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Abstract

X
We give in this work the sufficient conditions on the positive solutions of the difference equation x,,, = ax; +==

X

n=0,1,...., where a 2 0 and s > 0 with arbitrary positive initials x ,; x, to be bounded and the equilibrium point to be
globally asymptotically stable. Finally we present the condition for which every positive solution converges to a prime
two periodic solution. We have given a non-oscillatory positive solution which converges to the equilibrium point.
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Introduction

In this work we study the positive solutions of the difference
equation

:f(xn,x,k]):axf+%,n:0,1,4..., (1)

n

X,

n+l

where f is a continuously differentiable function, a = 0 and s > 0 with
arbitrary positive initials x ,x,. Now we recall some basic definitions
and results which will be used in the sequel.

Remark 3.1: A point X e R is an equilibrium point of equation (1),
if and only if,

g®¥)=x-1-ax*=0 (2)

If we replace x, and x| in (1) by the variables u and v respectively,
then we have

ou X

of —_ 1
hzi s —

6u( ) X

The linearized equation related with equation (1) about the
equilibrium point ¥ is

Y, . =2y, + hY.H’ n=0,1,2,.....
Its characteristic equation is
A2-z\ - h=0 ®3)

Definition 3.2: An equilibrium [1] point x of the difference
equation (1) is called locally stable if for every >0 there exists § > 0
such that, if x |, x € (0;e0) with |x., = X|+|x, - X| < & then |x, -¥|<e
for all n>-1.

Definition 3.3: An equilibrium [2] point X of the difference
equation (1) is called a global attractor if for every x ,x €(0;00), we have

lim _x =X-

Definition 3.4: An equilibrium [3] point X of the equation (1) is
called globally asymp-totically stable if it is locally stable and a global
attractor.

Definition 3.5: An equilibrium [3] point X of the difference
equation (1) is called unstable if it is not locally stable.

Definition 3.6: A sequence [4] (x,)7 =—1is said to be periodic

with period pifx =x forallnz-1.

Definition 3.7: A sequence [4] (x,); =—1is said to be periodic
with prime period p if p is the smallest positive integer having this
property.

Theorem 3.8: (i) X is locally asymptotically stable, if and only if
(5,61,

|| <1-h<2.

(ii) X is unstable and called a saddle point, if and only if,
2 +4h>0and |z|>[1-A],

(iii) X is called a non-hyperbolic point, if and only if,

[z =14

or

h=-1and ‘z‘ <2.

For s = 0, the difference equation (1) will reduce to

X
Xy =@+ 4

X,

n

Amleh et al. [7] gave the following results:

(1) If o > 1, the equilibrium point ¥ =a +1of (4) is globally
asymptotically stable.

(2) If a = 1, then every positive solution converges to a solution of
prime period-two.

(3) Every positive solution is bounded, if and only if, a > 1.
(4) The equilibrium point is an unstable saddle point, if a € (0,1).

As of late, there has been incredible enthusiasm for examining
nonlinear and rational difference equations, see, for instance the

*Corresponding author: Bakery AA, Department of Mathematics, Faculty of
Science and Arts, P.O. Box 355, Khulais 21921, University of Jeddah (U j), Saudi
Arabia, Tel: 966126952000; E-mail: awad_bakry@hotmail.com

Received October 27, 2015; Accepted November 09, 2015; Published November
13,2015

Citation: Bakery AA (2015) Oscillation of a Nonlinear Difference Equation of
Power Type. J Appl Computat Math 4: 270. doi:10.4172/2168-9679.1000270

Copyright: © 2015 Bakery AA. This is an open-access article distributed under
the terms of the Creative Commons Attribution License, which permits unrestricted
use, distribution, and reproduction in any medium, provided the original author and
source are credited.

J Appl Computat Math
ISSN: 2168-9679 JACM, an open access journal

Volume 4 -+ Issue 6 + 1000270



Citation: Bakery AA (2015) Oscillation of a Nonlinear Difference Equation of Power Type. J Appl Computat Math 4: 270. doi:10.4172/2168-

9679.1000270

Page 2 of 5

references therein [8-16].

