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Abstract

In this paper we are concerned with [T

statistical convergence of pre-cauchy triple sequences. J.l"“' statistical

convergence implies J‘F”’ statistical pre-Cauchy condition and examine some properties of these concepts. We

examine some properties of these concepts, if the triple entire sequence spaces is statistically convergent then
statistically pre-Cauchy and also triple sequence of ideal (/,)- is statistically pre-Cauchy.
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- Orlicz function; p~ metric space; Ideal; Filter; .[F“’ statistical
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Introduction

We introduce |I** sequence space and also discuss J-F”’

is statistically convergent is pre-Cauchy and the ideal space is pre-
Cauchy. Throughout w, x and A denote the classes of all, gai and
analytic scalar valued single sequences, respectively. We write w’ for
the set of all complex triple sequences (x, ), where m, n, k € N the set
of positive integers. Then, w* is a linear space under the coordinate wise
addition and scalar multiplication. We can represent triple sequences
by matrix. In case of double sequences we write in the form of a square.
In the case of a triple sequence it will be in the form of a box in three
dimensional case.

Some initial work on double series and interesting results are
found in Apostol [1] and double sequence spaces is found in Hardy [2],
Subramanian et al. [3], Deepmala et al. [4-7], Mishra et al. [8,9], Mishra
and Mishra [10], Mishra [11] and many others. Later on investigated
by some initial work on triple sequence spaces is found in sahiner et al.
[6], Esi et al. [12-15], Savas et al. [16] , Subramanian et al. [17], Prakash
et al. [18,19] and many others.

Let (x,,) be a triple sequence of real or complex numbers. Then
the series Z;

give one space is said to be convergent if and only if the triple sequence
(S, is convergent, where

m,n.k
Sk = Dor vy g (s =1,2,3,.)

A sequence x = (x, ) is said to be triple analytic if;
L
m+n+k < 00,

w
o 18 called a triple series. The triple series Zm_n,k—lxm”k

Supm,n,k |xmnk

The vector space of all triple analytic sequences are usually denoted

by A°. A sequence x = (x, ) is called triple entire sequence if
1

— as mnk > oo
|xmnk|m+n+k -0

The vector space of all triple entire sequences are usually denoted
by I’. The space A’ and I” is a metric space with the metric

1
d(x,y)=sup, . {|xmnk —ymnk|m+n+k cm,n,k: 1,2,3,...}, (1)

Forallx={x  }andy={y . }inI° Let¢ = {finite sequences}.

Consider a triple sequence x = (x, ). The (m,n,k)™" section x™"* of

mn.k
the sequence is defined by Xkl = z,-,/,q:oxiquy'q forallm, n, k €N,
[0 0 .0 0
00 .0 O
S!/’q =
.1
0 .0 O

with 1 in the (i, j, g)* position and zero otherwise.

A modulus function was introduced by Nakano [20]. We recall that
a modulus fis a function from [0,e0) >[0,00), such that

(I)f(x)=0ifand onlyifx =0
Q) flet+y) S f(x)+f(y,)forallx 20,y 20,
(3) fis increasing,

(4) fis continuous from the right at 0. Since | f (x) - f (¥) | < f (|x-y
it follows from here that fis continuous on [0,c0).

),

Let M and ¢ are mutually complementary Orlicz functions. Then,
we have:

(i) For all u,y > 0,
uy < M(u) + ¢(y), (Young’s inequality) [3] 2)
(ii) Forallu > 0,and0< A< I,
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M (Au) < AM (u) )

Lindenstrauss and Tzafriri used the idea of Orlicz function to
construct Orlicz sequence space

Ly :{xew: ;M(‘xk‘)<00, for some p>0},
The space ‘u with the norm
b= {2 (i) <1}
becomes a Banach space which is called an Orlicz sequence space.

For M (t)=1"(1<p<w), the spaces ¢, coincide with the classical
sequence space .

