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Abstract

This work consists in studying the adequacy of the experimental results and the theoretical results obtained from the time fractional diffusion equation on the variation
of the temperature, in transient regime, during the heating of a thermal insulator. called "thermisorel".
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Introduction

In [1], a heat transfer study was performed on a sample of low density wood
fiber board, called Thermisorel. This material is manufactured by STEICO
Casteljaloux in France. Thermisorel is used in construction because they avoid
heat loss in winter due to their low thermal conductivity, nearly 0.042 W m*
K. It also protects the building from heat in summer due to their capacity high
thermal storage.

Details of the study are described in [1]. Only the data necessary for our
problem mentioned above, which we will recall.

This work will be divided into three parts:

In section 2, we will perform a discretization of the time fractional diffusion
equation. The third part consists in extracting all the data necessary to solve
our problem. In particular the experimental results on the on the variation of the
temperature, in transient mode, during the heating of this thermal insulator. In
the next part, we will develop the fractional diffusion equation according to the
data obtained in [1]. Then we will do its numerical resolution, in order to be able
to compare the results with the experimental data.In this study we used a 22.2
mm thick thermisorel board

Discretization of the fractional thermal

diffusion equation

We will only consider the one-dimensional case, i.e. the temperature depends
only on the real variable x and the time t. The time fractional thermal diffusion
equation is written:

DIT(t,x)—aA T(t,x) = f(t,x) 1)

_[(t—r)*“T'(r,x)dr is the Caputo fractional

1
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derivative of order o,

where 0 == @ == 1, of the real variable t, t>0 [2,3]

- ‘a’is the diffusivity coefficient

T'(z,x) is the temperature corresponding to the variables t and x
f(z,x) is the second member of equation (1) for the variables t and x
For our discretization:

t[0,7,]and x€[0,X]

On the segment [0,7,], we construct a finite sequence (tf)OSIS/z such that
k=Toand t, =ik

n
Similarly, on the segment [0,X], a finite sequence (x,) _ such that

<j<m

=X and x;=jh

m
We have :
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This relation is valid for i = 0
For the discretization of the Laplacian one will use the advanced decentered
differentiation [4] and we have:

2 T(t,x..,)-2T(t,
AT(t,,x)—a—T(t,, x,)= otyen) 72 Y

h2

j+1)+T(ti’xj) 3)

Note:

Forj=n-1andj=nitis necessary to define 7(t,x,,,)and T(Z,
have AxT(zl_, xn)

xn+2) to
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Figure 1: Graphical representation of the temperature variation. If the time t
varies between 0 and 1 and the position x between 0 and 2, when the order of
the fractional derivative is 0.9.

The equation (1) has become:

50, - plox) =T - (p+ Dx D (p+11 "”W]’“w

.
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T(x,,) =21 (1, x,,) + T8, X))
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2 (TGt~ phyx) =T = (p+ Dk x D[ (p+D) = p' ]~ )= /(t,%,)(4)

Brief Description and Results of the
Experiment

Experimentation

As already mentioned above, that in [1], a study on the transient heat transfer
on thermal insulation was made. During the experiment, we took a sample of
thermisorel plate of thickness E = 22.2mm. The sample was placed between
the two plates of a flowmeter and the following temperature specifications were
used:

The temperature of one plate should be kept at 15.4 °C and the other plate
should raise the temperature from 15.4 to 24.7° C.

The heat flux between the samples and each plate was measured. The same
initial temperature was measured (approximately 15.4°C). The temperature
rise took several minutes and measurements were taken every 10 second until
steady state was reached.

The heat flux measurements were carried out by the CSTB (Scientific and
Technical Center for Building) in Grenoble. For the results of this experiment
see [1]

The macroscopic properties of the thermisorel

Several properties of this material are mentioned in [1]. In this paragraph, only
the parameters necessary for the resolution of our problem we will recall:

- The density: 5 =170kg.m~ according to [1]
- Specific heat capacity: C, =1280 J.kg.K ! (according to the measurement
made by the CSBT)

- Thermal conductivity: &, =0.042 W.m™ K™ (according to the
manufacturer)

=1.93x107 m*s™

Thus the diffusivity coefficientis a = k.
pC,

Note:

According to [1], the heat transfer by convection and by radiation are negligible,
so only the heat transfer by conduction is considered.
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Experimental results obtained for the thermisorel

In [1], there are two results of the experiment which are given as a graphical
representation. One represents the change in temperature and the other the
flux, as a function of time, on both sides of the thermisorel sample.

From these graphs, we extracted the values of the temperature and those of
the flux as a function of time, until the steady state was reached, for the hot
side. We have the following (Tables 1 and 2)

Numerical resolution of the time fractional thermal diffusion
equation

To study the temperature variation on the hot face of the thermisorel, it suffices
to study an arbitrary point on this face. From this point, we will consider a
straight line segment of length E = 22.2mm and which is perpendicular to
the face. On which, we will define a time fractional thermal diffusion equation
on segment, including the unknown is the temperature at time t at a point of
abscissa x on this line segment, denoted T (t, x).