Throughout the article we denote by! the class

o= {(xn) :x, € R" and x, is a solution of(l)} >

and l_denote the class of bounded sequences of real numbers.
Global Behavior of Solutions and Boundedness

Firstly we determine the classification of the equilibrium points
for equation (1) and its uniqueness. By applying theorem (3.8) in the
special difference equation (1), we obtain the following result.

Lemma 4.1: (i) x is locally asymptotically stable, if and only if,

- \1-s
2—){ ca<P.
s(x)’ s

(ii) X is unstable, if and only if,

s s(x)* '
(ili) X is non-hyperbolic point, if and only if,

s =
0= prg=27%.
s s(x)’

Proof: The proof is easy, so omitted.

Lemma 4.2: (1) If s = 1 and a € (0,1), then there exist an unique

equilibrium point X = Ta > 1 of equation (1).
a
(2) If s € (0,1), then there exist an unique equilibrium point X >1
of equation (1).
(3) Fors > 1, if
(s=1)
(i) O<a< 1 (S - lj , then (1) has two equilibrium points ¥ > 1.

S N

(s=1)
s—1
(i) @ = f(—] , then there exist an unique equilibrium point
s\ s

x > | of equation (1).

1(s-1)"

(i) o >— 7) , then there is no equilibrium point of
sU s

equation (1).

Proof: (1) For s = 1 and a € (0,1), then from the definition of the
function g, we get g(x)=x —ax —1=0, which gives x = T >1.

(2) Let s € (0; 1), from the definition of the function g, we have
g)=-a<0,limg(x)=c. The function g is decreasing on

1 R
{0,(sa)“} and increasing on {(Sa)“‘ ,00} hence g has a unique root

x>1.

(3) Fors>1, since1 g(0) = -1 and g(1) = -a, we have also g(x) = 0 if

sa

T 5

and onlyif | _ (LJE which is a maximum point of g(x). Since

We have three cases, the first one is

1
— s=1
g [L]Ail >O©O<a<l(si_lj .
sa N N

Hence there is two equilibrium points X > 1.
The second case is

1
_ s—1
(L] oma-t)
sa S N

Hence there is one equilibrium pointx > 1.

The third case is

1 §—

(1)5 1(s—1j“

gl — <0sa<—|—| -
sa S N

Hence there is no equilibrium point. This ends the proof.

Secondly we give the sufficient condition for the positive solutions
of equation (1) to be bounded and its equilibrium point to be global
asymptotically stable.

Theorem 4.3: (i) If s=1and a>1,thenw N1_=6.

(i) If s > 1 and a = 1, then w\l_=# 6.

(iii) If s> 1 and a > 1, then w\l_# 0.

(iv) If s> 1and a € (0,1), then w\l_= 0.

Proof: (i) Let (x ) be a bounded solution of the difference equation

X
X, =ax,+-=2L-

X

n

n+l

Since x > ax >x for each n > -1. Hence x_ is convergent, which
givesax contradiction. So all solutions of equation (1) are unbounded.

(ii) For s > 1 and a = 1, we have

X X
sup{x” X, = x L } > sup {xn ix,, =0+t } =o0-

n X, n X,

n n

(iii) For s > 1, a > 1 and by using condition (ii), we obtain

X X
. — 8 n-1 . — 48 n=1 (o .
sup{xn X, =ax, + }2 sup{xﬂ X, =X, t } =

n X, n X

n n

(iv) Fors>1and 0 < a < 1, we have

S . —a 3+xn,| > . _0+X’H -
Upq X, iX,, = aX, (7 Upq X, i X, = [~

n n

n n

Theorem 4.4: If s= 1, thenw =1_.
Proof: We have two cases:

(i) Let s = 1 and a € (1/2;1), then by using equation (1) we get

X X 1 X,
o, >ax, > <—<2=> 2 2=y <ax, +25
X, X, [24 X,

n n+l n

xn+1 = axn +
for all n > -1, hence for odd indices we obtain

1 1 ) 1
Xy <OX,, +—<a| ax,, ,+— |=a"x,,  +—+1
a a a

2 1 1 3 1
<a’|ax,, ,+— |+l+—=a'x,, ,+ta+l+—
a a a

3 1 1 4 2 2 1
<a’lax,, ,+— |[ta+tl+—=a'x,, ,+ta +a +1+—
a a a
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By induction, we deduce

_ 1 1
Ry l+a o o+ —+<

X <X _
2n+1 a a(l—a)

And similarly, we get for even indices

1 1
T ta+—+1<

2 2n-2 2
X, < XX+ X"+ —_—
a a(l-a)

This completes the proof.

