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Abstract
Shear horizontal (SH) waves are increasingly popular in structural health monitoring, which can purely propagate 

in waveguide bars of rectangular cross-section. This kind of bars is a crucial medium to monitor the components 
working in harsh environments, so that the sensing part is not influenced by environments. In the present study, 
the wave propagation equation of SH waves propagating in waveguide bars of rectangular cross-section is derived 
theoretically. The equation depicts that the SH waves can go through rectangular cross-section waveguide bars just 
like how they propagate in an infinite plate. Influences of structural sizes of waveguide bars on wave propagation are 
analyzed by ANSYS simulation and experiments. Experiment results are in excellent agreement with the simulation 
values. Moreover, results indicate that the waves distribute equally along the thickness section. And when the width 
of the bar is six times wider than the wavelength, there is only the fundamental SH wave excited and it propagates 
clearly in a non-dispersive way. The conclusions can supply a reliably methodology for the application of SH waves 
in bars of rectangular cross-section.
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Introduction
The structural health monitoring of components with permanently 

installed transducers is a useful way to maintain their safety [1-
3]. Moreover, guided wave technique is a reliable non-destructive 
testing technique [4-10]. When an appropriate waveguide bar is 
used to transmit waves, the guide wave technique could be a possible 
method for monitoring components working in high temperature 
environment, because the sensing parts of transducers cannot be 
influenced by the hostile environment on this condition. In order to 
extend the application of the ultrasonic guided waves technique into 
high temperature components, several kinds of waveguide bars have 
been introduced. The waveguide rods have been analyzed and been used 
in numerous NDE applications [11-14]. A spiraled sheet to measure 
flow of a hot fluid in a pipe has been proposed by Heijinsdijk et al. 
[15]. A bundle of thin wires have been applied to effectively suppress 
wave dispersion by Lynnworth et al. [16]. The tapered waveguide has 
been investigated numerically and experimentally by Kwon et al. [17]. 
Large aspect ratio rectangular strips have been researched by Cegla 
and Jia et al. [18-20]. According to the above-mentioned researches, it 
is clearly known that different shapes of waveguide bars can transmit 
different modes of guided waves to achieve different design purposes. 
Among of them, the research of waveguide strips is the most promising 
[18,19]. Cegla et al. have applied strips as waveguide bars to measure 
high temperature component. However, they haven’t analyzed the 
propagating mechanism in strips, which is a relatively long narrow 
piece of plate. Jia et al. have discussed the width criteria of bars made of 
316L stainless steel. Nevertheless, the conclusion can’t be extended to 
the bar made of other material.

About waves existing in plates, there is a set of shear horizontal (SH) 
waves in addition to the Lamb wave modes. The polarized direction of 
SH modes is parallel to the surfaces of the plate and there is no out-
of-plane particle displacement, so it is less affected by the presence of 
surrounding media [18]. Therefore, SH waves are increasingly popular 
in structural health monitoring and several efforts have been made 
about the excitation of SH waves recently. Kamal and Giurgiutiu have 
discussed the excitation of SH waves with shear type piezoelectric 
wafer active sensor [21]. Köhler et al. have proposed a piezoelectric 

fiber patch transducer for excitation of SH waves [22]. Seung et al. have 
put forward a new electromagnetic acoustic transducer to generate 
omnidirectional SH guided waves in metallic plates [23]. Zhou et al. 
have presented guided wave generation, sensing, and damage detection 
in metallic plates using SH waves [24]. Miao et al. have depicted d24 and 
d36 type transducers to excite fundamental SH wave (shorten for SH0 
wave) [25,26].

The successful excitation of the SH waves is of great engineering 
significance. However, it’s a pity that these methods can’t be put into 
use in high temperature environment. Therefore, the design of suitable 
waveguide bars to introduce SH waves into harsh environment 
application is very important in real engineering of aerospace and 
process industries. According to the vibration characteristics of the 
SH waves in plates, the waveguide bar of rectangular cross-section is a 
preferred shape. Waves in bars of rectangular cross-section have been 
researched by Mindlin and Fox [27]. They found an exact solution of 
the equation for a family of wave modes in an infinite bar of rectangular 
cross section for certain ratios of width to depth. Because the solution 
is too complex, it is too difficult to be used to design suitable waveguide 
bars for propagating SH waves into components in harsh environment. 
In order to design preferred waveguide bars for high temperature 
application, it is vital to research the propagating mechanism of SH 
waves in waveguide bars of rectangular cross-section, which can provide 
important theoretical methodology for the design of waveguide bars.

