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Abstract

The aim of this paper was to study the one-dimensional heat equation and its solution. Firstly, a model of heat equation, which governs the temperature distribution
in a body, was derived depending on some physical assumptions. Secondly, the formulae in which we able to obtain its solution were derived by using the Method
of separation of variables along with the Fourier series and the method of Fourier transform. Then after, some real-life applications of the equations were discussed
through examples. Finally, a numerical simulation of the raised examples was studied by using MATLAB program and the results concluded that the numerical

simulations match the analytical solutions as expected.
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Introduction

The heat equation is an important partial differential equation which describe
the distribution of heat (or variation in temperature) in a given region over
time. The heat equation is a wonderland for mathematical analysis, numerical
computations, and experiments. It's also highly practical: engineers have to
make sure engines don't melt and computer chips don't overheat. Due to this
and other many real-life applications of heat equations, we need to analyze
the concepts in detail.

For better understanding, we have to recognize differences between heat
and temperature. Heat is the flow of thermal energy from a warmer place to a
cooler place. Thus, the term heat is used to describe the energy transferred
through the heating process. On the other hand, temperature is a physical
property of matter that describes the hotness or coldness of an object or
environment. Therefore, no heat would be exchanged between bodies of the
same temperature [1].

The one-dimensional heat equation that we are going to see in this study is
given by the formula

fu ,0%u

gt ¢ At )

where u(x,t] is a function of temperature, £* is the constant thermal
conductivity of the materials, t is time and x is a spatial variable. Here the
“one-dimensional” refers to the fact that we are considering only one spatial
dimension [2].

In this study, we focus on the derivation of one-dimensional heat equation
and its solution using methods of separation of variables, Fourier series and
Fourier transforms along with its numerical analysis using MATLAB.

Derivation of Heat Equation in One Dimension

In this section, we will derive a one-dimensional heat equation which governs
the temperature in a body in space. We obtain this model of temperature
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distribution under the following physical assumptions.
Physical Assumptions

1. We consider a thin rod of length L, made of homogenous material (material
properties are translational invariant) and the rod is perfectly insulated along
its length so that heat can flow only through its ends (see Figure 1).

2. The specific heat Tand the density 2of the material of the rod are constant.
No heat is produced or disappears in the body.

3. Experiments show that, in a body, heat flows in the direction of decreasing
temperature. anrme heat flow 7 is proportional to the temperature gradient,
thatis, @ = —k 37 = —ku,(x. t)(in one dimension), where k is the thermal
conductivity of the material (solid) and the negative sign denotes that the
heat flux vector is in the direction of decreasing temperature, u(x, ¢ is the
temperature at a point £ and time t.

4. The thermal conductivity Kis constant, as is the case for homogeneous
material and nonextreme temperatures.

Depending on the given physical assumptions and Figure 1 above, we can
derive a formula of the heat equation as follows.

Let u{x.t] be the temperature of the homogenous thin rod at a distance
x at time t. We consider an infinitesimal piece from the rod with length
[x.x +Ax]. If Ais the cross-section of the rod and p is the density of the
material of the rod, then the infinitesimal volume is given by AV = AAxand
the corresponding infinitesimal mass is Am = pAAx. Then, the amount of
heat for the volume element is § = sdm u(x.t), where & is the specific
heat of the material of the rod (bar).

Attime t + At, the amount of heat is
@y = eAmuix,t + At).
Change in hear = @y — @ = sAm u(x t+ A — sdm u(xnt)

= gpdfuix.t+ 4r) — u(x.t)]dxDepending on an assumption (3), the
change in heat must be equal to the heat flowing in at x, minus the heat
flowing out at xx + Ax, during the time interval At, that is,

O O ——

x + Ax L
Figure 1. Athin homogenous rod of length L, perfectly insulated along its length.
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spAfule.t +48) — ulr.)]dr = [—ku (o) — (—kulx + Ax.e))]A axis, an alternative form for the general solution of " — A*x = 0 is
Then after dividing both sides by p.4Axit we obtain X = 4, cosh Ax + 4, sinh Ax .
ulx,t+ At) — wix.t) _ ( k ~]u,_,l[.r + bl t) —ulx. t) Similar