Lemma 4.5: Given equation (1), for all x | and x € (0,00) there exists

n,eN such that if n > n,; then x > 1.

Proof: Let x  and x € (0,0) and there exists 77, € N such that if n >
n, withx < 1. By using equation (1), we have
=ax, +-==L Yot oo T <l=x,
x, x,
Hence there exists ny—1€N for every n > n, -1, then x < 1,50
continuing in the same manner we get x < 1. This gives a contradiction.

a<x, <1

n+l

Theorem 4.6: If s € (0,1), thenw =1_.
Proof: We have three cases:

(i) For a € (0,1) and s € (0,1), since from lemma (4.5), there exists
n, € N such that if n > n;, then x > 1. By using equation (1) and
theorem (4.4), we obtain

X
sup{x, :x,,, =ax’ /S >sup<x,:x,, =ax, + =L <o0-
nzn X, nzn X,

And since (x, )" :11 is bounded, so the proof follows.

(ii) For a>1 and s € (0,1), since from lemma (4.5), there exists
n, €N such that if n > n;, then x > 1. By using equation (1) and
theorem (4.4), we have

X

. — n—1

SupyXx, 1 x,,, = DK.X + < SupyXx, X, =0x, +—
nzn X, nzny X,

n

1 1 X,

. 2 X _ —1
<supix, :x,,, =ax, +a” —— =sup — X, =—X, +—
n=ny X n=ngy a o X,

n

1 X
. — -1
< Sup{xn K = X +— <o

nzng

And since (x, ):":] is bounded, so the proof follows.

(iii) For a = 1 and s € (0,1), since from lemma (4.5), there exists
n, €N such that if n > n;, then x > 1. By using equation (1) and
theorem (4.4), we have

s x =xt el : —x + 3ty X, =2x + oy
UPA X, DX, =X, SSUPYX, X, =X, SSUPX, X, = 2X,
nzn, X, nzn, X, nzny X,

1 1 Y| o . 1 X1
SSUp X, 1 oX, =X, + T SSUPY X, X, = X, <
nzny 4 2 X, nzny 2 X

n n

And since ( X, )n” 711 is bounded, so the proof ends.
ne—

Theorem 4.7: For s > 1; the unique positive equilibrium x of
equation (1) is not locally asymptotically stable.

Proof: Since X of equation (1) is locally asymptotically stable, if
and only if,

- \1-s
2—){ ca<®
s(x)’ s

L 1(s-1)"
Fors>1, - _ [Ljs" and @ =—| —— | ,thepreviousinequality
= s\ s
so

gives a contradiction.
This ends the proof.
Theorem 4.8: For s = 1, the unique positive equilibrium X of

equation (1) is locally asymptotically stable, if and only if, ae[%, lj .

Proof: Fors =1, we have ¥ = —— , then X islocally asymptotically

stable, if and only if, ae[ j

Theorem 4.9: For s = 1 and ae(l, 1], the unique positive
3

equilibrium X of equation (1) is global attractor.

Proof: Since (x ) is bounded, let (x ) be a divergent sequence with
x,=x,=1, then without loss of generahty there exists two subsequence
(X ) and (x,,,,) with lim nx,, =infx, =1 and hmx2n+1 =supx, | then
from equatlon (1) we have

Xans1 = Xy,

X i
+ 2221 foralln>0-
x

2n

By taking the limit as n->eo, we obtain a = 0, this is a contradiction
which completes the proof.

By using theorems (2.8) and (2.9), we get the following result.