Therefore, the propagating mechanism of SH waves in waveguide 
bars of rectangular cross-section is analyzed in the present research. 
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This equation has the general solution

( ) ( ) ( )Asin Bcosf z qz qz= +                    (5)

where q is defined as
2

2
2
T

q k
c
ω

= −                     (6)

and A and B are arbitrary constants. Therefore, the general form of the 
displacement field is

( ) ( ) ( ) ( ), , Asin Bcos i kx t
yu x z t qz qz e ω−= +                                (7)

( ) ( )2 2A B sin i kx tqz e ωϕ −= + + ,

where ( )2 2arccos A A Bϕ = + . Eqn. (7) is a bounded function, and 
its boundary is:

( ) 2 2, , A Byu x z t = +                     (8)

Normally, the amplitude of the wave vibration is distinctly small 
relative to the mechanical structure of the waveguide bar. That is,

( ) 2 2, , A Byw u x z t = +

                                 (9)

and the waves propagate only along the x-coordinate direction. 
Therefore, the SH waves can propagate in a waveguide bar of rectangular 
cross-section just like how they propagate in an infinite plate.

Wave Structure Analysis of SH Modes
When we separate the total displacement field into symmetric and 

anti-symmetric components with respect to z, eqn. (7) can be rewritten as

( ) ( )( , , ) cos i kx ts
yu x z t =B qz e ω−               (10)

( ) ( )( , , ) sina i kx- t
yu x z t =A qz e ω

The superscript s denotes a symmetric mode and a denotes an 
antisymmetric mode.

The tractions-free boundary conditions at the upper and lower 
plate surfaces yield

,
2

( , ) 0zy dz=
x z t | =τ

±
                 (11)

The traction component τzy is given by [31]:
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zy

u
=u

z
τ

∂

∂
                (12)

Substituting of eqn. (10) into eqn. (12) yields

( ) ( ),( , ) cos i kx t
zy x z t =- qB qz e ωτ µ −  for symmetric modes               (13a)

and

( ), ( )( , ) sin i kx- t
zy x z t = qA qz e ωτ µ  for antisymmetric modes        (13b)

Substituting of eqn. (13) into boundary conditions eqn. (11) yields 
the dispersion equations

cos (qz)=0 for symmetric modes              (14a)

and

sin (qz)=0 for antisymmetric modes               (14b)

The roots of eqn. (14) are

qz=nπ/2                      (15)

The propagating theoretical equation of SH waves in waveguide bars 
is derived in Section 2. The wave structure of SH waves is analyzed in 
Section 3. The waves in a series of bars with different structural sizes 
and different materials are analyzed via the ANSYS software and 
experiments in Section 5. Results and discussions are provided to 
validate the simulated results in Section 6, followed by conclusions in 
Section 6.

Propagating Theoretical Equation of SH Waves
Materials of waveguide bars are normally selected as the same 

materials with the specimens according to the theory about the 
transmission and reflection of ultrasonic waves [28]. For high 
temperature components applied in aerospace and process industries, 
isotropic materials are generally applied, so the materials of waveguide 
bars are selected as isotropic materials.

For any isotropic medium, the particle displacement field u(x, t) 
should satisfy Navier’s displacement equations of motion [29]:

( ) ( ) ( ) ( )2
2

2

,
, ,

u x t
u x t u x t

t
µ λ µ ρ

∂
∇ + + ∇∇ =

∂


                 (1)

Let's firstly assume that the width of the waveguide bar is wide 
enough, and the bar can be considered as an infinite plate on this 
condition. Because the particle displacements caused by any of the SH 
waves are in a plane which is parallel to the surfaces of the bar, as shown 
in Figure 1. The waves propagate in the x direction and the particles 
vibrate in the y direction. The displacement vectors have only a y 
component i.e, ux(x, t)=uz(x, t)=0 and the y component can be specified 
as [30]

( ) ( ) ( ), , i kx t
yu x z t f z e ω−=                    (2)

Where k is the wavenumber of the mode and ω is circular 
frequency. This equation represents waves propagating along the 
x-coordinate direction and wave motions have a fixed distribution in 
the z-coordinate direction.

