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Abstract

In the present paper we study unique solvability of the analogues of problem Bitsadze for the degenerating
hyperbolic-hyperbolic type equation. Uniqueness and existence theorem for solution of this problems are proven with
principle extremum and by the method of integral equations.

Keywords: Boundary value problem; Existence and uniqueness
of solution; Degenerating equation; Hyperbolic-hyperbolic type; A

principle an extremum; Method of integral equations

Introduction

Last years the increasing attention of mathematicians is involved
with problems of correctness of the boundary value problems (BVP) for
the degenerating equations of the mixed parabolic-hyperbolic, elliptic-
hyperbolic and hyperbolic-hyperbolic types. It is closely connected with
appendices of such problems to the decision of problems of mechanics,
gas dynamics, biology and in other material sciences. The first basic
researches under the theory of the degenerating equations of the mixed
and mixed-compound type are Trikomi’s [1], Gellerstedt’s et al, [2],
Bitsadze’s [3] and Salakhitdinov’s [1,4,5] works. The degenerating and
singularity equations possess that nature, that for them the correctness
of some classical problems not always takes place. This fact rather
for the degenerating equations of elliptic type, in the first has been
noticed of MKeldych [6], and concerning the degenerating equations
of hyperbolic type of Gellerstedt. In this cases Bitsadze has suggested
to study modify problems Cauchy for the degenerating equation
of hyperbolic type because the problems Cauchy for such equations
it is put incorrectly. Since Bitsadze’s [2] works, in the theory partial
differential equations there was a new direction, in which the analogue
of problem Tricomi for the first time is formulated and investigated
in double connected domain for the modeling equations of the mixed
type. After this work various problems for the equation of the mixed
type on the second order in multiply and doubly connected domains
are investigated, in works as Bers [3] and Salahitdinov, Urinov [1,5].
However, BVPs in double-connected domain are studied for the
not degenerated modeling equations of the third order of elliptic-
hyperbolic type [7], and uniqueness of solution of the problem for the
degenerated hyperbolic-hyperbolic type equation in double-connected
domain was proved by Islomov et al. [4].

The Statement of Problems

In the present work the analogues of problem A.V. Bitsadze [2]
is formulated and investigated for the hyperbolic-hyperbolic type
equation with two degenerating lines of the following kind:

-y"u, - ‘x‘" u, =0,n=const>0 (1)
in the special domain Q, bounded at y<0 with characteristics

) n+2 m2 2
G0 x) 2 +(-y) 2 =q 7
n+2 n+2

G %) 2 (-9

:G=12)

=L(j=12),(0<q<1)

oftheequation (1),and aty=0with segments Aij where 4, ((—l)j'1 q; 0)
B, ((-1)™:0).G=12).
We introduce the following notations:

Through Q and O, we will designate characteristic triangles ABE,
and CFC, (j —1 2), accordlngly, and through O, we will des1gnate
characterlstlc quadrangles AEFC, (j=1, 2). In the section 2 we have
formulated and proved unique solvability of a problems I(I') and II
(II') in the domain of , which, consist of four characteristic triangles
and from two quadrangles. The result, which is obtained in this section
shows that when we will investigate problems I(I") and II(I'), in each
sub domains, we find the solution of equation (1)in an explicit form
In the section 3 we studying uniqueness and existence of solution of
a problem III (III'). Uniqueness of solution of problem III (IIT') are
proven with principle an extremum. Existence of the solution of
problem III (IIT") we have proved, by method integral equations.
The main result of this section shows that when we will studying
existence of the solution of problem III(III'), we have singularity
integral equation, which regularities by the method of Karleman’s-
Vekua [8], to the integral equation of Fredgolm of the second kind.

Unique solvability of the problems I(I') and II(II)

Problem I: Find a function u(x, y) in the domain Q with following
properties:

u(x y)eC (Q) NC* (Q);

2) u (x, y) satisfies the equation (1) in domains Qlj’ QZi R Q3j (G=1,2);

3) u (x, y) satisfies the following conditions

u(x,0)=r7,(x),x € A;B, 2j)
u(x,y)), ., = ¢x),x<[0,1] (3)
I/I(X, y)lAzC| = y/(X), Xe [_qao] (4)
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WhereTj (%), 9(x), ¥(x) - given functions, and 7,(x)€C(A B)NC’(A;B)), s 1 =y RERNY,
D = o a(~g) =y~ oK e F(.pL:o)d
(D) =eM),7,(-9) =y (=q) (5, N (E =D -
p(x) € C[0,1]NC*(0,1)y (x) € C[—¢,0] " C*(—q,0) (5)

Problem I': Find a function u(x, y) in domain Q, satisfies to all
conditions problem I, except (2j) (j=1, 2) which are replaced with
conditions

u,(x,0)=v,;(x),x € AB, (6)
where Vj(X) - given functions, and
vi(x)eC*(AB;),(i=12) 7)

Problem II (IT'): Find a function u(x, y) in domain Q, satisfies to
all conditions problem I(I'), except (3), (4) which are replaced with
conditions:

u |B;/E./ = #(x),x € B,E, @)
And
u|AjC1 =y(x),x € 4,C, )

where pj(x), ‘I’j(x)- given functions, and:
u,(x) € C(B,E,)NC*(B,E,)y,(x) " C(4,C) N C*(4,C,) (10)

Theorem 1: If conditions (Sj) ((5,) and (7J.)) are satisfied that the
problem I(I") is unique solvability.

