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Introduction
In this paper we study stability character and periodic solutions for 

the following rational difference systems

1 1
1 1

1 1

1 1= , = ,
1 1

n n
n n

n n n n

x yx y
y x x y

− −
+ +

− −

± ±
± ±

(1)

where the initial values 1 0 1 0, , ,x x y y− −  are nonzero real numbers .
 Difference equation is a hot topic in that it is widely used to 

investigate equations arising in mathematical models describing real 
life situations such as population biology, probability theory, genetics 
and so on. Recently, rational difference equations appeals great 
interests. In particular, it is popular to study the system of two rational 
difference equations [1-4].

 In [5], Çinar has obtained the positive solution of the difference 
equation system

1 1
1 1

1= , = .n
n n

n n n

yx y
y x y+ +

− −

(2)

Also, Çinar et al. [6] has obtained the positive solution of the 
difference equation system

1 1
1 1

= , = .n
n n

n n n

pymx y
y x y+ +

− −

(3)

In [7], Kurbanli et al. investigated the periodicity of the solutions of 
the system of difference equations
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1 1

n n n n
n n

n n n n

x y y xx y
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− −
+ +

− −

+ +
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In [8] Yalcinkaya et al. obtained a sufficient condition for the global 
asymptotic stability of the following system of difference equations
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1 1
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n n
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− −
+ +

− −

+ +
+ +

Elsayed [9] has obtained the form of solutions for the rational 
difference system	  

1 1
1 1

1 1

= , =
1 1

n n
n n

n n n n

x yx y
y x x y
− −

+ +
− −± + +

Yang et al. [10] investigated the system of rational difference 
equations

1= , = .n q
n n

n p n q n q

byax y
y x y

−
+

− − −
(4)

Other related results on system of rational difference equations can 
be found in  references [11-16].

 Let  I  be some interval of real numbers and let , :f g I I I× →   

be continuously differentiable functions. Then for all initial values
( , )k kx y I∈ , = 1,0,k −  the system of difference equations [17].

 1 1 1 1= ( , ), = ( , ), = 0,1,2,...,n n n n n nx f x y y g x y n+ − + − 	   (5)

has a unique solution ( ){ } = 1
,n n n

x y
∞

−
.

 A point ( , )x y  is called an equilibrium point of the system (5) if

= ( , ) and = ( , ).x f x y y g x y

 Let ( , )x y   be an equilibrium point of the system (5) [17].

 1.  An equilibrium point ( , )x y   is said to be stable if for any > 0ε
there exist > 0δ   such that for every initial points ( )1 1,x y− −  and ( )0 0,x y

for which ( ) ( )1 1 0 0, ( , ) , ( , ) <x y x y x y x y δ− − − + −  , the iterates  ( ),n nx y  of  
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We study the stability character and periodic solutions of the following rational difference systems
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where the initial values 1 0 1 0, , ,x x y y− − are nonzero real numbers. Some numerical examples are given to
illustrate our results.
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( )1 1,x y− −  and ( )0 0,x y   satisfies ( ), ( , ) <n nx y x y ε−   for all   > 0.n An 
equilibrium point ( , )x y  is said to be unstable if it is not stable. (By .
we denote the Euclidean norm in 2R  given by 2 2( , ) =x y x y+  ).

2.  An equilibrium point ( , )x y   is said to be asymptotically stable if there

exists > 0r  such that ( ), ( , )n nx y x y→   as n →∞  for all ( )1 1,x y− −

and ( )0 0,x y  that satisfies ( ) ( )1 1 0 0, ( , ) , ( , ) < .x y x y x y x y r− − − + −  

 Let ( , )x y  be an equilibrium point of a map = ( , ),F f g  where  
f  and g  are continuously differentiable functions at ( , ).x y  The

jacobian matrix of F  at  ( , )x y  is the matrix [17].

( , ) ( , )
( , ) = .

