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Abstract

two-point boundary value problem,
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In this paper, we establish the existence of positive solutions to a coupled system of higher order (p, q)-Laplacian

[y, (u“"'”(t))]("” = AL (@), 1 e[0,1], G074, @) = 2fuo v o, w0 =0=u (1), =012, m 1,

[ e0)] =0 =012 [6,(6500)], =0 [g (@), =0.[4,(00)] =0.i=0020wm, -1,

by using Guo-Krasnosel'skii fixed point theorem for operators on a cone in a Banach space.
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Introduction

Differential equations governed by nonlinear differential operators
have been widely studied by many researchers. In this theory, the
most investigated operator is the classical p-Laplacian, given by
¢p(y)=y|y|p—2 with p>1. In recent years, it has been generalized to
other types of differential operators that preserve the monotonicity
of the p-Laplacian, but are not homogeneous. This more general
operator is named as ®-Laplacian, and as involved in the modeling
of non-Newtonian fluid theory, diffusion of flows in porous media,
nonlinear elasticity and theory of capillary surfaces. Much interest has
been created in establishing positive solutions and multiple positive
solutions for two-point, multi-point boundary value problems (BVPs)
associated with ordinary differential equations. To mention the related
papers along these lines, we refer to Erbe et al., Eloe et al., Wong et
al,, Davis et al., Henderson et al., Ntouyas et al. and Li [1-7]. Due to
wide mathematical and physical background the existence of positive
solutions for nonlinear BVPs with p-Laplacian operator have received
wide attention. To mention a few, Agarwal, Bohner, Agarwal, Avery
and Chu [8-12], and the references therein.

Recently, Prasad et al. [13] established positive solutions for (p,
q)-Laplacian boundary value problem. In this paper, we consider a
coupled system of higher order (p, q)-Laplacian two-point boundary
value problem,

(_l)ml" |:¢p (M(Znu)(t)):rm) = lfi (l,u(t), V(t))a te [0, 1], (11)
[y, (uw(t))](“” = A/, (t,u(®),v(0)),  €[0,1], (12)
u®(0)=0=u""(1),i=0,1,2,-,m,~1,

[4,(«*"®)] =0,

(o), -0

att=0

@ : (1.4)
(m ) = = e —_—
(4, @)] " =0,i=0,12,m, -1,
v(/’)(o) =0,j :(),1’2’...,,"2 -2,v(1)=0,
Where
my, n,m,, I’l2€ N, n, Zz,mz >2 and l4’121
p 9
We assume the following conditions hold throughout this paper:
(A1) f:[0,1] x R?> [0, ) are continuous functions, for i=1, 2,
(A2) each of
o= tim DEHOVO) e f(u0).v0)
' u+v—>0" ¢p (u + V) ’ u+v—0" ¢q (u + V)
£ lim LOEOVO) - HGuO0)
TR ey TR

exist as positive real numbers.

To obtain a solution of the BVP (1.1)-(1.4), we construct the Green
functions for the corresponding homogeneous BVPs. For n, >2 let
G(t, s) be the Green’s function of the BVP

—x"(t)=0,1€[0,1],
x(0)=0, j=0,1,2,---,n,—2, x(1) =0,
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and after simple computation it can be obtained as

-1 _ oyl
LI Gl ((l f))' 0<t<s<l,
n —1)!:
G(t’S): t”l’l 11 -1 t -1
A=9)"  E=9" Gos<i<t.
(m -1l  (n,—1)!

LetH_, (t, s) be the Green’s function of the homogeneous BVP,
(_l)ml y(zml)(t) = 09 te [Oa 1]a
y(Zi)(O) =0= y(2i)(1)’ i= 0’ 1’. cm; = 1’
and is recursively defined as,
1
H,(t,5)= [ H,.,(t,1)H, (r,)dr,
where H (t, s) is the Green’s function of the BVP,
—y"(t) =0, y(0) = 0= y(1), and is given by

t(l-s), 0<r<s<],
s(I-¢), 0<s<t<].

