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Introduction
The Earth gravitational potential is the basic function which 

characterizes the Earth’s gravity field, when we introduces the normal 
potential function properly, the disturbing potential function of the 
Earth’s gravitational field can be defined, the simple linear operator 
operation of the disturbing potential can export height anomalies, 
gravity anomalies, gravity disturbances, geoid undulations and 
deflections of the vertical, they all have important applications to 
the Earth's gravity field parameters [1]. Modern Earth gravity field 
model gradually to the ultra-high degree development, for example, 
the EGM2008 model has been reached 2190 order, therefore it is of 
great significance to the application of the gravity field model to take 
advantage of ultra-high degree gravity field model to accurate gravity 
field parameters of any point on the earth outside space fast and stably 
[2-4].

The predecessors have done a lot of work on the Earth’s gravity 
field parameters from the theoretical to the practical calculation, they 
got a lot of models which is approximate to the calculation. From 
the international point of view, the parameter calculation model 
in the literature [5] can be up to 180 order, single point calculation 
time is about 0.48s, 0.46s. For higher degree parameter calculation, 
the computer will generate underflow messages. After recursive 
optimization, the Legendre function computing order can be up 
to 2700 order in Literature [6-8]. China mainly dedicated to the 
construction and application of the Earth’s gravity field model (also 
called the parameter calculation) as well as the fast solution which is 
related to the fully normalized of associating Legendre function and its 
derivatives [9-11].

This paper focuses on the construction of mathematical model, the 
implementation of the ultra-high degree and fast assignment (avoid 
some underflow messages), program design and software production 
as well as the numerical calculation and analysis of the results with 
measured data [12-15].

Mathematical Model
Because there are some certain analytic relationship between the 

Earth's geopotential, the gravitational potential and the centrifugal 

potential, and the Earth’s gravitational field is a harmonic field in 
the plastid outer earth [5]. The gravitational potential V of Particle 

( , , )P r ϕ λ

 which satisfies the Laplace’s function, in the geocentric coordinate 
system of the Earth, the general solution is from the linear combination 
of the particular solution:

1 0
( , , ) 1 ( cos sin ) (cos )

n n

nmnm nm
n m

GM aV r C m S m P
r r

θ λ λ λ θ
∞

= =

  = + +     
∑ ∑ 	                  (1)

In the above formula, γ is the geocentric radius , ϕ is the geocentric 
latitude, θ is the colatitude, and 90ϕ θ+ =  , λ is the longitude, GM is 
the product of Newton’s gravitational constant G and the Earth’s total 
mass, a is the reference ellipsoid semi-major axis, n and m is the positive 
integer, and m n≤ , nmC and nmS is the fully normalized potential 
coefficients. In this formula, even degree zonal harmonic coefficient 
represents the actual gravitational potential and normal gravitational 
potential coefficient difference, (cos )nmP θ  is the fully normalized of 
associating Legendre function of n degree m order.

Because of the normal ellipsoid with respect to the symmetry axis, 
the gravitational potential solution has the following special form:

2
''

22
1

( , , ) 1 (cos )
n

nn
n

GM aV r C P
r r

θ λ θ
∞

=

  = +     
∑ 		                    (2)

Let W be the Earth's geopotential, U is the actual geopotential of 
normal ellipsoid, then the disturbance potential will be:

'T W U V V= − = − 				                      (3)

Put in eqn. (1) and eqn. (2) respectively into expression in eqn. 
(3), when 0T∆ = , we can get the general solution form of Laplace’s 
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Abstract
With the development of the ultra-high degree Earth's Gravity Field Model, how to make use of high order 

gravity field model to calculate quickly and accurately the earth's gravitational field parameters become one of 
the key issues in gravity field model application. This paper introduces the mathematical model and the detailed 
algorithm which was used to calculate arbitrary point outside the earth's space located in gravity field parameters 
based on the potential coefficients, using scale factor to achieve the stable recursive calculation of 2190 order 
associated Legendre function, developing the fast assignment software of the gravity field parameters based on 
VS2008 platform, utilizing EGM2008 gravity field model and measured GPS-leveling data to verify the reliability and 
efficiency of the algorithm and software.
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function of disturbance potential:
*
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In this equation,
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The Spherical harmonic coefficients of expansion of the Earth’s 
geopotential (disturbance potential) model, referred to as the Earth's 
gravity field model, construction of this model is to determine a set of 
in eqn. (4) coefficients { }*

,nm nmC S .