( , ) ( , )
F

f fx y x y
x y

J x y
g gx y x y
x y

∂ ∂ 
 ∂ ∂ 
∂ ∂ 
 ∂ ∂ 

The linear map 2 2( , ) :FJ x y →R R   given by

( , ) ( , )
( , ) = ,

( , ) ( , )
F

f fx y x x y y
x x y

J x y
y g gx y x x y y

x y

∂ ∂ + ∂ ∂     ∂ ∂   + ∂ ∂ 

is called the linearization of the map F  at ( , )x y .
A solution ( ){ } = 1

,n n n
x y

∞

−
of (1) is periodic if there exist a positive

integer ω   such that 

( ) ( ), = , , = 1,2,...,n n n nx y x y nω ω+ +

and ω   is called a period. 

Theorem 1 (Linearized Stability Theorem)
Let = ( , )F f g   be a continuously differentiable function defined on 

an open set I  in 2R , and let ( , )x y   in I be an equilibrium point of
the map = ( , )F f g  [17].

1. If all the eigenvalues of the Jacobian matrix ( , )FJ x y   have 
modulus less than one, then the equilibrium point ( , )x y  is 
asymptotically stable.

2.  If at least one of the eigenvalues of the Jacobian matrix ( , )FJ x y
has modulus greater than one, then the equilibrium point ( , )x y   is 
unstable.

3. An equilibrium point ( , )x y  of the map = ( , )F f g  is locally
asymptotically stable if and only if every solution of the characteristic 
equation 

 2 ( , ) det ( , ) = 0,F FtrJ x y J x yλ λ− + 	   (6)

lies inside the unit circle, that is, if and only if

( , ) < 1 det ( , ) < 2.F FtrJ x y J x y+ 		              (7)

4. An equilibrium point ( , )x y of the map = ( , )F f g   is a saddle
point if the characteristic equation (6) has one root that lies inside the 
unit circle and one root that lies outside the unit circle if and only if

( )2( , ) > 1 det ( , ) and ( , ) 4det ( , ) > 0.F F F FtrJ x y J x y trJ x y J x y+ −
  (8)                

5. An equilibrium point ( , )x y  of the map = ( , )F f g  is
nonhyperbolic if at least one of the eigenvalues of the Jacobian matrix   

( , )FJ x y has modulus equal one.
6. The characteristic equation (6) has at least one root that lies on

the unit circle if and only if

( , ) = 1 det ( , )F FtrJ x y J x y+   (9)
or

 det ( , ) = 1 and ( , ) 2.F FJ x y trJ x y ≤    (10)

Main Results
The first system

1
1

1

1= ,
1

n
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+

−

+
+

1
1

1

1=
1

n
n

n n

yy
x y

−
+

−

+
+

In this subsection, we study the stability of solutions of the differ-
ence system

1 1
1 1

1 1

1 1= , = ,
1 1

n n
n n

n n n n

x yx y
y x x y

− −
+ +

− −

+ +
+ +

(11)

where the initial values 1 0 1 0, , ,x x y y− − are nonzero real numbers
such that 0 1 1y x− ≠ −   and 0 1 1x y− ≠ − .

Theorem 1: System (11) has the unique positive equilibrium point   
( , ) = (1,1)x y  which is locally asymptotically stable. 

Proof: The equilibrium point of the system (11) satisfies the 
following system of equations

1 1= , = ,
1 1

x yx y
yx xy

+ +
+ +

(12)

system (12) implies
2 1 = 0,yx − 	   (13)

 2 1 = 0,xy − 				            (14)

from equations (13) and (14), the unique positive equilibrium 
point is  (1,1).

The map F  associated to system (11) is

1
( , ) 1

( , ) = = .
( , ) 1

1

x
f x y yx

F x y
g x y y

xy

+ 
 +     +  
 + 

(15)

The Jacobian matrix of F at the equilibrium point ( , )x y  is

( ) ( )

( ) ( )

2

2 2

2

2 2

1 ( )
1 1

( , ) = .
( ) 1

1 1

F

y x x
yx yx

J x y
y y x

xy xy

 − − +
 

+ + 
 − + − 
 + + 

(16)

The value of the Jacobian matrix of F at the equilibrium point 
( , ) = (1,1)x y   is

10
2(1,1) = .

1 0
2

FJ

− 
 
 
−  

 

(17)
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Then the characteristic equation about (1,1)   has the following form

 
2

1 1 = 0,p qλ λ− + 			            (18)

where

1 = (1,1) = 0,Fp trJ 			   (19)

 1
1= det (1,1) = .

