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Abstract

Stability and practically stability comparison criteria of impulsive integro-differential systems with fixed moments
of impulse effects are established by cone-Lyapunov functions through comparing with impulsive ordinary differential

equations.

Keywords: Impulsive Integro-Differential System; Cone-Lyapunov
Function; Stability

Introduction

Impulsive integro-differential systems which are an important
embranchment of nonlinear impulsive differential systems [1], arise
from extensive applications in nature-science such as mathematic
models of circuit simulation in physics and neuronal networks in
biology. Consequently there are some results about stability of such
systems by vector Lyapunov functions coupled with Razumikhin
techniques [2,3]. However, it's difficult to choose a right vector Lya-
punov function because of the restrict conditions. At the same time,
the method of cone-valued Lyapunov functions is well known to
be advantageous in applications [4]. Hence, the stability results for
impulsive integro-differential systems could be improved via the
method of cone-valued Lyapunov functions.

Adeyeye [5] considered the comparison principle by cone-valued
Lyapunov functions for a class of integro-differential system without
impulses. But it was not proved and also cannot be applied to impulsive
integrodifferential systems. In this paper we shall firstly prove the
comparison principle. Then by employing cone-valued Lyapunov
functions a new comparison principle for impulsive integro-differential
systems with fixed moments of impulse effects is established, which
is compared with impulsive differential systems whose stability is
relatively easy to solve. Finally the relevant new comparison criteria of
stability and practically stability [6] of impulsive integro-differential
systems are obtained too.

The remainder of this paper is organized as follows. In section 2,
we describe impulsive integro-differential systems and introduce some
notions and concepts. In section 3, we get some comparison results of
stability and practically stability of the impulsive integro-differential
systems with fixed moments of impulse effects by using the method of
cone-Lyapunov functions.

Preliminaries

Consider the following impulsive integro-differential systems of the
form

x(t)=J (x(t)), (1)

where N is the set of all positive integers, 0<t <t,<...<t<... and

t, >0(k>®).  feC([t.+1)xS(p)xR".R")(keN).f(,0.0)=0, where

S(p):{x:‘x‘<p,xeR”} .

TX:J‘I’ K (t,5,(s))ds where K € C([ti.t,.,)x[t10.,)xS(p). R"). K (1,1,0)=0.

Jo(x):8(p) > R".J,(0)=0(Vk e N) and there exists 0,:0< p, < p such
that xeS(p,) implies that J, (x)eS(p) forall keN.

In addition we always assume that f, ], satisfy certain conditions
such that the solution of system (1)exists on [£,,+=] and is unique. We
denote by x(z)=x(z,4,,x,) the solution of system (1) with initial value
(t0»X,) . Since f(2,0,0)=0,J,(0)=0,k e N, then x(t) = 0 is a solution of (1),
which is called the trivial solution. Note that the solutions x(t) of (1) are
right continuous, satisfying x(t,f) =x(t,)=J, (x(t; )) .

Let t,=0; the following sets are introduced:

G, ={(t.x)eR xS(p):t,, <t<4}.G :OGk
part

For convenience, we define the following classes of functions:

K ={aeC[R R |:strictlyincreasin g and a(0) =0} strictly ~increasing
and a(0) = 0g;

CK ={acC[R:,R,]: foreveryt R ,a(1,5) € K|

S(h,p) = {(t,x) €R,xR" :h(t,x) < p}

In addition, we introduce some definitions as follows:

Definition 1: Let Zc< R" be a cone, that is, Z is closed,
convex with AZc<Z,A>20 and Zn(-z)={0} with interior
ZO¢¢. For any x,yeR", we let x<y if y—xeZ and for
any functions wu,v:R, > R",u<v if u(t)Sv(t)onR+_ Also let
Z*:{q)eR",(p(x)ZO,foraller} and z; =2"-{0},
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where (p

Zco, X,

Definition 2: A function F: R" — R" is said to be quasi-monotone
nondecreasing relative to the cone Z ¢ R" if x< y and ¢(y-x)=0 for
all pe 7, implies o(F(y)-F(x))20.