Hl(t,S) = {
Then, the equivalent integral equation for (1.1) and (1.3) is

u(t)=A[ H,,(t.5)4,' ( [[Ges.o) fl(r,u(z'),v(‘r))dr)ds

2 jO‘ H,\(t,5)¢, ( j; G(s,7) f(z.u(z), v(r))dr)ds.
Similarly for m,>2, let H(t, s) be the Green’s function of the BVP,
—x")()=0, t[0,1],
x(0)=0, j=0,1,2,--,m, —2, x(1) =0,

and after simple computation it can be obtained as

my—1 my—1
" (1-5)

( DI s 0<t<s<],
m, —1):
H(t’S) = tmz—l 12 my—1 t my—1
A=) =" g<i<1.
(m, - (m,—1)!

Let G , (t, s) be the Green’s function of the homogeneous BVP,
=1y (0)=0,1<[0,1],
y0)=0=y""(1),i=0,1n,—1,

and it can be recursively defined as
G,(t.)= [ G,y (.G, (r.)dr,

where G, (t, s) is the Green’s function of the BVP,

-y"(©)=0,y(0)=0=y(),
and is given by
G,(t,s)=H,(t,s).
Then, the equivalent integral equation for (1.2) and (1.4) is

V()= A[, H(t.5)8;' ( [[Gas.0) j;(r,u(r),v(r))dr)ds

= /1_[; H(t,s)4, (.Ll G, (s,7) f, (7, u(r), v(r))dr)ds

Further, it is easily seen that H_ (t, s),H(t, 5),G_,(t, s) and G(t, s) are
all non-negative on [0, 1] x [0, 1].

AsolutionoftheBVP(1.1)-(1.4),isafunction (u,v) € ¢>"[0,1]x ¢"™[0,1]
such that(g, o u®m, $,° v“"”) €c"[0,1]x¢*[0,1] and (u, v) satisfies the
BVP (1.1)-(1.4).

A positive solution (u, v) of the BVP (1.1)-(1.4) is a solution of the
BVP (1.1)-(1.4) such that u and v are non-negative on [0, 1]. The rest
of the paper is organized as follows. In Part 4, we estimate the bounds
of the Green functions which will be used in defining the positive
operator. In Part 5, we provide an appropriate Banach space and a cone
in order to apply the Guo-Krasnosel’skii fixed point theorem [14] to
characterize the values of A so that the BVP (1.1)-(1.4) has a positive
solution. Finally as an application, we give an example to demonstrate
our result.

Bounds of the Green's Functions
In this section, we state some lemmas to estimate the bounds of

the Green functions which are needed later. Let J :[l,i} For the
preceding Lemmas we refer the reader to [13]. 44

Lemma 2.1 [13] For (t, s) € Ix[0, 1],

1y~ 1
G,(t,s)> [Ej e (1-s)s (2.1)
Lemma 2.2 For t, s € [0, 1],

1
G,(t,s) ZF(l—s)s (2.2)
Lemma 2.3 For (t, s) € Ix[0, 1],

1" 1
H/(t,s)Z[zj F(I—S)S (23)
Lemma 2.4 For t, s € [0, 1],

1
H,(t,s)< ?(1 —5)s (2.4)
Lemma 2.5 For (t, s) € Ix[0, 1],

1
H(t,S) > WH(S,S). (25)
Lemma 2.6 For t, s € [0, 1],
H{(t,s) <H(s,s). (2.6)
Lemma 2.7 For (t, s) € Ix[0, 1],

1
G(t,s)2 FG(S,S). 2.7)
Lemma 2.8 Fort, s € [0, 1],
G(t,s) £ G(s,9). (2.8)
Denote

1 1 Natke
M = mln{43n112 ‘¢[’ (4!111 j’ 4m271 ’¢q 43n272 : (29)
The values of the parameter A will be determined for which there

exist positive solutions of the BVP (1.1)-(1.4), using the following Guo-
Krasnosel’skii fixed point theorem [14].
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Theorem 2.9 [14] Let X be a Banach Space, k X be a cone and
suppose that Q. ,Q, are open subsets of X with 0 € Q and Qc Q,.
Suppose further that T kN (Q2 \Q ) Sk is completely contmuous
operator such that either

D Tu||<ul,u ko, and || Tu|j2||ul|,u € kNoQ, or
i) [[Tull2|ull,u e kMoQ, and || Tu ||<||u ||, u € k MO, holds
Then T has a fixed point in f ~(Q, \Q)-

Positive Solution in a Cone

In this section, we establish the criteria to determine eigen values
for which the BVP (1.1)-(1.4) has at least one positive solution.