A sequence f = (f, ) of Orlicz function is called a Musielak -Orlicz
function . A sequence g = (g, ) defined by

Lo V) =sup {lu-(f ) (w:u>0}mnk=12,....)

is called the complementary function of a Musielak-Orlicz function f.
For a given Musielak Orlicz function f, the Musielak-Orlicz sequence
space tf

t = {x€ 14/3:Mf(|xmnk|)”"‘*"*" > 0 as myn,k > oo},

where M_ is a convex modular defined by

Mf (x) = Zzzlz;z::lfmﬂk ( X (xmﬂ/f) € tf'

We consider ¢ /equipped with the Luxemburg metric

1/m+n+k
d(5.3)=sup,.« {inf[Z:]Zf,Zflfm [Dl}

mnk

)1/ m+n+k

xmnk

Definition and Preliminaries

A sequence x = (x ) is said to be triple analytic if
supm,n,k

is usually denoted by A’. A sequence x = (x, ) is called triple entire
1

Xmnk "”*"*" < . The vector space of all triple analytic sequences

sequence if mintk 5 0 as m,n,k > oo, The vector space of triple

Xk

entire sequences is usually denoted by I'”.

Let w’ denote the set of all complex double sequences x =(x,,, ):M:]
and M :[0,00) >[0,00), be an Orlicz function. Given a triple sequence, x
€ w’. Define the sets:

mnk

m+n+k
>0 as

P ={xew: M{ m,n,k —>© for some >0
and

m+n+k

P

x

‘mnk

3 3. .
Ay =yxew tsup, | M <o for some p>0;.

The space T, is a metric space with the metric

- itk
d(x,y)=inf{p>0:sup,, ., [M(MD <
P

Let n€N and X be a real vector space of dimension w, where n < m.
A real valued function

dp (xp..x) =|| (d,(x,0),....,d (x,0)) ||p on X satisfying the following
four conditions:

@) [|(d,(x,,0),....d (x ,0)) ||p =0ifand and only if d,(x,0),....d (x ,0)
are linearly dependent,

(i) ||(d,(x,,0),....d (x ,0)) ||P is invariant under permutation,

(iii)||(zxd1(x1,0),...,dn(xn,O))||P=|a|||(dl(xl,O),...,dn(xﬂ,o))||P* aER

(iv) dp (Cepy ) (xpy)..(x,y,)) = (@ (x,%,..x ) + dy W pY ey S
for 1 < p < oo (or)
W) d ((xpy ) (x,9,)...(x,y,): = sup{d, (xl,xz,...xn),dy WpYp--V )b

for x,x,...x € X, y,y,...y €Y is called the p product metric of the
Cartesian product of n metric spaces is the p norm of the n - vector of
the norms of the n subspaces.

A trivial example of p product metric of #n metric space is the p
norm space is X = R equipped with the following Euclidean metric in
the product space is the p norm:

d,(x,,0) d,(x,,0) ... d,(x,.0)
dzl(xz,,O) dzz(xzz,()) dz,,(xlu,O)

1(d,(x,,0),.....d, (x,,0)) [|,= sup | det(d,, (,,,,0)) ) = sup

d”,();,,,,o) Ay (%,5,0) o dy(%,,0)
Where x, = (x,,...x, JER "foreachi=1,2,...n i=1,2,---n.

If every Cauchy sequence in X converges to some L € X, then X
is said to be complete with respect to the p- metric. Any complete p-
metric space is said to be p- Banach metric space.

Definition

A) Let X be a linear metric space. A function p: X »> R is called
paranorm, if

(I)p (x)= 0, forall x € X;
2)p(x)=p(x) forallx € X;
B)px+y)<p(x)+p(y) forallxy € X;

(4)If (o) is a sequence of scalars with o, > oas m,n > coand (x, )
be a sequence of vectors with p (x - x) > 0as m,n > oo, thenp (0, x
-0 x)> 0as m,n-> o [18,19].

A paranorm w for which p (x) = 0 implies x = 0 is called total
paranorm and the pair (X,w) is called a total paranormed space. It is
well known that the metric of any linear metric space is given by some
total paranorm.