Definition 3: We shall say that the function V;:R xR" - Z
belongs to the class of cone-Lyapunov if \

i VeV, is continuous on G, x R" and the following limits exist
lim V(t,y),k eN

(t,y)—)(t;,x

ii. ¥ (#,x) eV, islocally Lipschitz in x relative to Z.

Derivative of V (¢,x) € ¥, along system(1) is defined:

DV (t,x(t))= limsup%[V(t +h,x(t)+hf (6,x(2))) - V(t,x(t))} .

h—>0

Definition 4: The trivial solution of (1) is said to be

i. stable, if forany £ > 0, every 1, e R, , there existsa & = 5(t,,£) >0
such that |x0| <& implies |x(t,t0,x0 )| <& forall £ 21¢);

ii. uniformly stable, if ¢ in (i) is independent on ty

iii. uniformly asymptotically stable, if it is uniformly stable, and
there exists a such that for any and every ¢, € R, thereisa 7=7(g)>0
such that |x,| < & implies |x(t,t0,x0 )| <gforall t>¢,+T

Definition 5: The trivial solution of (1) is said to be

i. practically stable, if for given number pair (4,4) with 0 < 1 < 4,
we have |x,|< 2 implies |x(t)| < A,t>1, forsome t, €R_;

ii. uniformly practically stable, if(i)holds for every ¢, € R, ;

iii. practically quasi-stable, if for given number (2,8,7)>0 and
some #, € R, , we have |x0| <A implies ‘x(t)‘ < B for t2t,+T;

iv. uniformly practically quasi-stable, if (iii) holds for every £, € R, ;
v. strongly practically stable, if (i) and (iii) hold together;
vi. strongly uniformly practically stable, if (ii) and (iv) hold together.

We also consider the comparison differential system:

uzg(tu) t#1,
u(t) =", (u(4)) keN @)
u(tg)zuo

where geC([tk,tk +1)><Z,R"),keN.

In addition we always assume that &,'Y'; satisfy certain conditions
such that the solution of system(2) exists on [, +] and is unique.
We denote by u (t) =u (t,to,uo) the solution of system(2) with initial
value (to,uo) . Note that the solutions u() of (2) are right continuous,

satisfying u (t,:) =u(t,)="Y, (x(t,: )) .
Definition 6: The trivial solution of (2) is said to be

i. ¢, —stable, if for any £>0, every €R,, there exists a
5=5(ty,€)>0 such that (¢yu,)<6 implies (¢oou(t))<e, for all

t>1t,; where ¢, €Zg;
ii. ¢, - uniformly stable, if § in (i) is independent on ty

iii. @, —attractive, if for any ¢>0, every t, € R, , there exists
a 5=6(1))>0,T=T(t, 5)>0 such that (#y,u,) <5 implies for all
t>1,+T,where ¢ €Zg;

iv. @, —
V. ¢, —asymptotically stable, if (i)and(iii) hold together;

uniformly attractive, if §,7 in(iii)is independent on ¢;

vi. ¢, —uniformly asymptotically stable, if (ii) and (iv) hold together.
Definition 7: The trivial solution of (2) is said to be

i. @ —practically stable, if for given number pair (4,4) with
0<A<A,we have (4,u,)<A implies (¢0, (¢ )) < A4,t>t, for some
t,€R,,¢,€Z,,where ¢ € Z;;

ii. @, —uniformly practically stable, if(i)holds for every ¢, € R, ;

¢, —practically quasi-stable, if for given number (4,B,T)>0
and some #, € R, ,¢, € Z, we have (¢,,u,)<A implies (¢.u(t))<B,
forall t21¢,+7T;

iv. @, —uniformly practically quasi-stable, if (iii) holds for every
fheR s
V. ¢, —strongly practically stable, if (i) and (iii) hold together;

vi. ¢, —strongly uniformly practically stable, if (i) and (iv) hold
together.