Consider the Banach space E={y : y € C[0, 1]} with the norm //*// and
the Banach space B=ExE, with the norm //(u, v)//=//u// +[Iv]/ , where

[l ||o:g1[%|”(f) |.
Define the cone P — B by,
P={(u,v) € Blu(t)>0,v(t)>00n[0,1] and
minfu(t) +v(0)} > M || ) .

For our first result, we define the positive numbers R ,R, by

2M?
R, :maxﬂ o ¢p1

And

. 2
R, =min {F%l

-1

( [[G(z.7) f;,wdr)} ,

{ZMZJ‘;H(S,S)dsqﬁq' (

L)
(j; G(z,7) fl’odr)}l ,

[ZLI HGsass - fﬂ }

Theorem 3.1 Assume that the conditions (A)), (A,) are satisfied.
Then, for each A satisfying

R <A<R,, (3.1)

There exists at least one positive solution (u, v) of the BVP (1.1)-(1.4).
Proof: Let A be as in (3.1). And let €>0 be chosen such that

2M*
max
o

5, ([.oc. r)(ﬁ,;e)dr)}l,

[2/\42 jO‘ H(s,s)ds 8, (61

e)mq

And

A<min {{;ﬂlgﬁp‘ (Ll G(r,7)(f; o+ E)dT):|l |

The integral operator T : P > B is defined by

T(u,v)= (/1-[01 Hm] (t,s) ¢;1 (J: G(s,7) f,(t,u(7), v('r))dr)ds,
1 1 (32)
Al H.s) 4 (jo G, (5,7) Jg(r,u(r),v(r))dr)ds).

And also we denote

T (u,v) =2 jol H, (t5) ¢, ( jol G(s,7) f.(z,u(?), v(z'))dr)ds,
L) =A[ H(t.5) 4, (jol G, (5,7 f3(z,u(2), v(r))dz')ds).

From (A1) and the positivity of the Green functions that, for (u, v)
e P, T1(u, v)(t) = 0, T2(u, v)(t) = 0, for t € [0, 1]. Now for (u, v)e P and
Lemma 2.4, Lemma 2.8, we have

T (u,v)(t) = /1'[1Hml (t,9)8;' ( [ 'G(s,7) [ (r,u(7), v(r))dr) ds

6m1 [ 0-958 ([ 60 w0 Jds

< 6”’ (j G(r,7) f.(z,u(7), v(r))dr)

so that

17, | osz6lml¢:( [/ G(m)ﬁ(w(r),v(r))dr).

Now for (u,v) € Pfrom (2.9), Lemma 2.3 and Lemma 2.7, we have

min 7, (u, v)(¢) = min ﬂJ‘IHm‘ (t,9)8;' ( j; G(s,0) f(z.u(z), v(z'))dr)ds

>/1(11)m' 43”” I(l $)S

x4, (4"1 j G(z,7) f,(z,u(7), v(r))dr)

1
ﬂ'43m‘26m| I(l_)¢ (4nlj

x ¢;‘ (J.Ol G(z,7) f,(r,u(r), v(r))dz') ds
l 1
43"’1 -2 4}1,

;7¢;1 ( |G ﬁ(z’,u(z’),v(r))dz’)
2 M| T, (u,v) |, -

In a similar manner, we conclude that
r{lEiInTz(u,v)(t) 2M || T, (u,v)||, -

Therefore,
min {7, (e, v)(0) + T3 )0} = M || T,ev) |y +M 1T, )
=M T, v)|.

Thus, T : P > P. Further, the operator T is completely continuous by
an application of the Arzela-Ascoli theorem.

Now, from the definitions of f and f

- there exists an K>0 such
that

{2[01 H(s,s)ds ¢q‘1 [6%(f2’0+ e)ﬂ }
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SH@u@),v@®) < (fiyte)d,+v),0<g,(u+v) <K,
LHu@®),v(@®) <(frt €8, +v),0< g, (u+v)<K,.