Proof: Is known, that the solution of problem Cauchy in domain
Q , for the equation (1) satisfying to conditions (2,) and (6,) looks like
(8,9]:
L
u(x,y) =1 [ 71z [(t= -] dt

q

1 1 1
v o)z, 2 (=g -]” de (11)
q
Where
o e, 2Q2t=g-1) &2 _repa-q9= _repi-g9
Z=x""+(=y)" 4 —l] (=xy) rz(ﬁ) V= rz(l—ﬂ)

From here, by virtue condition (3), considering (51) ((71)) it is
easily possible to define unknown function v, (x) (T, (x)), hence, owing
to uniqueness of the solution of problem Cauchy, the solution of the
problem I(I') in domain 2, is uniquely defined.

Further, designating through h (x) a trace of the solution of
problem Cauchy- Gaursat 1 (Cauchy-Gaursat 2) from domain Q,, on
the characteristic A E, and considering the condition (3) taking into
account (5%), by the method of Riemann, we restore the solution of the
problem I(I') in domain the of Q. as the solution of problem Gaursat
and this solution is given by the formula:

2

2 \1-28
w(E) =25 j [ sy ”j%ﬂﬂ,ﬁ,l;a)m

F[M (& —q")(1- 77))

o [q(mz;/z +tj“2/’ (q”n—l)zﬂ’]
W E- V@Y e @)
Where

-0 -p) =g (=)
&0 E-A @7

Similarly, we find the unique solution of problem Gaursat for

the equation (1) in domain Q, in an explicit form. As the solution

u (x, y) is found in domain Q an obvious kind, can write out the
solution of problem Cauchy for the equation (1) in domain Q,,
too. Hence, in domains Q,, and Q,, the solution of problem I(I') is
restored as the solution of problem Gaursat and Cauchy-Gaursat-1
(Cauchy-Gaursat-2) accordingly. The theorem is proved. Theorem 2.
If conditions (51) and (10) ((7j) and (10)) are satisfied that the problem
II (IT') is unique solvability. The theorem 2 is proved similarly as the
theorem 1.

Uniqueness and Existence of Solutions of the Problem
III (IIT)

Problem III (IIT'): Find a function u(x, y) in domain Q) satisfies to all
conditions problem I(I'),except (3) which are replaced with conditions:

u|BlEl :¢*(X),X€|:1;q,1:|, (13)

ulFZCZ:y/*(x),xeliqz_l,O} (14)
where ¢' (x) , ¥'(x) - given functions, and

s(1-4 . -1 s(a-1
:|ﬂC ( 2 j,y/(x)eC[ 2 ,O}mC ( 2 ,0

Theorem 3: If conditions (5,) and (15) ((7}.) are satisfied and (15))
that solution of a problem III (IIT) exists and is unique.

go‘oc)ec{l ) (15)

Proof: Is known, that the solution of problem Cauchy
in Q (Q,) for the equation (1), satisfying to conditions
u(0, y)=1,(»),yeCC, and u (0, y)=v,(»), » € C,C,1ooks like:

-4 1

u(x,y) = | 7@ )[(-t=+ 9] dt -

-1
r I ,
—hxyf 0z 7, [~ g+ 0] dr, (16)

[u(x y)y.jr;(z;’*’)[( t=a)1+0]"" - yzxyju;(w)[( t=a)i+0]"" dr ](17)

202t-q- 1) 2

2= (0" () o)

(n+2)/2 it -2/ (qn+2_t2)2ﬁ 1-

gl dM [ J @ y@ gy PPEOTE here

1 (n+2)/2 1-25 n+2 241 _Trepa- Q)Hﬁ _Ire-2p0- Q)Z'B?l
q +1 t(q =1 ) 17 2 s V2= 2
2 h 1;0)d -
+ﬂ£[ [ 5 ] J@z_t gy B Aot r(6) (- 5)
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From here, owing to condition u(x, y)|.-= h,(y)and (14) taking
into account properties of integro-differential operators of fractional
order [8,9] accordlngly we will receive:

vi(y) = (ﬂ)(y)* DLy =q") DL ()Y =" )Z‘”*(y)’ yDLLT). (18)

And

vi(y)= W(y)”D' L=y DLy ) y)/“+(y)*’ ‘DT, (19)
|

where h,(y)- a trace of solution of the Gaursat in domain Q, , satisfying
condition (13) and

vi(y)—v[(y*)ﬂherey* (2( y)”” j

At the proof of the theorem 3 takes place

u(x, y) |AIE|: h, (x), and ;/* =

Lemma: The solution u(x, y) of the problem III (IIT’) at
Tj) =9 )=y 0)=0v,x)=¢ (¥ =y (x)=0,(=1,2) (20j)

in the domain the positive maximum and negative minimum reaches
only in points C, and C,.