Main Results
Lemma 1: Assume that
i g€ C[R+ XZ,R?],g(l,u) is quai-monotone non decreasing in

u for each fixed t on Z and r(¢,,,u,) is the maximal solution of the

o [ =20

u(ty)=uy;
ii. Ve C[R xR".Z].V(
cone Zand DV (£,x(t)) <,
g(t,V(t,x(t)))(tZto) for any solution X(#)=
x’=f(t,x,Tx),
{ x(to) = X,
Then ¥/ (£0,x0) <, u, implies ¥ (£,x(1)) <, r(t.ty.u,),t 2 1,

Proof: Let x(t)=x(t,t0,x0) is any solution of system in (ii),
satisfying 1 (10,x0) <, u,-

t,x) is locally Lipschitz in x relative to the

x(t,to,xo) of

Set m(t):V(t,x(t)), for small enough #<0; from (i)
V(t,x) is locally Lipschitz in x relative to the cone Z, therefore
m(t+h)=m(t)<, L|x(t+h)=x(¢)=bf (t.x.Tx)|+V (t+hx+hf (t.x,Tx)) -V (6.x(1)), when
h—>0 we have D’m(t)SZ D’V(l,x(t)) <, g(t,m(t)).
{u'(t)zg(t,u)+877,

For small enough > (0, consider system
gh ve>0 ¥ u(ty)=u,,t, €R,,

where neZ.
The solution of it is, then we have.
To prove the conclusion we only need to prove

m(t)<, u(t,e),t>1, . (3.1)
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If it is not true, there exists % > £, such that u(t,,&)—-m(s,)€0Z, and
u(t,g)—m(t) eZ’te [to,tl)-

From (i) g(t.u) is quai-monotone non decreasing in u for each
fixed t on Z, so there exists ¢ € Z; , such that

o(u(t.€)-m(1))=0 and go(g(t,,u(tl,g))—g(tl,m(t, )))20,

Set i (1)=p(u(r.e)-m(t)),t€[t,,1,]. Obviously 7(r)>0.r<[z,.1)
and ﬁ(tl):O-

Therefore, D7 (#)<0

But

D (t)=p(Du(t.e)-D m(t))
> ola(t.u(e.)+en-£(1.m(1)
> (p(g(tl,u(tl,g))—g(tl,m(tl)))
>0,

a contradiction So (3.1) holds, thus lemma 1 holds
Lemma 2: Assume that

i ge C[[fk,tk +1)><Z,Rf],k eN,g(tu) is quai-monotone non
decreasing in u for each fixed t on the cone Z and 7(t)=r(t,4,,u,) is
the maximal solution of system(2) on Z;

iil. ¥ Z—Z(keN) is strictly increasing on Z;
iii. for any solution * () = x(2,2,,X,) of system(1) and ¥’ v,
D’V(t,x(t)) <, g(t,V(t,x(t))),t #t,keN

iv. V(tk,Jk (x(z;))) <, ¥, (v (5.x))

Then implies

Proof: For any #, € R, , and {, € [tk,tk +l), for some f>1, we
designate %, =%, =1,2,..., for convenience, then for € [to,tl)
from lemma 1 we have V(t,x(t)) <, r(t,4,,u,) where 1 (l‘, to,uo) is the
maximal solution of system(2) on [to,tl) such that 7 l‘g,to,uo =u,.

so ¥ (t.x) <, 1 (6 1oy

Thus from (iii) we have

V(tl,x(tl,to,xo)):V(tl,Jl (x(tl’)))
<, ¥, (V(tl’,x))
< ¥ (’”1 (t]_’tO’uO))
=h (t;’to’uo) =5

Again from lemma 1, for t 2 [tl; tz), V (t; x (8 ts XO)) <zr, (t; ts rl);
where r, (t; t;; r) is the maximal solution of system (2) on [t; t,) such
that 7, (8", ¢,,1) =1

Therefore we have

Vi, x(t,ty,x) <z (6,8, 1),
where 7%, (6,4, ,%_,) is the maximal solution of system(2) on
(l‘k4 , tk) such that 7 (tljfls Ly r,H) =7

So if we define

u, t=t,,
te [totl),

t € [tl > tz)a

telt, . t,), k=3,4,..