Let (u, v) € P with ||(u, v)||=K1. Then, from Lemma 2.4, Lemma

2.8 and choice of €,
T, (u,v)(t) = Ajl H, (t,5), (j1 G(s,70)f, (r,u(r),v(r))dr) ds

J.(l 5)sé, (I G(r,7) fi(7, u(r),v(r))dz') s

6”1] 1
<A 6"" (j G f, ot e)dr)(u+v)
<28, ([ 6@+ el ]
SEH (“,V)H:7l

In a similar manner, we conclude that

T,)®) = A H(t.5)g,' (jol G, (5,0) /3 (7,u(v), v(r))dr) ds

<l ==t
Hence, ||T(u, v) || £ K1 =] (u, v)||. If we set
Q, ={(u,v)eB[[[(w,v) [ <K},
Then
IT@ <]l (@) ]I, (u,v) e PN OQ,. (33)

Next, from the definitions of f],m and fz)w, there exists Ez > (O such

that

[iu@) ()2 (f,,~ g, w+v), §,u+v)2K>,
Lt u@®VO) 2 (f,— 8, +v), ¢,u+v)=Ko.

Let K, = max {QKI,KZ}
M
Choose (u, v) € P with ||(u, v)||=K,. Then,
min{u(t) + v(0)} 2 M || u,v) | 2 Ko.
te

Consequently, from (2.9), Lemma 2.3, Lemma 2.7 and choice ¢,

Tu)(©) = A, H, (t.5)¢;' ( [ G0/ @u), v(r))dr)ds
1"
>/I( 6) 43”7] J‘ (1-s)s

[ YO I G(z,7) f,(z,u(7), V(r))drj s

e
>2’43m| 2 g _[ (1-5)s¢, [4,1] )

x5! (j(: G(o, 0\ fy— ) (u+ v)dr)ds

(1
= 167‘ 4m2 '¢pl (4n,—1 )

xg;! ( (6.0~ v)dr)

=4 6}”' Mg (J‘l G(z,7)(fi..— e)dr)(u +v)

2 200, ([ 600~ 2w

K
>—||(u+v)||==%
2“( )l >

In a similar manner, we conclude that

T, v)(0) = A, H(t.5)g, ( [G, (5.0 f(zu(o), v(z’))dr)ds
> Sl =22

Therefore, T, (u,v)(t) > K,.

Hence, || T(u,v) |2 K, = (4,v) . T we set,

Q, ={(u,v) € B|||(u,v)[| < K},

Then || T(u,v) || 2| (u,v) || for (u,v) e PMOQ, (3.4)

Applying Theorem 2.9 to (3.3) and (3.4) we obtain that T has a
fixed point (u, v) in PN (Q2\Q,)and hence the BVP (1.1)-(1.4) has
a positive solution such that K, <[|(u, v)|| < K,. The proof is complete.

For our next result, we define the positive numbers R, R, by

oM
R3=max{{ o ¢pl

( [[Gr.rydr f,yo)}l ,

[21\/[2 [ H(s.50; (% fzvojds} }
and

R, :min{[;II 4, (I G(r,r)drf,, )}1

|:2J.01H(S,S)¢q [6” fhjds} }

Theorem 3.2 Assume that the conditions (A1), (A2) are satisfied.
Then, for each A satisfying

R, < <R, (3.5)
there exists at least one positive solution (u, v) of the BVP (1.1)-(1.4).
Proof: Let A be as in (3.5). And let €>0 be chosen such that

max{ o (I G(r, T)(f,o—e)dr):|71,
|:2M2J';H(s,s)ds¢q (6” (fro- e)ﬂ }

and

A <min {[ 2
6"

-1

4! ([ oo e)dr)} :

{2J;H<s,s)ds ¢, ( (ot e)ﬂ }

Let T be the cone preserving completely continuous operator that
was defined by (3.2). From the definitions of f and f2 » there exists
J,>0 such that

H(@u@®, D)2 (fig=),(u+v), ¢,u+v)<J,,

fVZ(tsu(t)a V(t)) 2 (f‘zyo_ €)¢q (M +V), ¢q (Z/l +V) < Jl'
||=J,. Then, from (2.9), Lemma 2.3

Choose (u, v) € P with ||(u, v)
and Lemma 2.7 we have
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T =4[, H, (t.5)4;' (jol G(s.7) f,(z.u(r), v(z'))dr)ds
1"
_ﬂ(6j yo 2j(l 5)s

( e I G(7,7) f,(7,u(7), V(T))dr]

1
ﬂ'43ml 2 6m1 I ( - ) ¢ (4:11 J

X ¢]:' (I; G(z,7)(fio— €)¢p (u+ v)dr)ds

L1t (1
2 Az (4,1,1)

‘g ( ({600, v)dr)