At ~ \gpal Ax miarty,

. . dr . f1eE
Taking the limit on both sides as 4t — Oand Ax — 0, and by applying the T—(c)T=0= Jr? = f{,{cj* dt = T({t) = A!g'-‘l"-:' £

definition of derivative we obtain: Hence, the general solution of the heat equation, Eqg. {1}, is

o ulrt + A) — ulx,t) ko e+ Avt) —ulxt) . " r1eE
e e & ufx.t) = (€; cosh(Ax) + C;sinh(Ax))e ',
dulx,t) (L‘,a:ﬂ(-f»f:' where €3 = 4345, &7 = A4,

dt  \opa) 8x"

From the boundary condition on Ea. { Z) it follows that

o) 1 -
Eq.(Error! Bockma u(0.f) = X(0T() = 0 = (Cycosh (0) + Cysink (0))e 1 =0 = ¢, =0,

which gives the required one-dimensional heat (diffusion) equation To obtain €, we use
L t) = X(L)T(t) =10

(€, cosh(AL) + C,sinh(AL))e'™ =0

determining the heat flow through a small thin rod. Here, £* = ;;:.4 is called
the constant thermal conductivity [2, 3].

Solution of Heat Equation using the Methods of _ ) )
Separation of Variables and Fourier Series Cysinh(dL) = 0.(= C; =0)

We shall solve Eg.(1) by using methods of separation of variables and €z = 0.(+ sinh AL = 0).
Fourier series, for some important types of boundary conditions (BC) and Therefore,

initial conditions (IC). We begin with the case in which the ends x = 0 and )

x = L of the rod (bar) are kept at temperature zero, so that we have the u(x.t) = 0.

boundary conditions (BC) Casell: k = .

Eq.( Error! Bookmark not defined.) i Eg.( 4) takes the form

Furthermore, the initial temperature in the rod at time ¢ = 0'is given, say, d&x dar

F(x), 50 that we have the initial condition (IC) =0z =0

Eq.( Error! Bookmark not defined Hla) = dx + 4T (1) = 44

Due to Eq.( 2), {00 =0 and f(L) = 0. whered,, 45 and “l& are arbitrary constants.

\éve Eh;;" determine a solution u{x.t) of Eq.(1) satisfying Ea-(2) and A general solution of the heat equation for this case is
4. i ). 5

Iéet u;.r,r. = .{'[.ru T rth be a solution of Eg. (1). Substituting :EZJei;r:ian; :n:‘; Cvgv:u:tzfﬁ (Cz"'; ;::;:;'s:

== {x.l‘[t.and—__x[.r.]!"[t.weget H 4 q

X{xlT[tl =X (AT (1), w(,t) =X(0T{t)=0= £, =0,

‘% : II: wll,t) =X(LTE) =0 = Cll=0=C;=0,(*L+0).

From this equality, we deduce that both finctions must be equal to some ~ Hence
constant & as one of them is a function of *only and the other is a function

; uix.t) =0.
of ¢, unless the equality may not hold. Hence .
) . Case llI: k is negative (k = —A4%, say).
X 17
YT e Eq.( 4) takes the form
Eq.( Error! Bookmark not X+ XX =0T + (Ae)’T = 0.
Now, in order to solve Eq.{ 4) we will have the following three cases. For¥ + #°% =0 the auxiliary equation is m* + #* = 0 = m, = 4i,m, = —4, which

- . . . _ _ o
Case I & is positive (= 42, say). is a conjugate complex root with @ = 0,5 = 4, (m = a * if).

Hence, its general solution is of the form
¥ = e™¥{4; 0oz fx + Agsin 1),

Eqg. [ 4) takes the form
¥—ABr=07T-(1)T=0
ForX —A%¥ =0 we try to find a solution of the form ¥ (x) = ™ and Eq.(Error! Bookmark not defined.)

obtain an auxiliary equation m* — A* = 0, which implies my = dmy = -4 whered . A are arbitrary constants.

Therefore, its solution is .