rl(t5t05u0),
|I"2 (t’tlﬁri)’

Lt s n),

u' ()=

Then u"(¢) is the solution of system (2), and V (t, x (t))< Z u" (¢); since
r(t; t; u) is the maximal solution of system(2) on Z, we get immediately
V(t,x(t)) < z(t,ty,u,),t 2 1.
Theorem 1: Assume that 3a,b € K such that:
i) () < (D, V (¢, x)) < a(x]), xe S(p);
i) geC[lt.t,)xZ R |, keN,gtu) is

nondecreasing in u for each fixed t on the cone Z and

quai-monotone

g(t,0)=0,7(¢) = r(t,t,,u,) is the maximal solution of system(2) on Z;
iii) ¥, : Z = Z(k € N) is strictly increasing on Z ¥, (0) =0;
(iv) for any solution x(¢)=x(t,t,,x,) € S(p) of system (1) and
VeV, wehave DV (1,x(2))<zg(t,V(t,x(1),t #1,, ke N;

V) Vit J, (x(t)) <z v, (V (1, %)), x € S(py).

Then the & stability properties of the trivial solution of system (2)
imply the corresponding stability properties of the trivial solution of
system (1).

Proof: For any €:0<e< p, every set V' (¢) =V (¢, x(1)).

Let the trivial solution of system (2) is & -stable then for b(e)> 0
every f, € R, , there

Exists  010,(f,€)  such that 0<(Jy,u)<d  implies
(D, u(t,ty,u,)) <b(e),t=t,.

Set 8, =5, (e) satisfying a(J,) < J,.

We define § = min{3,,5,}.

Next, we claim that |x0| < oimplies

[x(0)| <&, =1, 3.2

If it is not true, there exists a solution x(t) of system(1) such that
x(ty,t,,x,) =0 with |x0| <0, then there exists ¢* >#, such that
t, <t <t (k e N) satisfying ‘x(t*) >e and |x(t)| <&ty St<t,.

From (O<e<p, we have |x(tk)|=|‘]k(x(tl:))|<p’ then
there exists ‘ie[tk,t*]satisfying eﬁ‘x(i)‘<p. From (iv) we have

DV()<zg(t,V (D).t €lt,.1].

Set U, =V (t,) thus from lemma 2 we get that ¢e[z,,¢] implies
V(t) <z r(t,t,u,), where r(t,4,u,) is the maximal solution of system
(2) such that uty o uy) =, -

And from (1) (@B,,u,)=(D,.V(t,))<a(x|) <a(5)<s, so from the
-stability of the
trivial solution of system(2) we have (&,,r,(1.1,u,)) <b(€),t 2 t,. Therefore

b(&) <b(x(D) < (By,V (1)) < By, 7(0:10,4)) <b(€), a contradiction Then (3.2)
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holds, thus the trivial solution of system (1) is stable. If the trivial
solution of system (2) is @,-uniformly stable then it is clear that
o will be independent of t; and thus we get the uniform stability of
the trivial solution of system (1). Assume that the trivial solution of
system (2) is &, -symptotically stable, consequently we get that the
trivial solution of system(1) is stable, then for €= p,, there exists

8, =8(t,, p,), such that |x0| <8, implies ||x(t)| < p,.t =1, From (iv)
we have DV () <zg(t,V(0),t21,-

Forany e:0 <e< p, every #, € R, from the &, -attractivity of the
trivial solution

of system (2) we can get that for b(e) >0, every £, € R, there exists
8,y =0,(t,)>0 and T =T(¢, €) >0, such that 0<(@,,u,) <5, implies
(D, ult,ty,uy)) <b(€),t =ty +T.

Set 8, =min{S;,a "' (5,)} -

For |x)|<&,, setu,=V(t,) then from lemma 2 we have
V()< zr(tty,u,)), t 21,

And from (i) (Dy,u,) =(D,,V(t,)) Sa(\xo\) <a(o,)<0,, so from the
&, -attractivity

Of the trivial solution of system (2) we get
that Dy, r(t,ty,uy)) <b(e),t 2ty +T therefore
b(|x()) < (D, V(1)) < (D, (1, tg,1y)) > b(E),t 2 1, + T, thus

Hx(t)\ <e, t21,+T so the trivial solution of system(1) is attractive.