If only the uy component of the particle displacement is nonzero, 
and uy is independent of y, then eqn. (1) reduces to

( ) ( ) ( )2 2 2

2 2 2 2

, , , , , ,1y y y

T

u x z t u x z t u x z t
x z c t

∂ ∂ ∂
+ =

∂ ∂ ∂
                (3)

Where 2
Tc µ ρ= .

Substituting eqn. (2) into eqn. (3) results in

( ) ( )
2 2

2
2 2 0

T

f z
k f z

z c
ω∂  

+ − = ∂  
                   (4)

Figure 1: SH waves propagating in a waveguide bar of rectangular cross-
section.
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where { }0,2,4,...n∈  for symmetric SH modes and { }1,3,5,...n∈  for 
antisymmetric SH modes.

Euler transformation of exponential function in eqn. (10) yields
( ) cos( ) ( )i kx- te = kx- t +isin kx- tω ω ω                  (16)

Substituting of eqn. (16) into eqn. (10) yields

( ) ( )
( ) ( )

( , , ) cos cos( ) cos ( )

( , , ) sin cos( ) sin ( )

s
y

a
y

u x z t =B qz kx- t +iB qz sin kx- t

u x z t =A qz kx- t +iA qz sin kx- t

ω ω

ω ω
  (17)

Using the form of q given in eqn. (15) and taking the real parts of 
eqn. (17), the displacement fields of the symmetric and antisymmetric 
SH modes can be written as

( )
( )

( , , ) cos cos( )

( , , ) sin cos( )

s
y

a
y

u x z t =B n z d kx- t

u x z t =A n z d kx- t

π ω

π ω
               (18)

Because the wavenumber k cω=  and time t x c= , cos( ) 1kx- t =ω  
That is to say that variable x represents only the direction of wave 
propagation. Therefore, eqn. (18) can be changed to

( )
( )

, , cos

, , sin

s
y

a
y

u x z t =B n z d

u x z t =A n z d

π

π

（）

（）
               (19)

Note that the variation of fields of SH modes across the thickness 
of plate do not vary along any mode’s dispersion curve. Sketches of 
the zeroth, first, second, and third SH modes are given in Figure 2, 
the displacement amplitude of which is normalized. wS represents 
symmetric modes and wA represents antisymmetric modes. It is worth 
noting that the displacement field of the SH0 mode guide wave remains 
uniform in the thickness direction.

Verification of the SH0 Wave Propagating in Waveguide 
Bars
Introduction of the simulation and experiment system

In order to find a universal conclusion for bars to propagate SH0 
wave, the curves of wave velocities versus widths are analyzed by both 
the finite element method using ANSYS software and the experimental 
method, because wave velocities change when waves are interfered by 
boundaries. Moreover, three kinds of materials are selected aiming 
at deriving a universal design formula. They are 316L stainless steel, 
aluminum and copper. The parameters of these materials are listed in 
Table 1.

According to eqn. (20) of the wavelength [26], some wavelengths 

can be calculated for the normally used frequency 1 MHz and 2 MHz, 
and they are enumerated in Table 2.

T=
f

Cλ                    (20)

Where λ is the wavelength, and f is the excitation frequency.

During simulation, the excitation displacement distributes 
uniformly in the thickness direction, which is similar with the 
displacement wave structure of SH0 wave in above-mentioned Figure 
2a in section 3. The excitation signal is 10-cycle sinusoidal displacement 
tone burst modulated by a Hanning window with a center frequency fc. 
In the present research, fcs are chosen as 1 MHz and 2 MHz, respectively. 
The excitation signal is applied on one end of the waveguide bar, and 
the reception signal is picked up on the same end. The waveguide bar is 
modeled using the SOLID 164 element.