Similarly,
¥rr) = Ag™¥ 4 4™ = 40 + 49~ where 4,4 are arbitrar . . dT .
Xx)=de™* + 4% Ae™ + A% y '+ ()’ T=0 = J_Z_qucj‘dt
constants. T

Note that from [4]we have that for X(x) = Ae™ +4'e~" if we Eq.( Error! Bookmark no

choose A=A'=>and A=2,4=-> we get a particular solution where#s is constant. From the boundary conditions it follows that
¥=2(e™ 4+ 67) = cosh Ax and ¥ = 2 (¢ — ¢=) = sinh Ax. u(0,t) = X(0)T(t) = 0,u(Lt) = X(L)T(t) =0
Since cosh Ax and sinh Ax are linearly independent on any interval of x- = X(01.X(L) = 0 or T(t) = 0.
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Since T(t) = dg¢ -1 — 1 would give u(x,t) = 0, which is a trivial
solution, we restrict T # O and require X{07 = 0,X{L) = 0. Hence,
X0)=0=4-=0%(L) =0 =4,sindl = 0,( 4; = 0.

Here we will still make a restriction 4, = 0 to get u(x.t) = 0.Thus,

gsindl =0 = AL =nm,
nT
A= T,?’.', =1,2,3,
Setting 4 = 1,we will obtain infinitely many solutions of Eg.{ ), that is
X(x) = X, (x), where

. _ TmX
Xp = Sin——, 1 = 1,23,

These solutions satisfy Eg.{ Z). Note that for negative integer ™we

obtain essentially the same solutions, except for a minus sign, because
sin{—a) = —sin e,

We now substitute k = —1* = — (S\]m Eg.( 6) and again obtain an

infinitely many solutions,

. _(RET, .
Lt =B VLT (n=123,-)
where B, is a constant. Hence the functions

Eq.( Error! Bookmark not defined.)u, (x, t) = X, (x)T,,(t) = Eﬂsin(
are solutions of the heat equation, (Eq. {1J), satisfying Eq.( 2).

Here, Eg.( 7) is a solution of Eg. (1] that satisfies the boundary conditions
given on Eg.( 2) but we didn’t use an initial condition given on Eg.( 3).
To obtain a solution that also satisfies the initial condition on Eg.{ 3), we
consider a series of Eg. ( 7). That is,

Eq.( Error! Bookmark not defined.) u{x.t) = Z un(x, ) =

- " 1=1
From the initjal condition. En. ¢ 3). we have "

. X .
ul(x,0) = z B, sin (Tj = fix)
Hence for £9+(8) to satisfy E9+( %) B's must be the coefficients of the
Fourier sine series. Thus, ]
3 L
Eg.({ Error! Boolomark not defined.) B, = EJ Flx)s
i ]

The solution of our problem can be established, assuming that fix7 is
piecewise continuous on the interval 0 = x == L.We can generalize this
method by the following theorem [3, 5, 6].

Theorem 1: The nontrivial Fourier series solution of the heat equation
gu_ c:ai_* with the boundary condition (BC)

at dx*

ul0,t) =0,wllt)=0vwt=0

and initial condition (IC)

u(x,0) = f(x)

is given by the formula

-
. _gmaxe (RO

ulx.t) = z By, sin (T g WL/

n=1

where

2k NTX
B, = EL F() sin (T)dx A0€x <Ln=123~)

Example 1:Athin bar of length ™ units is placed in boiling water (temperature
100°0). After reaching 100 °C throughout, the bar is removed from the
boiling water. With the lateral sides kept insulated, suddenly, at time t = 0
the ends are immersed in a medium with constant freezing temperature 0°C.
Taking ¢ = 1, find the temperature w(x.t) fort = 0.