According to Molodensky boundary conditions, for the gravity 
anomaly, we have  2Tg T

r r
∂

∆ = − −
∂

, then:
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Using the relationship between height anomalies ζ, gravity 
disturbances δg, deflections of the vertical (N-S component ξ and W-E 
component η ) and disturbance potential T, we can get the Spherical 
harmonic coefficients of expansion of height anomalies [8], gravity 
disturbances and deflections of the vertical, which is similar to formula 
in eqn. (6). 
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In this equation, ( , )rγ ϕ  is the normal gravity of Particle ( , , )P r ϕ λ  
[6,7].

The Stable Recursive Calculation of Ultra-High Degree 
Fully Normalized Of Associating Legendre Function 

(cos )nmP θ
As the Earth's gravity field model to the ultra-high degree direction, 

the implementation of gravity field parameter assignment which was 
based on the mathematical model cannot meet the requirement in 
precision and efficiency, namely the implementation of ultra-high 
degree and fast assignment. The calculation of associating Legendre 
function mainly uses the recursive algorithm [3,4,9-11], especially in the 
ultra-high degree disturbance potential functional and computational 
speed higher areas [4].

For the Spherical harmonic function sequence in the mathematical 
mode, this paper uses the following recursive formula:
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And because of all kinds of recursive methods cannot avoid this 
situation, when near the poles [3,12], 2500 2500 (cos )P θ，  approximate to  
10-5000, and the general personal computer allows the numerical range of 

approximately between 10-310 and 10+310, then the recursive computation 
will produce underflow messages (The constraint of accuracy will make 
the calculated values are set to zero) [13]. The program design of this 
paper, for an arbitrary calculation degree, the colatitude 0 180θ≤ ≤  , 
the introduction of the scaling factor Q ( 1Q > , set 2601 10Q = × ). When 
we amplify Legendre function value, that is: (cos )nmP Qθ ⋅ , reduce the 
result of gravity field parameter, that is -1Qζ ⋅ . This ensures that the 
calculation of Legendre function value of arbitrary latitude to 2190 
degree in the IEEE extended double precision floating-point data 
without data underflow phenomenon.

The Ultra-High Degree Gravity Field Parameter 
Assignment Software

In the software design, we use the class mechanism design method, 
make the parameter calculation, operation mode and graphic display 
design as an independent class [14], the parameters calculation is based 
on CComGra class among them, including the following functions: 
Read model geopotential coefficient(The software selected 2190 degree 
EGM2008 gravity field model coefficients [15]), ellipsoid parameter 
calculation, transformation of coordinate system, calculation of 
fully normalized of associating Legendre function, normal gravity 
calculation and calculation of gravity field parameters. The operation 
mode based on the MFC Dialog class, the input and output is in a 
window, operation information prompt and save the results. Graphical 
display is based on CSM Vector Show Ctrl class, support the two-
dimensional display output on the base map (The province boundary 
in China, the global boundary), including the following functions: the 
conversion of the logical coordinates and device coordinates, graphic 
plotting, point location information display, the map scaling and 
translation. In general, the software has the following characteristics:

a.	 Variable calculation type: The software uses the function 
parameter transfer function to design the multiple reference 
ellipsoidal type (WGS_84 or CGCS2000 or GRS80), model 
degree selection (This paper takes the 2190 degree calculation), 
point location input mode(Manual input or file read) in the 
same software, it reduces redundant processes and improve the 
efficiency of the software (Figure 1).

b.	 Less calculation: The key part adopted the fast algorithm, in 
the calculation of formula in eqns. (6) and (7), we all have the 
situation to solve the trigonometric sequence and spherical 
harmonic function. If we adopt the standard subroutine of 
internal machine, although the storage unit of intermediate 
results can be reduced, the calculation amount will increase. 
Especially in the model calculation of high degree case, if we 
repeatedly call the standard subroutine in the progress of n, m 
loop, the computing quantity will be too much. Therefore, in 
the calculation of trigonometric function sequence, adopting 
formula in eqn. (5) will save 10 times computation more than 
calling standard subroutine. For the calculation of spherical 
harmonic function sequence, we adopt the recursion formula 
in eqn. (8). If we store calculation results of trigonometric 
function and spherical harmonic function sequence for 
formula in eqns. (6) and (7) used in calculation, and a lot of 
computation will be saved (Figure 2).

c.	 High reliability: In precision, the data type of program adopt 
double precision type [14], its precision is 15~16 digit, values 
are in the range of 5.0 × 10324∼1.7 × 10328, after analysis and 
comparison, it fully meets the requirements of accuracy. In the 
software debugging, each computing function is strictly block 
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to the WGS_84 coordinate system, the elevation system belongs to 
National Elevation Datum in 1985.