1
Theorem 4.10: For s = 1 and @ GLJJ“, the unique positive
equilibrium X of equation (1) is global* @symptotically stable. This
finishes the proof.

bvs —\1-s
Theorem 4.11: For se(0,1) and =—= <&, the unique
s(x)* K
positive equilibrium X of equation (1) is global asymptotically stable.
Proof: By lemma (2.1), X

have to show that for all { X, }m,,l

is locally asymptotically stable. So, we

€  there exists an unique positive

€ @ . By theorem (2.6),

equilibrium X with limx, =X. Let {x,}
n—»0
{x”}“;l €1, . Thus, we obtain 0 <1=lim infxny L =lim sup x_< oco.
Hence from equation (1), we get

LSaLS+£,lSalS+L (5)

We have to show that L =1, otherwise L > 1. From equation (5), we
obtain
[0-5) _ -5 ©)

L-1

By using the mean value theorem for the function f(x) = x** in
(LL), we nda

(L) > alL

constant ¢ € (LL) and from inequality (6), we obtain

(L)' > alL(1-s)c™ - ™)
From lemma (2.5) and for a > 1, we have

sup{xn X, =ax’ ot } > sup{xn ix,, =1 +x’”} ’ )
nxn, X, nxn, X,

which gives L > 1> 2, therefore inequality (7) will be
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23> a (1-9). 9)

Equation (9) with the values o = 1 and s = 1/3 gives a contradiction.
Thus, we find L = 1.

X

n

s X,_
Periodicity of the Solutions of *,., =ax, + [1]

Firstly we study the convergence of the positive solution of equation
(1) when s = 1 to a prime two periodic solution.

Theorem 5.1: If « <%, then equation (1) has a solution of prime
period two.

Proof: Let {x,}”  bea periodic solution of period two, we have

x- X,

X, =ax,+——=x,x,=ax , +—>=x,> (10)
%o —1

then (x| x,) is a solution of the system

x:aeriandy:aerZ- (11)
v X

Let {xn}j}l € ® . It is obvious that if equation (10) holds, hence

{ X }OO has a solution of period two. The two equalities (11) is
n)n=-1

correspondent to

a’x _(x—l):

F(x)=1- 0-

x=1) ax’
Since }T}l F(x)=-0 and F(x)= F(ﬁ] =0. To find another root (x =

a) of F(x), we must have F[%) <0. By simple calculations, we obtain
-a

F'[%)<O<:>3a2—4a+1>0®a>lora<é'
—a

From theorem (4.3), we omit the condition a > 1. Hence by

. a
taking x| = a and x, = a9
completes the proof. 4~

, we get a prime 2-periodic solution. This

Secondly we study the convergence of the positive solution of
equation (1) when s € (0,1) to a prime two periodic solution.

Theorem 5.2: If s€ (0,1), 0 < @ < 1 , there exists a positive number

€l such that s
e<a(l+g)” (12)
and
(s+1) 2
I4+6 - & a4 g)(s +s)>0. (13)

s

a(l+g) &
Then, equation (1) has a solution of prime period two.
Proof: Let {x, }w,,l be a periodic solution of period two, we have

x X
_ s -1 _ — s 0 _
X, =axyg+—Lt=x,x,=ax’ +—L=x,, (14)
Xo X

then x | and x is a solution of the system

s, X s, Y
x=ay'+—, y=ax' += (15)
v X
The system (15) is correspondent to the equation
-1 (s+1) (s> +5)
F(x)=x7x L N— (16)
ax’ (x=1°

Thus, we have

lim F(x) =—coand F(x)=0.
x>
More, from inequality (13) and equation (16), we have

F(l+£)>0-

Hence, the equation F(x) = 0 has a root b = 1 + ¢, other than X of
equation (1), where 0 < € < €, for all € € (1,1 + €,). So, we have

_ ax.wl )

x—1
Consider the function

Fx)=¢-a(l +¢)®

For 0<a < ! , we have fis increasing and from inequality (12), we
s

get f(€,) < f(e,) < 0, which gives

a(l+g)"

x,=l+g < 0

&
0 (s+1)

By taking x = b and x, = then we have a prime 2-periodic

solution. This ends the proof.