Solution: The problem that we need to solve is
fu  #*u

—=x7.0=x=mt =0,
ar Bz '
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BC: uil,t) = 0 and ulm.t) = 0.t =0,
IC: u(x.0) = 1000 = x = T
From Theorem 1, we have

u(x,t) = By sininx) e —nit
2,
where

20T 200
By = —J( 100sin{ny) dx = —[—
mly T

cosnn™ 200 .
] =— (1—cosnm).
n g nm

But cos nr = (—17" imolies
2,if nisodd
0,if n is even

400
= 3“ = F
on=2k
Hanra tha rannirgd temnaratiura distrihution of the bar forall ¢t = 0is
400+ g~ PR+ -
ulx.t) =— —_
( T L 1 2h+1
If we substitute a given value of t into this series solution, we will obtain a
function of x alone. This function gives the temperature distribution of the
bar at the given time t.

m=2k+1

1—cosnm = =12

sin(2k + 1)x

Numerical Solution of Example 1 by its graph

Apart from above method we used to obtain analytical series solution of
Examplel, we can use numerical simulations to visualize a physical meaning
and behavior of the solution obtained by sketching its graph. In the following,
we will introduce the solution procedures by using a syntax of partial
differential equation solver pdepe() provided in MATLAB PDE Toolbox.
We might prepare the following MATLAB function and place in the @sym
directory.

function [c,f,s] = pdex1pde(x,t,u,DuDx) %pdex1pde is the function name,
where as the function c,

%f and s can be calculated from the heat equation

c=1;

f = DuDx;

s=0;

function [pl,ql,pr,qr] = pdex1bc(xl,ul,xr,ur,t) % syntax of the boundary
condition, for left and % right bounds

pl =ul;

ql=0;

pr=ur;

qr=0;

function u0 = pdexlic(x) % syntax of the initial condition
u0 =100;

x=0:.5:pi; % 0 < x < pi

t=0:0.5:4; % time interval with 0.5 step size.

m=0;

sol = pdepe(m,@pdex1pde, @pdexlic,@pdexlbe,x,t);

u = sol(:,;,1); % Extract the first solution component as u.
surf(x,t,u) % A surface plot is often a good way to study a solution.
title('Fig. 2: Numerical solution surface')

xlabel('Distance x')

ylabel('Time t')

zlabel('u(x,t))

% A solution profile can also be illuminating.

figure

plot(x,u(end,:))

title('Fig. 3: Temperature distribution in a bar for t>0")
xlabel('Distance x')

ylabel('u(x,t))

grid
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Figures 2 & 3 shows the temperature distribution of the rod at the taken values
of ¢ in an interval [0,4]. Figure 2 illustrates that for t = 0, the temperature
distribution in the rod (with ends held at 03C) is the same with the given initial
temperature w(x, 0 = 100°C as it was expected; and for small values of
t £ (0.4), the temperature in the bar close to the initial temperature and for
large values of t € {[0.4], the temperature decays to 0°C. Figure 3 simply
illuminates a solution profile of Figure 2.

Solution of Heat Equation using the Method of Fourier
Transform

Our discussion of heat equation, (Eg.(1]), here is extended to rods (bars)
of infinite length, which are good models of very long bars or wires. Let
us illustrate the method by solving Eg. (1] for a bar that extends to infinity
on hoth sides and is laterally insulated. Then we do not have boundary
conditions, but only the initial condition (IC)

u(x,0) = flx), —= <x <=
where f(x7 is the given initial temperature of the bar.

Letifen, t) = Flu(x.t): x — w) denote the Fourier transform of zu(x, t7,
regarded as a function of x. Then, the heat equation becomes,

Eq.( Error! Bookmark not d
Recall that 7 ( "™ (x); x —= w) = (1w)"F(f (x)). Therefore,

8™ u(x. ) k
7 (ﬁ:x - U") = (fw)"F(ulx, t); x—+ w)
and
1 7 .
Filufntp x—w) =— | ulr.t)e ™¥dr,
WA —oa
Hence,

Time t Distance x

Figure 2. Numerical solution surface.

ufx )
: /"

0 05 1 15 2 25 3
Distance x

Figure 3: Temperature distribution in a bar for t>0.
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F ﬁ:u(_.r,rjl
dx=

X =@ ) = (fw)*Flulxt): x = w) = (w)i(w ) = —a o).
and

. 1 a4
Flugdxthx 2 w)= —

wor % [:Lt ix t]:ls —EeX gy

Now, assuming that we may interchange the order of differentiation and
integration, we have

R R Y e o A a .. R - .
Flu(e ) = fud (w.1) = 3 (E f_ﬂu(x, gl dx’) =3 (e 1)) = e, 1),

Here the symbol f:-',_ﬁ denotes the transform of the derivatives ™t and i
denotes the derivative of the transform .