The equation of the problem
From (1) the equation takes the form:
DIT(t,x)—aA T(t,x)=R(t,x) 0<a < 1(5)

The radiation effect and the convection effect are negligible, but the existence of
the heat source must be considered so we can assume that the corresponding
equation is with second member:

For the initial conditions we have:

Table 1: Table representation of the temperature variation of the hot face
during the transient regime.

Time in second Température in °C

0 15
10 15
20 15.67
30 16.34
40 17.34
50 17.5
60 18
70 19
80 20
90 21
100 22.34
10 23.67
120 24.33
130 24.66

Table 2: Representation in table form of the variation of the flux of the hot face
during the transient regime.

Time in second Fluxin W.m?
0 0
10 0
30 18.34
40 20
50 30
60 33.33
70 38.34
80 41 .67
90 46 .67
100 43.34
110 38.34
120 31.67
130 18 .37
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The transient regime lasts 130 seconds, then 7 € [0,130] 4
-For 2<i<13, b, =-288,5((i-2)“ - (-1 +K—) +R(2,,0)

a

The length of the line segmentis £ =22.2 10 meters, then x [0, £]

For all x€[0,E], 7(0.x)=15 ; for all t€[0,130], 7(t,E)=15 ; 4
-For 2<i<13, a,=(1-—)
7(130,0) = 24.66 K,

For x> E , this is the ambient temperature so 7(z,x) = T'(z, E) -For 2<i<l13and 1<s<i-1

The discretization gi :
e discretization gives us a, = (i~ (s L) 2= ) 4 (= (s 1))

- On the segment [0,130], we build a finite sequence (z,),_,_, such that

- i—1
k=230 and 1, =ik Ths T =-( ~-Yar) for i>22 T=T(1,0)=2885 and
n a,‘,‘ s=1

. . 7(0,0) =288,5
-R(#,,0) is equal to the flux observed at the instant on the hot face (see ©.0)

table 2) For s2i+1:a,=0

- Similarly, on the segment [0, £], a finite sequence (x ; )O</<m such that  And we have the following system of equations:
X _; )

h==and ¥, = jh ay T +anl, =b,

a3 1y + anT) + a3 = by

T,x,,0) =21 (, %, ) + T, )

S (1= phot) =Tt~ (p+ Dkx D (p+ 1 = p ] p

re-aZ )= R(,,x,).(6)

ag Ty +agol y+agT 3 +asgly =by
As in the experiment, we will give the values 7°(z,0) for ¢ € [0,130] °

aph+aply +---+ay T +a;T; = b;
and (x,- )OS,»sl-A”d :

a3l +agzpTs +---+ apzpTip + a3 303 = bi3

Numerical resolution and results

For that we will take s = £ and & = 10 then (¢,)

0<i<13

we write (6) by taking j = Oand 0 <i<13

)=ra,0 (7

10° i(T(t,. =10p,0)=T(t,=10(p+ 1, 0D[ (p+1)“ = p |+ a(

1(1,E)-1(1,0)
re-o4 3

With the hypotheses described previously, the method of Gauss and starting
Relation (7) is the discretization corresponding to the time fractional thermal from the software MATLAB. We have the graph representing the experimental
diffusion equation, in accordance with the hypothesis of the experiment. data and the theoretical results when o = 0.9. And according to the calculation
under MATLAB, the difference between the values of the temperature resulting
from the experimental method and the values obtained by simulation is 10.09%
According to the results obtained in the previous paragraph, our problem turns ~ on average. This percentage is largely sufficient to confirm the adequacy of
to finding values of (7'(%,0)),..c;; . This requires a system of 13 equations the experimental data with the theoretical values obtained, from the fractional
diffusion equation with respect to time, when a = 0.9 (Figure 1&2).

Numerical resolution

with 13 unknowns that we will build from (7), as follows:

We will write (7) fori =1,....,13: ' ' ' ' pr———
Theranical wiue
By noting x -—%" and 4,=-%, and further we know that
““Te-a) E

7(0,0)=T(,E) =15 =288°k then (7) is written :

'C

i(T(I, =10p,0)=T(, =10(p +1),0)[ (p+ "™ —p"”:|+Ki(15—T(l,,0)) =R(1,,0) (8)

=0

Terno et um

From (8) We obtain a system of Thirteen equations with thirteen unknowns,
whose unknowns are T, =T'(£,,0) , 1<i <13, as following : b ]

The first equation is:

T(tl,O)—T(O,O)+Ki(15—T(tl,0)) = R(¢,,0)

a

s L L L | |
A ! E] 0 &0 a0 100 120 140

A :
1- K—Q)T(z,,O) = R(t,,0)+ T(0,0) — 15170 T

Figure 2: Graphical representation of experimental data and theoretical values

A
R(#,0)+T7(0,0)~ 288,57 — of temperature variations in transient regime of the hot face of the thermisorel

< =7(0,0) =288,5

T(t,,0) =

A as a function of time
1--—=)
KIZ
For i>1 the equation is written : Conclusmn
a 7%)71 + (2 =T+ (3 =22 )T, + (4 =237 4 27T + (5 — 2.4 43T e
v ) =260 v YT e (= D) — 2= + AT+ (=1 26— D) + 3T, From these results, we can say once again that we should not be content to
=2885-2)* ~ G- ) 1 RGL0) use classical derivatives, in the studies of phenomena which require differential
’ equations.
If we make :
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