4Fq J −
  (20)

The result follows from Theorem 1.1 (iii) and the following relations

1 1
1 3(1 ) = 0 (1 ) = < 0,
4 4

p q −
− + − −

and

1
1= < 1.

4
q −

Therefore, the equilibrium point (1,1)  is locally asymptotically 

stable. 

Remark 1: The following system 

1 1
1 1

1 1

1 1= , = ,
1 1

n n
n n

n n n n

x yx y
y x x y

− −
+ +

− −

− −
+ +

has the unique negative equilibrium point ( , ) = ( 1, 1)x y − −  which is 
locally asymptotically stable, where the initial values 1 0 1 0, , ,x x y y− −
are nonzero real numbers such that 0 1 1y x− ≠ −   and 0 1 1x y− ≠ −  .

The second system

1
1

1

1= ,
1

n
n

n n

xx
y x

−
+

−

+
−

1
1

1

1=
1

n
n

n n

yy
x y

−
+

−

+
−

In this subsection, we study the solutions of the following system 

1 1
1 1

1 1

1 1= , = ,
1 1

n n
n n

n n n n

x yx y
y x x y

− −
+ +

− −

+ +
− −

(21)

where the initial values 1 0 1 0, , ,x x y y− − are nonzero real numbers
such that  0 1 1y x− ≠  and 0 1 1x y− ≠  .

Theorem 2: Let 1 0= , = ,x c x d−  1 = ,y r−  0 = ,y h  be nonzero

real numbers such that 0 1 1y x− ≠   and 0 1 1x y− ≠  . Let  { } = 1
( , )n n n
x y ∞

− be
a solution of system (21). Then all solutions of system (21) are periodic 
with period ten and for = 0,1,...n  

10 1 10 1
1 1= , = ,
1 1n n

c rx y
ch rd+ +

+ +
− −

10 2 10 2= 1, = 1,n nx rd y ch+ +− −

10 3 10 3
1 1= , = ,
1 1n n

h dx y
ch rd+ +

+ +
− −	  

	 10 4 10 4= , = ,n nx r y c+ +

10 5 10 5= , = ,n nx h y d+ +

10 6 10 6
1 1= , = ,
1 1n n

r cx y
rd ch+ +

+ +
− −

10 7 10 7= 1, = 1,n nx ch y rd+ +− −

10 8 10 8
1 1= , = ,
1 1n n

d hx y
rd ch+ +

+ +
− −

10 9 10 9= , = ,n nx c y r+ +

10 10 10 10= , = .n nx d y h+ +

Proof: From equation (21), we see that

1 1
1 1

1 1

1 1= , = ,
1 1

n n
n n

n n n n

x yx y
y x x y

− −
+ +

− −

+ +
− −

2 1
1 1

1

1 1= = = 1,
1 1 1

1

n n
n n n

n n n
n

n n

x xx x y
y x yx

x y

+ −
+ −

−

+ +
−

−  +
− − 

	  
2 1

1 1

1

1 1= = = 1,
1 1 1

1

n n
n n n

n n n
n

n n

y yy y x
x y xy

y x

+ −
+ −

−

+ +
−

−  +
− − 

( )

1

1 1
3

2 1 11
1

1

1 1
1 1 1= = = ,

1 111 1
1

n

n n n n
n

n n n nn
n n

n n

x
x y x yx

y x y xxy x
y x

−

+ −
+

+ + −−
−

−

+
+

+ − +
− − +

− − − 

         

( )

1

1 1
3

2 1 11
1

1

1 1
1 1 1= = = ,

1 111 1
1

n

n n n n
n

n n n nn
n n

n n

y
y x y xy

x y x yyx y
x y

−

+ −
+

+ + −−
−

−

+
+

+ − +
− − +

− − − 

( )

( )

12
4 1

3 2
1

1

1 11= = = ,
1 1 1 1

1

n nn
n n

n n n
n n

n n

x yxx y
y x x x y

x y

−+
+ −

+ +
−

−

− ++
−  +

− − − 

( )

( )