Using the calculation software of ultra-high degree earth’s gravity 
field parameters, executing with step-by step: 

a.	 Selecting the type of calculation parameters: height anomalies. 

b.	 The type of the reference ellipsoid: WGS_84. 

c.	 Calculated degree: 360, 720, 1080, 1440, 1800, 2160, 2190.

d.	 The input mode of point and location: the file is read into 492 
points information (geodetic latitude, longitude, geodetic 
height). 

e.	 Perform calculation. 

To check the feasibility of mathematical model and the correctness 
of calculation results in this paper, compare the determined height 

tested to confirm the correctness of the calculation results. In 
addition, the gravity anomalies value from calculation and the 
related datum data will be compared to verify the calculation 
result of this software is correct (Figure 3).

d.	 Good portability: Computational software uses C++ language 
and is prepared based on the VS2008 development platform. 
As long as the machine internal and external memories meet 
the requirements of calculation software, calculation software 
can be easily ported to other machines.

Numerical Calculation and Analysis
The selected software of this paper using the coefficient of 2190 

degree EGM2008 gravity field model potential coefficient [15], the test 
data comes from 492 GPS-leveling data of a region in China which 
were completed in 2004, there are height anomalies of high precision 
and high resolution in the test area, plane coordinate system belongs 

Figure 1: Program flow chart.
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Figure 2: Initial interface software.

Figure 3: Demo software calculation results (Based on 2D map).
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anomalies from different degree calculation of model with the 
determined height anomalies of GPS-leveling data, the result is shown 
in Table 1.

From the statistical results of Table 1, we can find the accuracy 
of height anomalies of mathematical model calculation in this paper, 
when the truncation order time increased from 360 degree to 1080 
degree, the exaltation of accuracy is the most obvious, the extent is up 
to 17%. When the truncation degree is in the 1800 degree, 2160 degree 
and 2190 degree, the accuracy is 0.142 m. 

The software is running in Windows environment, the computer 
configuration is Intel® CPU dual-core T2500@2.00 GHz, the capacity 
of RAM is 1 GB. In computational efficiency, the computation time of 
2190 degree single-point information gravity field parameters is in the 
range of 0.130s~0.185s.

Conclusion
This paper uses the existing model potential coefficients [15], 

combine the fast-recursive algorithm of high degree associating 
Legendre function, calculate the degree expansion of the earth’s 
disturbance potential Spherical harmonic series coefficients, and derive 
the related earth’s gravity field parameters through the mathematical 
model. We also use the C++ language, based on the VS2008 
development platform, class mechanism, to conduct the compilation of 
algorithm, the debugging and packaging of function as well as software 
production. We obtain the following conclusions through numerical 
calculation and the analysis of results:

a.	 Introducing the method of scale factor in calculating the 
fully normalized of associating Legendre function, which 
can resolve the problems of digital underflow and stabilize 
recursive calculation up to 2190 degree, so as to implement the 
stable assignment of ultra-high degree gravity field parameters. 

b.	 Optimizing calculation method to lower the complexity in the 
software implementation and reduce program-redundancy. It 
will make the computation time of the single-point information 
high degree gravity field parameters in the range of 0.130 
s~0.185 s, and satisfy the correctness of the data. 

c.	 To use the algorithm and software in this paper, obtain height 
anomalies through the calculation of EGM2008 model, 

compared with 492 GPS-leveling data and checked, when the 
model order is 2190 degree, the standard deviation is 0.142 m, 
it verifies the reliability of algorithm and software. 

In summary, in determining the global gravity field parameters of 
high precision and high resolution, this paper presents a mathematical 
model and optimized program, appends ultra-high degree earth’s 
gravity field parameters calculation software with simplicity, efficiency, 
practicality and accuracy, which will do a great favor to further study 
the fine gravity field in the future. 
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order time 360 720 1080 1440 1800 2160 2190

Max value 0.534 0.456 0.450 0.458 0.454 0.455 0.455
Min value -0.508 -0.415 -0.386 -0.387 -0.381 -0.376 -0.378

Average value 0.032 0.027 0.014 0.012 0.008 0.005 0.005
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Table 1: Statistical Information of height anomaly differences between different 
degree of Mathematical model of this paper and GPS-leveling (unit:m).
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