B) A family Ic 27" of subsets of a non empty set Y is said to be an
ideal in Y if;

(o€l
(2) A, B, Ce Isimply 4Bl Jce!
(3)A,BELCc AimplyCEL

while an admissible ideal I of Y further satisfies {x}€I for each x€Y. Given I
c 2" be a non trivial ideal in NxNxN. A sequence (x,, ), oo o
in X is said to be I- convergent to 0 € X, if for each € > 0 the set

A(e)={m.n.k e NxNxN{|(d,(x,.0).....d, (x

,.0)-0]|,> £} belongs to I.
C) A non-empty family of sets F € 2°*¥is a filter on X if and only if
()p€F

(2) for each A, B, C € F, we have imply AﬂBﬂC eF

(3) each A, B€ Fand each Bc C, we have CE F

D) An ideal I is called non-trivial ideal if I # ¢ and X €& I. Clearly I
C 2%¥js a non-trivial ideal if and only if F=F (1) = {X - A:A € I} is
a filter on X.
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E) A non-trivial ideal I € 2"%*®X jg called (i) admissible if and only
if {{x}:x € X} < L (ii) maximal if there cannot exists any non-trivial
ideal ] # I containing I as a subset.

If we take I = If = {A € NxNxN: A is a finite subset]. Then If isa
non-trivial admissible ideal of N and the corresponding convergence
coincides with the usual convergence. If we take I = I; = { A € NxNxN:§
(A) = 0} where § (A) denote the asymptotic density of the set A. Then
I; is a non-trivial admissible ideal of NxNxN and the corresponding
convergence coincides with the statistical convergence.

F) A sequence space E is said to be monotone if E contains the
canonical pre-images of all its step spaces.

Remark

Letu = (A ) be a non-decreasing sequence of positive real numbers
tending to infinity and A, = 1 and <A, +1foralrsu€eN.

r+Ls+lu+l

The generalized de la Vallee-Poussin means is defined by

¢ (x) _ 1 X —x Vm+n+k
rsu a ﬂ}’ (pagit)el, g, Xmnk — Xabe
Where I = [rsu - Am + 1, rsu]. A sequence x = (x, ) of complex
numbers is said to be (V,,1)— summable to a number if t_ (x) > L as
1,54 > oo,

Some New Integrated Statistical Convergence Sequence
Spaces of pre-Cauchy

The main aim of this article to introduce the following sequence
spaces and examine topological and algebraic properties of the resulting
sequence spaces. Let p = (p, ) be a sequence of positive real numbers
for all m,n,keN.f=(f, ) bea sequence of Musielak-Orlicz function,
(X|(d(x, 0), d(x, 0),... d(x,_, 0))]| ) be a p— metric space, and (aBy) be
a sequence of non-zero scalars and y, (X) = d(t, ,0) be a sequence of
pre-Cauchy, we define the following sequence spaces as follows:

Definition

Let fis a Musielak Orlicz function and a triple sequence (x
is said to I- statistically convergent if, for any € > 0 and § > 0,

I
3
3¢ —7i
|:F/;A = 0))Hp] 7llmr.5.u~>r
yyyyy

{{(m,n,k) el,, :|:f,,mk (H,um”k (x),(d(xl,O),d(xz,O),..-,d(x“ “O))H/:)T ' > 8}

mnk) m,nk€N

}elg,

(d(x,.0).d(x,.0)

where
_ _ 1 Umn+k
Mot (x) =d (t,_m (x),O) = d(a—ﬂy z(p,q,r)elw X i ,0].
Main Results
Theorem

Let fis a Musielak Orlicz function and if

3
[T
then

(..

Proof: For any € > 0 and > 0,

(d(x],O),d(xz,O),-H,d(xH,O)) statistically convergent
» y g

(d(x,,0),d(x,,0), ,d(x, 10))H } statistically pre-Cauchy.

A=lim,, ymnkel, | f,, Lk X)( ""0)"1 % ) d(V 0) """" >3 25}513-
e el W)
T S

that is,

>1-0,

(s (5, 00005.0) 50 )| <4

for all (m,n,k) € A, where ¢ stands for the complement of the set A.
Writing

B-= {[ (. (x),(d(x,,o),d(xz,o),--~,d(xH,0))Hp)TW - %} we

observe that m,n,k,a,b,c € B

[fm (Hﬂm () = 2t (x),(d (2,0), (,,0) -, d (x, O))HP)TW
< [f,'m,k (I (x),(d(x,,0),d(x2,o),...,d(xn,l,O))Hpﬂqm X

