739E-5
0.2 1.261402758 1.261378273 2.44842E-5
0.3 1.439858807 1.439812900 4.59070E-5
0.4 1.651824697 1.651719012 1.05685E-5
0.5 1.898721270 1.898488975 2.32295E-4
0.6 1.182118800 2.181669975 4.49236E-4
0.7 2.503752707 2.502987975 7.64732E-4
0.8 2.865540928 2.864382992 1.15794E-3
0.9 3.269603111 3.268042230 1.56088E-3
1 1+e 3.176446454 1.83537E-3

Table 1: List of exact solution - series solution.

X Exact solution Series solution Error (a)

0 1 1 0.E-99

0.1 1.302672005 1.302672005 2.59792E-14
0.2 1.621504651 1.621504651 9.20886E-12
0.3 973307164 973307163 4.20469E-10
0.4 2.376211964 2.376211957 7.33788E-9
0.5 2.850402387 2.850402314 7.23649E-8
0.6 3.418922710 3.418922223 4.87444E-7
0.7 4.108603002 4.108600504 2.49845E-6
0.8 4.951135906 4.951125477 1.04290E-5
0.9 5.984348576 5.984311473 3.71028E-5
1 7.253720815 7.253604649 1.16166E-4

Table 2: Variation of exact solution - series solution with y(t)=sin x.
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{y“)(x)=y2(x)+coszx+sinx—l, 0<x<1 (36)

y(0)=0, y(0)=1, y"(0)=0, y"(0)=-1
The exact solution is:
y(x)=sin(x)

Using the transformation, we can rewrite the fourth-order initial
value problem as the system of ordinary differential equations:

y(x) »,(x)

»x) = y,(x) )
¥5(x) Va(x)

y:t(-x) = yf(x)+coszx+sinx—1

with the initial conditions:
»n0)=0, »0)=1, »,(0)=0, y,(0)=-1L (38)

as shown in Table 3 the series solutions (10" order) to get the exact
solution y(x)=sin(x) which are coinciding with the exact solution.

Example 3.4
Consider the linear system of fourth-order initial value problem:
W@ =eu), y0)=1 y©O)=-1 y"©O=1 y0)=-I
D) =16e"p(x), z(0)=1 Z0)=-2 Z"0)=4 z90)=-8
w?(x)=8le~"z(x), w(0)=1 w(0)=-3 w'0)=9 w?0)=-27 (39)

u®(x)=256e"w(x), u(0)=1 u'(0)=—4 u"(0)=16 u“(0)=-64

The analytic solution is:

yx)=e" z(x)=e wx)=e* u(x)=e™

Using the transformation we can rewrite the system of ODEs from
eqn. (23)as the system of ordinary differential equations:

@)=y z)=z2(0)  wE)=wx) () =u)
@)=y 5®)=7E wE=wE) ) =u(x)
»,(0)=)"x)  z()=2"0) w@)=w'(x)  ux)=u"(x)

1,0 =y z,(0) =20 w, () =w() u(x)=u?(x)

with the initial conditions:

»0)=1 z,(0)=1 w(0)=1 u,(0)=1

1,0)=-1 z,0)=-2 w,(0)=-3 u,(0)=-4 (40)
»0)=1 z(0)=4 w;(0)=9 u,(0)=16

y,0)=-1 z,0)=-8 w,(0)=-27 u,(0)=-64

as shown in Table 4 exhibits the errors obtained by using the
approximate solution of the homotopy analysis method.

X Exact solution Series solution Error (a)

0 1 0.E-101 0.E-99

0.1 0.099833416 0.099831873 1.54285E-6
0.2 0.198669330 0.198666394 2.93657E-6
0.3 0.295520206 0.295516161 4.04534E-6
0.4 0.389418342 0.389413600 4.74179E-6
0.5 0.479425538 0.479420671 4.86696E-6
0.6 0.564642473 0.564638339 4.13389E-6
0.7 0.644217687 0.644215735 1.95201E-6
0.8 0.717356090 0.717358935 2.84436E-6
0.9 0.783326909 0.783339275 1.23663E-5
1 sin 1 0.844501103 3.01182E-5

Table 3: Variation of exact solution - series solution with Error (a).

Page 4 of 4

X Error of y(x) Error of z(x) Error of w(x) Error of u(x)
0 0.E-93 0.E-99 0.E-97 0.E-96

0.1 7.54521E-7 1.70883E-9 5.07700E-7 4.02179E-6
0.2 1.12924E-5 1.64622E-8 4.16492E-6 2.32361E-5
0.3 5.51765E-5 3.16353E-8 1.34459E-5 6.74763E-5
0.4 1.68971E-4 1.26221E-7 2.85145E-5 1.62335E-4
0.5 3.99793E-4 9.49274E-7 4.78585E-5 3.63740E-4
0.6 8.01764E-4 3.55305E-6 6.78252E-5 7.77619E-4
0.7 1.43001E-3 1.01404E-5 8.14644E-5 1.58613E-3
0.8 2.33066E-3 2.46804E-5 7.64867E-5 3.07537E-3
0.9 3.52584E-3 5.38602E-5 3.19459E-5 5.65814E-3
1 4.99021E-3 1.08370E-4 8.67341E-5 9.88643E-3

Table 4: Error is related with exact solution and series solution.

Conclusion

In this paper, the homotopy analysis method HAM has been
successfully used for finding the solution of special forth-order initial
value problem under the the transformation of the fourth-order value
problem to the system of the first order differential equation. Several
examples showed the validity and potential of this modification of the
homotopy analysis method for linear and nonlinear special fourth-
order initial value problem in the science and engineering.
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