>ﬂ~g¢ (6@ 00~ e s
> 2 Mg (JL 6 a1
>l ww =2

In a similar manner, we conclude that
1 1
T )0 = 2, HE9),(]L 6, (7)) v ) ds

1 J,
>—||(u,v)||==
Ll =2
Therefore, T (u,v)(t) > J,
Hence || T(u,v)|| > J, =|| (u,v) || If we set,
Q, ={(uw,v)eBI[|,») [ <J},

Then

1T [z[[ @] (u,v)ePNOQ (36)

Let 7 (1) £ (t.u() () 1(6) = f(t,u(t),v(t))-Now, wedefinethe
functions f;, f, :R* >R by (x)= max f () and f; (x) = 1 max fz(t)
forall xeR™.

Then f,(1)< £ (x)and f,(1) < f; (X)

It follows that the functions f, 5 f; are non-decreasing and satisfy
the conditions

lim 2
= §,(x)

Next, by the definitions of Jioand f. there exist J,>0 such that

A
fl00 and ,c_m¢( ) f2°°

K@< (f+)d,(x) and f; () < (. +€)4,(x) , x< T2

Then, for J, = max{2Jl,72} we have

£ () and £ L), 0<x<J,

Choose (u, v) € P with ||(1, v)|| = J,. Then we have
T (u,v)(t) = 4 j ' Hml (t,9)8;' (j' G(s,7) f,(z,u(z), v(z’))dr)ds

< 6”" j(1 5)s ¢’ (j G(r,7)f, (x)dr)ds
’16_”) (jlc(r,r)ﬁ*(Jz)df)

=6 ([0 + 99,004z

6m,

< 6”" ¢, _f G(r,7)(f,.+ e)dr)J2
<)
2

(
<A—g ( [l G(.ox flm+e)¢pu2)dr)
(

In a similar manner, we conclude that

T, (u,v)(t) = ﬂI;H(t, s)(zﬁq'l (J.Ol an (s,7) f5(z,u(r), v(z’))dr)ds

Therefore, T'(u,v)(t) 2 J,
Hence, ||T(u, v)|| £J2 = ||(u, v)||. If we set
Q, ={(u,v) eB||[(w,v)[[ < J,},

And || T(u,v) | <1 @) || (u,v) e PNoQ, (3.7)

Applying Theorem 2.9 to (3.6) and (3.7), we obtain that T has a
fixed point (1, v) in PN (Q, \Q,)and hence the BVP (1.1)-(1.4) has
a positive solution such that J| < ||(u, v)|| < J,. The proof is complete.

Example

Let us consider an example to illustrate the above result. Now, we
consider two-point (p, q) Laplacian boundary value problems

' [4, (W 0)] = AfGu@0), celoq], @D

D[ ¢,(v (t)] = A1, (t,u(0), (1)), %%:L (4.2)

u®(0)=0=u(1),i=0,1,
[, )],/ =0, j=0,1, (4.3)
[¢p (u(4) (t))]m t=1 = 05

[¢, V")), =0=[¢, (" (O], i=0,1, 2,}
(4.4)

v(0)=0, v(1)=0
Where

F(t,u(0),v(1)) = (u +)[9995000000 — 999499984 5¢ 50" |,
£, (t,u(0),v(1)) = (1 +v)[2400000000 — 2399999970 7",

The Green’s function G(#, s) for the homogeneous BVP,
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_xll!(t) — 0’
x(0)=x'(0)=0,x(1) =0,
is given by

*(1-s)°
—
(1-s) (t—s)
2 2

0<r<s<],
G(t,s)=
, O0<s<t<l.

The Green’s function H(t, s) for the homogeneous BVP,
—x"(1)=0,

x(0) =0, x(1) =0,

is given by
t(l-s), 0<Lt<s<],
H(t,s)=
s(1-¢t), 0<s<t<l.
By direct calculations, we have
M =0.0001678466 (p = 2) j‘G(r fdr =L j'H(s $)ds =+
o p=ah b 6 UV TE

Jio =155, f,,=90,

.. =9995000000, f3.. = 2400000000,
R, =max{3.835473314, 3.108280305} = 3.835473314,

And R, =min{6.967742005, 7.2} = 6.967742005.

Applying Theorem 3.1, we get an optimal eigenvalue interval
3.835473314<1<6.967742005 for which the boundary value problem
(4.1)-(4.4) has at least one positive solution [14-19].
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