Dk & €
[fmnk( L (X)), (d(xl,O),d(xz,O),-..,d(x”_l,()))Hp)} < 5+5 =¢.
Therefore
qmn/\ }

which implies

(8 <{[ o

Hence

BxBxBc {‘:fm”,( (Hum”k (x),(d(x,,0),d(x,,0),+,d (x,.,,0 H
qnnk

Mok (X)’/uum (x)’(d(xuo)’d(Xzao)v"'od

(0, )]

for all (m,n,k) € Ac. Let &
<8

111> 0 be given. Choosing § > 0 so that 1-(1-6)°
we see that every (m,n,k) € A°

qmn:
#ﬂmk(x)f,lﬂ,w(x),(d(xl,o),d(xz,o),...,d(x",,,o))Hp)} Yoo

Zﬁlll}cA.

Zé]ll}CIS'

11’

and so

[f ([t ()~ 1 (x),(d(xl,O),d(xz,O),---,d(x”,,,O))HP)T”mk e

<9,

111

Since A € [, we obtain

i

Theorem

D
., (x)_/luh((x),(d(xl,O),d(xz,O),...’d(x”,,,O))Hp)} Y

Let fis a Musielak Orlicz function and a triple sequence x = (x, ) is
I, - statistically pre-cauchy if and only if

8 _limr,s,uﬁwZ(m,M)El Z(a bic)

Wboe)el
rsu rsu
|:-fmn/( (

Dmnk
b (3) = s (0):( (3,0): (3.0). . (3, )] ) [ =0.
Proof: We assume that

I _limr,s.erZ(m.n.ue/ Z(a b.c)

o ()= 1 (9.0 5.0). (5.0) . 5, 0) ) [ =0

Given ¢ > 0 and we have

e D Dtos e, [ o e ()= 1 (5 )(d(X.>0),d(xz,0),4»«‘d(x,,,,,o))H")]" ””” =

{ralater

Therefore for any § > 0,
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- (X) ~ Hape ()c),(d(xl,O),d(,\tz,O),--~,d (Xu—l > 0))

{

o

Gk
2¢
»

Z&}C

2wt L [f ([t () 1 (")’(d('“’0)"’(xzvo)fwd(x,,,.ﬁ))Hﬂ)]"’””‘ S s
Since,

IS YRD YR

o s (9= (9. (0 (5.0 5.0) w0 | [ =0

Hence,

{‘[ﬂmm (Hﬂm,yk (%)= t15, (x),(d (3,,0).d (x,,0),+-,d (=, ,,0)) pﬂ«m s 5} o

Hence x is I, statistically pre-Cauchy.

Conversely assume that x is I, where I, is triple sequence of ideal is
statistically pre-cauchy and given € > 0. Since x is analytic there exists
an integer M such that |x__|""* < M for all m,n,k €N,

Tk
Z(M_M)&, Z[”A,,.(.)t, [f;nnk ( ok (\f) = Hape (-x)’(d (X\ 5 0),(1 (XZ,O),m,d (X,H ,0))“[} )} <

. Ik
£020 ] o s (01 (9505, 0) - 0] )|

Since x is I, — statistically pre-Cauchy, for § > 0.

Then for (m,n,k) € A°

ik
[fm (‘lumnk (x),(d(xl,O),d(xz,O),---,d(x,,,l,O))HF)} zg <& and so
DIPID I [fmnk ( s (%) = e (6),(d (31,0),d(x,,0), -+, (%,.,,0))| )]”
<fioms.
2

Let 61 > 0 be given. Then choosing ¢, § > 0 so that §+2M51

therefore every (m,n,k) € A°

Z(m,n,k)e/ Z(d,b‘c)el

rsu rsu

[ (9= 1 (9.0 5.0) 3,0 s ) | <0
that is

lim, .,

{{(m,n,k) el :[j;m,A ( y7h (x),(d(x‘,0),d(xz,O);~-,d(x",,,O))Hp):rm > %} > 5,} cdel,.

This completes the proof.

Conclusion

We examine some properties of these concepts, if the triple entire
sequence spaces is statistically convergent then statistically pre-Cauchy
and also triple sequence of ideal is statistically pre-Cauchy. In future
developed by rough statistical convergence on triple sequence and
also rough sets in statistical convergence of fractional order of triple
sequence of T.
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