12
4 1

3 2
1

1

1 11= = = ,
1 1 1 1

1

n nn
n n

n n n
n n

n n

y xyy x
x y y y x

y x

−+
+ −

+ +
−

−

− ++
−  +

− − −                           

( )

13
5

4 3
1

1

1 1
11= = = ,

1 1 1
1

n

n nn
n n

n n n
n

n n

y
y xxx y

y x yx
y x

−+
+

+ +
−

−

 +
+ −+  

−  +
− − 
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( )

13
5

4 3
1

1

1 1
11= = = ,

1 1 1
1

n

n nn
n n

n n n
n

n n

x
x yyy x

x y xy
x y

−+
+

+ +
−

−

 +
+ −+  

−  +
− − 

4 1
6 1

5 4 1

1 1= = = ,
1 1

n n
n n

n n n n

x yx y
y x x y

+ −
+ +

+ + −

+ +
− −

4 1
6 1

5 4 1

1 1= = = ,
1 1

n n
n n

n n n n

y xy x
x y y x

+ −
+ +

+ + −

+ +
− − 

5
7 2

6 5 1

1 1= = = ,
1 1

n n
n n

n n n n

x yx y
y x x y

+
+ +

+ + +

+ +
− −

 

5
7 2

6 5 1

1 1= = = ,
1 1

n n
n n

n n n n

y xy x
x y y x

+
+ +

+ + +

+ +
− −

6 1
8 3

7 6 2 1

1 1= = = ,
1 1

n n
n n

n n n n

x yx y
y x x y

+ +
+ +

+ + + +

+ +
− −

6 1
8 3

7 6 2 1

1 1= = = ,
1 1

n n
n n

n n n n

y xy x
x y y x

+ +
+ +

+ + + +

+ +
− −

7 2
9 4

8 7 3 2

1 1= = = ,
1 1

n n
n n

n n n n

x yx y
y x x y

+ +
+ +

+ + + +

+ +
− −

7 2
9 4

8 7 3 2

1 1= = = ,
1 1

n n
n n

n n n n

y yy x
x y y y

+ +
+ +

+ + + +

+ +
− −

8 3
10 5

9 8 4 3

1 1= = = = ,
1 1

n n
n n n

n n n n

x yx y x
y x x y

+ +
+ +

+ + + +

+ +
− −

8 3
10 5

9 8 4 3

1 1= = = = .
1 1

n n
n n n

n n n n

y xy x y
x y y x

+ +
+ +

+ + + +

+ +
− −

For = 0n  the result holds for the given solutions. Now suppose 
> 0n that   and our assumption holds for 1n − . That is;

10 9 10 9
1 1= , = ,
1 1n n

c rx y
ch rd− −

+ +
− −

10 8 10 8= 1, = 1,n nx rd y ch− −− −

10 7 10 7
1 1= , = ,
1 1n n

h dx y
ch rd− −

+ +
− −

10 6 10 6= , = ,n nx r y c− −

10 5 10 5= , = ,n nx h y d− −

10 4 10 4
1 1= , = ,
1 1n n

r cx y
rd ch− −

+ +
− −

10 3 10 3= 1, = 1,n nx ch y rd− −− −

10 2 10 2
1 1= , = ,
1 1n n

d hx y
rd ch− −

+ +
− −

10 1 10 1= , = ,n nx c y r− −

10 10= , = .n nx d y h
It follows that

10 1 10 1
10 1 10 1

10 10 1 10 10 1

1 11 1= = , = = ,
1 1 1 1

n n
n n

n n n n

x yc rx y
y x ch x y rd

− −
+ +

− −

+ ++ +
− − − − 

10 10
10 2 10 2

10 1 10 10 1 10

1 1= = 1, = = 1,
1 1

n n
n n

n n n n

x yx rd y ch
y x x y+ +

+ +

+ +
− −

− −
 

10 1 10 1
10 3 10 3

10 2 10 1 10 2 10 1

1 11 1= = , = = ,
1 1 1 1

n n
n n

n n n n

x yh dx y
y x ch x y rd

+ +
+ +

+ + + +

+ ++ +
− − − −

10 2 10 2
10 4 10 4

10 3 10 2 10 3 10 2

1 1= = , = = ,
1 1

n n
n n

n n n n

x yx r y c
y x x y

+ +
+ +

+ + + +

+ +
− − 

10 3 10 3
10 5 10 5

10 4 10 3 10 4 10 3

1 1= = , = = ,
1 1

n n
n n

n n n n

x yx h y d
y x x y

+ +
+ +

+ + + +

+ +
− − 
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10 4 10 4
10 6 10 6