Thus, Eqg.{ 10) becomes

e, t) = —c oo %, 1),

Since this equation involves only a derivative with respect to hut none
with respect to c, this is a first order ordinary DE, with fas the independent
variable and twas a parameter. Hence

d - dil - dil -
— i@, t) = —c“wi{w,t) = Td.= —cwdt = f;: —Cw* f dt
dr i i

= Ini = —clwit+g,(w)

Eq.({ Error! Bookmark not define

where g(w) = 8.1 is an arbitrary function of c.

The Fourier transform of the initial condition ({x. 07 = f(x) yields:
Flu(x0): x = w) = F(f(x))

l_f ulx, 0)e ™% gy = F(f(x))

Vamd

i, 01 = :Ff:fl[.rjl ]

Substituting this in Eg. { 11) we obtain that
i(w, 0) = g(w) =F(f (). (v £=0)
Hence Eqg.{ 11) becomes

Eq.( Error! Bookmark not defined.)

But we know that the Fourier inverse of &i{tw, t] = ,i: J7 uix.t)e — i g
. Rt
is

o

ulr.t) = — | w t)e™™ da.

WA =2

Therefore, by substituting Eqg.{ 12) in this equation, we will obtain
1 - - .
- Jr" - —I."ﬁ.l"fT S ek 4 d’
ulx,t) wor L”E (Flx))e & or
Eq.( Error! Bookmark not defined.) u{x.t) = -
- v
where f &) is another notation for F{f () ).

In Eq.( 13) we may insert the Fourier transform f(w) = Tiﬁ_l'fwf(r‘,ls""‘”“dr

and exchange the order of integration as follows:

S A T i o 1,7 i
?_f ( ?_f fl:L.:IE—.mL d )E—l’ i tg.mr des
VAT =0 W ET S~

ulx,t) =

1 - = - Fr
= ?_»—f Fn lj g T g "-“"r"""‘-‘dw] dv.
By Euler formula, the integral of the inner function becomes
f e~ [ope(wx — wv) + i sin{wx — wi)]dw

o2

o
= f g™ cos(wx — wr) do + i'f g~  ginfwx — wv) do.
—en

—ca

=0
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Since g~ &t

as e ¥ cos(wx — wr)is even function of e, its integral from —e= t0 =
equals twice the integral from 0 to ==. Hence

sinfewx — w1} is an odd function of @, its integral is 0 and

1 e e
Eq.( Error! Bookmark not defined.) u{x.t) = :Jr Frrd IJr g

TS o
Then we can evaluate the inner integral of Eg. { 14) by using the formula

Eq.({ Error! Bookmark not defined.) f
|
This takes the form of our inner integral if we choose w = % as a new

variable of integration and set b =Ir—:'il= Then 2bs= w(x—1) and

ds = r+/tdew so that Eg. { 15) becomes

-
f e T poglwy — wi) e4/Tdw =
o

™ sz ) AT (x—1)5
e | 879 cos{wy — w) do = —ex ——-—)w
v J(,_, ¢ / 2 P\ T
- - - "q.'IE I:_t’ - LI-J:-‘

f g~ T ey — ar) do = ——exp| — - )

o 2ot dct

By inserting this result into Eq.{_ 14) we obtain the representation

1 -
Eq.( Error! Bookmark not defined.) uix.t) = _J(
’ : 2eafmt

=X
Taking £ = 37,7 as a variable of integration, we get the alternative form

Eg.({ Error! Boolanark not defined.) u(x.t) =-

.
If £¢x7 is bounded for all values of*and integrable in every finite interval,
it can be shown that the function on Eg.{ 16) or Eq.{ 17) satisfies the
heat equation and its initial condition. Hence Eq.( 16) or Eq.{ 17) is the
required solution [2, 6, 7, 8]. We can generalize this method by the following
theorem.