Moreover, the experimental system is setup and shown in Figure 3. 
It includes a signal generator (Tektronix, AFG 3021C), a mixed signal 
oscilloscope (Tektronix, MDO 3012), a power amplifier (AG 1006), a 
duplexer (Ritec, RDX-6), and two transducers (Olympus V153-RM). 
The central frequencies of the transducers are 1 MHz and 2 MHz. Ten 
cycles sinusoidal tone bursts modulated with a Hanning window are 
generated at 1 MHz and 2 MHz, respectively. Signals are recorded at a 
sampling rate of 50 MHz. A purpose-made installation tool is applied 
to fix the transducer on one end of the waveguide bar. During testing, 
the transducer works as both exciter and receiver.

Figure 2: The displacement wave structure of SH waves: (a) SH0 mode; (b) 
SH1 mode; (c) SH2 mode; (d) SH3 mode. Figure 3: Experimental system.

Materials Density 
(kg/m3)

Elastic 
modulus 

(Gpa)

Poisson's 
ratio

Bulk shear 
wave speeds 

CT (m/s)
316L 7800 211 0.286 3242

Aluminum 2700 71 0.33 3144
Copper 8800 123 0.35 2274

Table 1: The parameters of the materials.

Materials 
of the plate

1 MHz 2 MHz
λ 5λ 6λ λ 5λ 6λ

316L 3.24 mm 16.2 mm 19.44 mm 1.62 mm 8.1 mm 9.72 mm
Aluminum 3.14 mm 15.7 mm 18.84 mm 1.57 mm 7.85 mm 9.42 mm

Copper 2.27 mm 11.35 mm 13.62 mm 1.14 mm 5.7 mm 6.84 mm

Table 2: The wavelengths of three different materials.
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Thickness analysis

According to the theory of the wave structure, it is known that SH0 
wave is independent of thickness. And the loading style is similar with 
the SH0 wave structure when we install sensors on one end of the bar. 
Two bars made of 316L stainless are designed to verify the effect of 
thickness. Their width is 15 mm, and their length is 150 mm. Their 
thickness are 4 mm and 15 mm, respectively.

The simulated and experimental waveforms propagating through 
bars at 2 MHz frequency are alike. They are non-dispersive. The 
experimental waveforms are plotted in Figure 4. The wave is SH0 mode 
judging by speed. Therefore, it can conclude that the thickness of bars 
is independent to excite the SH0 wave.

Width analysis

Based on the thickness analysis, the thickness of bars is selected as 
1 mm to the convenience of choosing material. Some waveguide bars 
are fabricated, and their pictures are shown in Figure 5. The widths are 
different, which are odds in the range from 7 mm to 25 mm.

The group velocity dispersions are analyzed at two different 
excitation frequencies. The experimental phenomena coincide very 
well with the simulation results. Comparing the critical width with 
Table 2, it is found that the group velocities depend on the width of the 
bars when the width is narrower than their critical values 6λ and they 
become width independent when the width is wider than 6λ. The curves 
of group velocity dispersions versus widths of waveguide bars at 1 MHz 
are depicted in Figure 6. The group velocity increases monotonously. 
And it approaches asymptotically the bulk shear velocity CT at the 
critical width.

Conclusions
In order to study the propagation characteristics of the shear 

horizontal waves in waveguide bars of rectangular cross-section, the 
wave propagation equation of SH waves in waveguide bars is derived 
firstly. The wave equation describes a bounded monotone function, 
which demonstrates the SH waves can propagate in waveguide bars 

just like in an infinite plate. Secondly, the wave structure is analyzed. 
It is found that the SH0 wave is independent of thickness. And the 
loading style is designed based on SH0 wave structure. Then SH waves 
propagating in waveguide bars are analyzed by ANSYS simulation and 
experiment. Results show that the waves propagate uniquely along the 
length direction, and the waveform is independent of the thickness. 
Moreover, it is also found that the non-dispersive wave in a form of 
SH0 mode can propagate in bars when their width is bigger than 6λ of 
any waveguide material. Therefore, the conclusion can be drawn that 
the SH waves can propagate in waveguide bars of rectangular cross-
section like in infinite plate when widths and thicknesses of bars satisfy 
the critical values.
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