Then the trivial solution of system (1) is asymptotically stable. If
the trivial solution of system (2) is &,-uniformly asymptotically stable,
then it is clear that &, T will be independent of t0, and thus we get the
uniform asymptotically stability of the trivial solution of system (1).

Theorem 2: Assume that theorem1 (i)-(v) hold and we have:
(vi)for Q< A< A< o with a(A) <b(A).

Then the 9, -practical stability properties of the trivial solution
of system (2) with respect to (a(1),b(4)) imply the corresponding
practical stability properties of the trivial solution of system (1) with
respect to (1, 4) .

Proof: Set V' (t)=V(t,x(¢t)), suppose that the trivial solution of
system (2) is &, practically

Stable with respect to a(A),b(4)) then exists %, €R,, such that
0<(Dy,uy) <a(l) implies (&, u(t,t,,u))<b(A),t>1,-

For above f, € R, next we will prove that |x0| <A implies
‘x(t)‘ <A,t21, If it is not true, there exists a solution x(t) of system (1)
such that x(z,,7,,x,) =0 with
t,> 1 <t,,(keN) satisfying |x(t")

x,| < 5, then there exists ¢* > #, such that
>Aand |x(t)| < At <t<y].

Since 0<A<p, we have \X(tk)\ = ‘Jk (X(t;))‘ <p then exists
‘e [t satisfying 4 < ‘x(})‘ <p.
From (iv) we have DV (1) <z g(t,V (1)), t €[t,,1].

Set u, =V (#,) then from lemma 2 we get that f €[¢,,¢] implies
V(t)<zr(t,t,,u,), where

is the maximal solution of system(2) such that

r(t,ty,u,)
u(ty,ly,Uy) =ty And from (@,,u,)=(2,.V (t,)) < a(lx,) < a(2), s0 from

the &, -practical stability we have (J,,7(t,.1,,u,)) <b(A),t > t,.

Then b(A)sb(\x(i)\)s(QJO,V(E))<(®0,r(2,t0,u0))<b(A) a contradiction
thus (3.3) holds, so the trivial solution of system(l) is practically
stable. Suppose that the trivial solution of system (2) is &, -uniformly
practically stable with respect to (a(4),b(4)) then it is clear that t, will
be independent of t, and thus we get the trivial solution of system (1)
is uniformly practically stable with respect to (4,4). Suppose that
the trivial solution of system (2) is &, -strongly practically stable with
respect To (a(4),b(4),b(B),T), consequently we get that the trivial
solution of system (1) is practically stable with respect to (4,4) then
exists £, € R, such that |x,| < 4 implies |x(¢)| < 4 < p,t>1,. From (iv)
DV(t)<zg(tV(t)),t2t, And since the trivial solution of system(2)
is @,-practically quasi-stable with respect to (a(4),b(B),T), we have
that 0 < (&J,,u,) <a(A) implies (J,,u(t,t,,u,)) <b(B),t>1t,+T.

For |x|<A set u,=V() then from lemma 2 we get
V()< zr(tty,u,))t >t,.

And from (i) @pi) =@V ) <a(x)<ad)., so from
the @, practically quasistability of the trivial solution of
system (2) we have (D, r(t,t,,u,)) <b(B),t 2t,+T then
b(|x(0)]) < (Do, V(1)) < (DB, r(t,ty,u,)) <b(B),t =1, + T thus
‘ x(;)‘ <(B),t>t,+T so the trivial solution of system (1) is practically

quasi-stable with respect to (4,B,T).

Therefore the trivial solution of system (1) is strongly practically
stable with respect to (1, 4, B,T).

If the trivial solution of system (2) is &, -strongly uniformly
practically stable with respect to (A, 4,B,T) then it is clear that the
above proof establish for every t , therefore we get the trivial solution
of system (1) is strongly uniformly practically stable with respect to
(4,4,B,T)-
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