Proof: By virtue (20) and considering solutions of problem
Cauchy-Gaursat (in the domain Q) and Gaursat (in the domain 21)
for the equation (1) we will receive, that u(x, y)=0 on the characteristic
C,F,. From here, owing to a principle of extremum for the hyperbolic
equations [4,9,10] function u(x, y) reaches the positive maximum
and the negative minimum in the domain 31 only on the piece C1C2.
Similarly, owing to the principle of an extremum for the hyperbolic
equations [10] with the account W' (x)X0, we have, that the function
u(x, y) reaches the positive maximum and the negative minimum in
domain Q,, only on the piece C,C,.

Let function u(x, y) reaches the positive maximum (the negative
minimum) in some point y, of the interval CC, (i.e. y, € (-1,-q))
then owing to (18) and (19) taking into account a principle of
extremum for the integro-differential operators of fractional order
[9], accordingly we will receive u_(+0, y,) <0, y, € (~1,—q), and u (-0,
¥,) >0, y, € (=1,-q). From here owing to continuity of solution u(x, y)
have received the contradiction, i.e., the function u(x, y) does not reach
the positive maximum (the negative minimum) in the interval C,C,.
Hence, function u(x, y) can reach the positive maximum (the negative
minimum) only on points C, and C,. The lemma is proved. As, u(x,
y)=0 on the characteristic C, F and Cze’ we have that, u(x, y)=0 on the
points C, and C,. From here, owmg to continuity of solution u(x, y) in
the domain of, the problem III (III') with zeroes dates, has only trivial
solution, i.e. uniqueness of the solution of problem III (III') is roved.
Existence of the solution of the problem III (III') is proved, by method
integral equations.

From functional relation

241
_ DP L by )y - gty 7724 1-5) Dl 2/{
7 7( ) O'=a")" Dl b (Y -0") o e M) (21)

And

A=y Dy (5 W1y + LT papa ey (22)

n= r(ﬁ) B

excluding 7;(y) and considering properties of the integro-differential
operators, we will receive singular integral equation.

. | 26 N
v(y*)(1+003ﬁ(172ﬂ))*%_2ﬂ) j[gj [TJ 2O d- gy (23)

where

O =g Y s (R Gt 0 Wil A0
D! 2/) D\ /I D /1 ﬂD /
)= 0'-9") B -y T (24)

Entering designations, a(y’)=1 + cos n(1-2(3) ,b(y)=—isinn(l -2
B) and

LN\I-28 1—¢ 1-28
K(t,y*){yt] [l_y*] -1, (25)

we will copy the equation (23) in the form of integral Cauchy
[11,12]:

a(y)v(y)+b(”)f W= 22 [ k) B 20

We will estimate the function ®(y’), for this considering properties

integro-differential operators, we have from (24)
w2\ A

d ‘(t—q 2) til(s—
7,72 (- p) dy’ > (t—y*)]'w dt ;. (t—s)ﬁ

4y d (-0" j(l—s)””', :
772B)T (1= B) dy’ y*(,fy*)lfm dty (s—t)
From here, having executed replacements s=(t - q"*?) z + @** in

first inner integral and s=(1 — t) z + t in second inner integral, we will
receive:

41—2/{y*1—2/i n+2 )Z/H

Py = h2(s)ds+

P(y)=

L s
7T (1=p) v

1-2p _ *1-2p 1 _ n+2 1 .
W
T Y AT

1
)’ ”ja—z)*ﬂz”*lh;(t, 2)dzdt+
0

1-28  *1-2p 1 1 2p-1 .
_pA Ty 7 d j )" IJ-(lfz) 2Py (t,2) dzdt+
TP (=) dy’ 0

1- 2/3 *1-28 1 1

4 I I (1-2)*7" 21} (t,2) dzdt
m(Zﬂ)r (1-p)dy";
where k(2= h[(t-a")z+q"*] and (i 2=y [(t-q")z+q""].

Hence, owing to properties B(a,b) functions and takmg into account
a continuity of functions A (t,z), & (t,z)and (t 2), v (t,z) we will
receive the estimate for function @(y"):

|@(y")|< const.(1-y )

As, a’ (y)-b? (y') # 0 the integral equation (23) is singular integral
equation of the normal type, and by virtue (27) and |[K(t, y')| < const-t'-
(1-y")*-! we have that, index of integral equation (26), is equal to zero.
Hence, by virtue of the theory singular integral equations and by the
method regularities of Karlemens-Vekua [11], the integral equation
(26) will be reduced to the integral equation of Fredgolm of the second
kind with weak singularity. Thus, by virtue uniqueness of solution of
the problem ITI(IIT") the function v,(y) € C(-1;—q] C*(~1;—q) will be
unequivocally find from the equation (26), and this function can have
singularity of an order less than 1 — 2 at the y»> —1 and continuous at
y> —q. After it is found v,(y), from (21) and (22) we will found v,(y)
accordingly in domains Q, and Q,, hence in the domains of Q. and
Q,, the solution of problem III (II') is restored as the solution of
problem Cauchy, and in the domains of Q, and Q,, as the solution of
problem Cauchy-Gaursat. The theorem 3 is proved.
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