Thirdly for s > 1, we study the convergence of the positive solution
of equation (1) to a prime two periodic solution.

1
Theorem 5.3: If s > 1, > —, there exists a positive number € such
s

that
g>a(l+¢) (17)
and
(s+1) (s +s)
l+6— & v_a (1+vg]) 50 (18)
a(l+¢) &

Then, equation (1) has a solution of prime period two.

Proof: The same previous proof with & = S owe have fis decreasing
and from inequality (17), we get ’
f(e,) > f(e) > 0,
which gives
s+1
v =ltg, > )

&y
(s+1)

By taking x, = b and x, = , we have a prime 2-periodic

solution. This completes the proof.

x)’l
Firstly we study the convergence of every positive solution of
equation (1) to a prime two periodic solution. we begin with the

following lemma.

Convergence of the Solutions of x,., =ax, + [xl]

Lemma 6.1: Suppose {x |" e and p>1. Then, the following
conditions are contented.

(i) limx,, =/, ifand only if, ,lzig}ox”” =af™t /1 (B-1).
(ii) 1§2in+1 =p ,if and only if, 1i£IJJx2n = aﬂ”l 1(B-1).
Proof: (i) Replace n by 2n + 1 in equation (1), we get

;X
— 5 2n-1

Xy =OX5, + . foralln>0 -
2n

J Appl Computat Math
ISSN: 2168-9679 JACM, an open access journal

Volume 4 -+ Issue 6 + 1000270



Citation: Bakery AA (2015) Oscillation of a Nonlinear Difference Equation of Power Type. J Appl Computat Math 4: 270. doi:10.4172/2168-

9679.1000270

Page 5 of 5

If limx,, = 5 then ,lliilmloxz"” =af*"' /(B-1)and vice versa.
(ii) Replace n by 2n in equation (1), we have
X,, =ax,,  + @foralln >0.

xanl

Let limx,,,, = #, then limx,, =af°" /(f 1) and vice versa.
n—w n—w

Theorem 6.2: If one of the following
(1)s=1anda<1/3.
(2) s€(0,1), 0 < a < 1/s, inequalities (12) and (13).

is satisfied, then each positive solution of equation (1) converges to
a prime two periodic solution.

Proof: Let (x,) be a positive solution of equation (1), then from
theorem (4.4) or (4.6) we have (x, ) is bounded and not convergent.
By using Bolzano-Weierstrass theorem, there exists a subsequence
convergent let it without loss of generality (x, ), hence from lemma
(6.1) also (x, ) is convergent and with theorem (5.1) or (5.2) the proof
follows.

2n+1

By the same manner as above we give the following result.

Theorem 6.3: If s > 1, a > 1/s, inequalities (17) and (18) are hold,
then there exists a positive solution of equation (1) converges to a
prime two periodic solution.

Secondly we study the existence of a non-oscillatory solution of
equation (1) and the convergence of every positive solution of equation
(1) to the positive equilibrium X .

Theorem 6.4: There exist a non-oscillatory solution of equation (1).

Proof: By choosing x  and X 2 X, we obtain

x-1 — —
X =ax,+—z2ax'+1=X%,
x()

X — —
X, =ax, +=2L>ax’ +1=Xx,
xl
By induction, we deduce x, >x foralln >0.Ifx and x,<Xx we
have alsox, <Xx,n>0.

Theorem 6.5: All non-oscillatory solutions of equation (1) converge
to the positive equilibrium X .

Proof: Let (x ) be a non-oscillatory solutions of equation (1), then
we get

X _ ) X
=ax, +2L>ax +1 foralln> 0= 2=
X X,

n n

X, 2X foralln>-1= x,

n+l

>1 foralln>0
=X, ,2x, foralln>0.

Then (x ) is decreasing and bounded from below, then it is
convergent. Also if

X1

<a¥ +1foralln>0= 2" <1 foralln>0

n n

X, <X foralln>-1=x,,, =ax, +
=x,., <x, foralln>0.

Then (x,) is increasing and bounded from above, hence it is

convergent. This ends the proof.
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