Theorem 2: The nontrivial Fourier transform solution of the heat equation
du_ ? with the initial condition (IC)
=

Er

ul(x,0) = fx)

is given by the formula

u(xt) = ﬁf_mf@j exp (— I:X—_;c:'%) dv,

where f (1] is the given initial temperature.

Moreover, to get a most simplified answer we might substitute = = ":;

and use

N — 2
ulx,t) = —_f flx +2czE)e ™ dz, .
'|~";T —r

Example 2: Solve the heat problem on the infinite line with £ = 1 and initial
temperature distribution f(x) = 100if |+] = 1and Cotherwise.

Solution: In order to solve this problem, we will use Theorem 2.

100,-1 v =1
r=<-1v=1
break up the limit of integral into three and obtain

. 1oo ¢t (x -1
ulx,t) = i Jr_lg.rp (— m ) dv.

To simplify this, we will substitute £ =
with ¢ = 1.

Since the given initial temperature is f (1) = { . we might

r—-x . .
727 and use the following conversions
A
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v—x 1 -1 —-x 1—-x
Z= — s dz=——drv=—-1= z= —,v=1=z=——

2oyt 2oyt 2e4t 2oyt
Hence

1DD ::l—Irl.":'\'T .
ulx,t) =— e~ Fdz

VI S (—1-2) 2T
This integral is not an elementary function, but can be expressed in terms
of the error function (or an integral of a Gaussian function) which is given by
the formula [2]

e w .
erfiw) = — f e~ dz, v,
VTS0
That is,

100 2 100 pUA=RWT
ulxt) =— e Fdz +—— e Tdz

VT 12T v do

2 (1—-x)/2T A ) [—1—x)/ T A
:ED[?f E'Z‘dz—?f E'z'dz]
i T

1
= 5D[E|:'E

T

Numerical Solution of Example 2 by its graph

:]],r?slll

Here, we use the preceding solution of Example2 to analyze the behavior of
the solution from its graph which might be sketched using MATLAB program
and use the following MATLAB code and obtain Fig. 4 below.

Syms X
E1=50*(erf((1-x)/(2*sqrt(0.00000000001)))-erf((-1-x)/
(2*sqrt(0.00000000001)))); % evaluate the %function value
E2=50*(erf((1-x)/(2*sqrt(1/10)))-erf((-1-x)/(2*sqrt(1/10))));
E3=50*(erf((1-x)/(2*sqrt(1/2)))-erf((-1-x)/(2*sqrt(1/2))));
E4=50*(erf((1-x)/(2*sqrt(1)))-erf((-1-x)/(2*sqrt(1))));
E5=50*(erf((1-x)/(2*sqrt(10)))-erf((-1-x)/(2*sqrt(10))));
ezplot(E1); % draw the curve

hold on; % To reserve current axis

ezplot(E2);

hold on;

ezplot(E3);

hold on;

ezplot(E4);

hold on;

ezplot(E5);

hold off;

X=-6:0.05:6; % specify the vector with a step-size of 0.05
E1X=double(subs(E1,x,X)); % To evaluate symbolic expression numerically
E2X=double(subs(E2,x,X));

E3X=double(subs(E3,x,X));

E4X=double(subs(E4,x,X));

E5X=double(subs(E5,x,X));

plot(X,E1X,'r-.pentagram', X, E2X,'k',X,E3X,'¢', X, E4X,'b', X, E5X,'--"); %
To produce a %multicolored graph that indicates the difference between
E1,E2, E3, E4 and E5

title('Fig.4: Solution u(x,t) of Example 2');
legend('t=0','t=1/10",'t=1/2",'t=1",'t=10");

xlabel('x");

ylabel('u(x,t));

grid % To add grids to the curve

Figure 4 shows the temperature distribution in Example 2 at various values of
t. The graphs show that for small values of t, the temperature in the bar close
to the initial temperature distribution, and as T increases, the temperature
spreads through the bar and eventually approximate to 0 (or reaches the
equilibrium temperature of 0°C).
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understanding on the examples raised in the paper.
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