10 5 10 4 10 5 10 4

1 11 1= = , = = ,
1 1 1 1

n n
n n

n n n n

x yr cx y
y x rd x y ch

+ +
+ +

+ + + +

+ ++ +
− − − −

10 5 10 5
10 7 10 7

10 6 10 5 10 6 10 5

1 1= = 1, = = 1,
1 1

n n
n n

n n n n

x yx ch y rd
y x x y

+ +
+ +

+ + + +

+ +
− −

− −

10 6 10 6
10 8 10 8

10 7 10 6 10 7 10 6

1 11 1= = , = = ,
1 1 1 1

n n
n n

n n n n

x yd hx y
y x rd x y ch

+ +
+ +

+ + + +

+ ++ +
− − − −

10 7 10 7
10 9 10 9

10 8 10 7 10 8 10 7

1 1= = , = = ,
1 1

n n
n n

n n n n

x yx c y r
y x x y

+ +
+ +

+ + + +

+ +
− −

10 8 10 8
10 10 10 10

10 9 10 8 10 9 10 8

1 1= = , = = .
1 1

n n
n n

n n n n

x yx d y h
y x x y

+ +
+ +

+ + + +

+ +
− −

Hence, the proof is completed.

Remark 2: Let 1 0= , = ,x c x d−  1 = ,y r−  0 = ,y h  be 

nonzero real numbers such that 0 1 1y x− ≠   and 0 1 1x y− ≠ . Let

{ } = 1
( , )n n n
x y ∞

−
be a solution of system

1 1
1 1

1 1

1 1= , = .
1 1

n n
n n

n n n n

x yx y
y x x y

− −
+ +

− −

− −
− −   (22)

Then all solutions of system (22) are periodic with period ten and 
for = 0,1,...n  

10 1 10 1
1 1= , = ,
1 1n n

c rx y
ch rd+ +

− −
− −

10 2 10 2= 1 , = 1 ,n nx rd y ch+ +− −

10 3 10 3
1 1= , = ,
1 1n n

h dx y
ch rd+ +

− −
− −

10 4 10 4= , = ,n nx r y c+ +

10 5 10 5= , = ,n nx h y d+ +

10 6 10 6
1 1= , = ,
1 1n n

r cx y
rd ch+ +

− −
− −

10 7 10 7= 1 , = 1 ,n nx ch y rd+ +− −

10 8 10 8
1 1= , = ,
1 1n n

d hx y
rd ch+ +

− −
− −

10 9 10 9= , = ,n nx c y r+ + 

10 10 10 10= , = .n nx d y h+ + 
Numerical Examples

In this section, we give some numerical simulations supporting 
our theoretical analysis via the software package Matlab 7.13. These 
examples represent the periodicity and stablity of solutions of two 
dimensional systems of rational difference equations (1).

Example 1 
Consider the difference system:

1 1
1 1

1 1

1 1= , = ,
1 1

n n
n n

n n n n

x yx y
y x x y

− −
+ +

− −

+ +
+ + (23)

with the initial conditions 1 = 0.5,x− −  0 = 2,x −  1 = 0.3,y−
0 = 1.7y − System (23) has local asymptotic stability of the equilibrium 

point (1,1) (Figure 1).

Example 2 
Consider the difference system:

1 1
1 1

1 1

1 1= , = ,
1 1

n n
n n

n n n n

x yx y
y x x y

− −
+ +

− −

+ +
− −

(24)

with the initial conditions 1 = 2,x− 0 = 5,x − 1 = 3,y− 0 = 4y . The 
solution of (24) is periodic with period 10. (Figure 2). 

Figure 1: System (23) has local asymptotic stability of the equilibrium point.
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Figure 2: The solution of (24) is periodic with period 10.
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