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Abstract

The global one-dimensional quantum gravity is the model of quantum gravity which arises from the global one-
dimensionality conjecture within quantum general relativity, first considered by the author in 2010 and then in 2012.
In this model the global dimension is a determinant of a metric of three-dimensional space embedded into an
enveloping Lorentizan four-dimensional space-time. In 2012, it has already been presented by the author that this
model can be extended to any Lorentzian D + 1-dimensional space-time, where D is a dimension of space, and
resulting in the global one-dimensional model of a higher dimensional quantum gravity.

The purely quantum—mechanical part of this model is a minimal effective model within the quantum
Geometrodynamics, introduced by J.A. Wheeler and B.S. DeWitt in the 1960s, but the effective potential is manifestly
different from the one considered by Wheeler & DeWitt. Moreover, in our model the wave functionals solving the
quantum gravity are one-variable smooth functions and, therefore, the troublesome mathematical technique of the
Feynman functional integration present in the Hawking formulation of quantum gravity, is absent is this model, what
makes it a mathematically consistent theory of quantum gravitation.

In this paper, we discuss in some detail a certain part of the global one-dimensional model already proposed in
2010, and then developed in 2012. The generalized functional expansion of the effective potential and the residual
approximation, which describe the embedded spaces which are maximally symmetric three-dimensional Einstein’s
manifolds, whose lead to the Newton—Coulomb type potential in the quantum gravity model, are considered.
Furthermore, scenarios related to few selected specific forms of the effective potential are suggested as physically

interesting and discussed.

Keywords: Global one-dimensionality conjecture; Quantum gravity
model; Quantum geometrodynamics; Effective potential; Residual
approximation

Introduction

It was recently proposed by the author, [1,2], to take into account
the global one-dimensionality conjecture within quantum general
relativity, where the global dimension is determinant of metric of a
three-dimensional space embedded into four-dimensional space-time.
Actually, this conjecture leads to the non-trivial model of quantum
gravity which differs from the standardly considered approaches [3-
12].

The quantum-mechanical part of the global one-dimensional
quantum gravity can be considered separately as a nice mathematical
theory having possibly interesting physical ramifications. In and of
itself this fragment of the model is globally one-dimensional quantum
mechanics describing 3 + 1-decomposed solutions of the Einstein
field equations of general relativity. In this theory quantum gravity is
given by the one-dimensional Schrodinger equation, where the single
dimension is the global dimension. The global quantum mechanics can
be interpreted in terms of radial-type Schrodinger wave equation and,
for this reason; it straightforwardly leads to the strict physical relation
with atomic and nuclear physics.

In this paper few selected elements of the globally one-dimensional
quantum mechanics are discussed in some detail. The generalized
functional expansion of the effective potential and the residual
approximation of the expansion, which corresponds to the embedding
being the maximally symmetric three-dimensional Einstein manifolds,
whose the physical meaning is reconstruction the Newton-Coulomb
type potential within the model of quantum gravity, are considered.

Few possible mathematical scenarios with respect to the form of the
effective potential are suggested as possibly interesting from the
theoretical physics point of view.

The content of this paper is as follows. In the Section 7 the global
one-dimensional model of quantum gravity is briefly discussed,
and its quantum mechanical part is presented in some detail. We
start, in the Subsection 7.1, from the condensed presentation of
the standard way resulting in the Wheeler-DeWitt equation of
quantum Geometrodynamics which is the standardly considered
model of quantum gravity and is the core fundament of all presently
considered approaches. Then, in the Subsection 7.2, the idea of the
global dimension, the resulting quantum mechanics, and the idea
of the generalized functional expansion of the effective potential are
presented. Next, in the Subsection 7.3, the idea of the invariant global
dimension is digressed only, with no continuation in the further part of
the paper. In the Section 8, the residual approximation of the effective
potential, the role of maximally symmetric three-dimensional Einstein
manifolds within the model of quantum gravity, and few conclusions
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having possibly interesting physical significance are discussed. The
Section 7 is devoted to derivation of the “geometric” wave functionals
of the global quantum mechanics in terms of the special functions, with
respect to the selected situations given by the three types of boundary
conditions discussed one by one in the Subsections 7.1, 7.2, and 7.3.
Finally, in the Section 8 we summarize briefly the paper.

Global One-Dimensional Quantum Gravity

Standard quantum geometrodynamics

In general relativity [13,14] a Lorentzian (pseudo Riemannian)
[15] mamfold(M g) with a metric and a distance ds* = =g #vdx" dx’
, where y#, u=0,1,2,3 is a coordinate system, characterized by the
Christoffel symbols Fp _ and curvatures: Riemann-Christoffel R’
Ricci Ricci R scalarR

pav'

V'

l .
It =—g°(guo,v+gov,u—guv,o),

2
A _ 1A T4 A o A o
Rl =Ty =Thy # L0 ~TAT 0 )
R, =R,
R=g RK/l’

is a space time being a solution of the Einstein field equations

G, +Ag,, =«T, @)

v |
Where i is the Einstein constant, G,, = R,, == Rg,, is the Einstein
tensor, A is cosmological constant, and T v 18 stress-energy tensor of
Matter fieldswhich arises through the variationprinciple [16] applied
to the EinsteinHilbert action modified through the York-Gibbons-
Hawking boundary term [17,18]

R A 1
S g]:-[M dﬂg{__+_+g}__-[8M duK , (3)
2K K K

Where K is the Gauss scalar curvature of a spacelike boundary ~~

is the Lagrangian of Matter fields, and du, =d*x\/-g,du, = d*xJh are
the invariant measures of four-dimensional space-time and embedded
three-dimensionalspace, respectively.

Application of the Nash embedding theorem [19-22] allows
justifying the 3+1 decomposition of spacetime metric [23-25]

~-N’+N'N, N, 5
g v = H ik =0; , (4)
Ni h!'i
Where N ,N,.,h,.j are respectively called the lapse function, the

shift vector, and embedded space metric, N =h'N ; is the intrinsic
covariant shift vector. The 3+1 decomposition transforms the action
functional (3) into the Hamiltonian form

Slgl= Idt JW d3x{7r¢q5+ ﬁN+7[iNi + ﬁi/];lij -NH-NH'}, (5)
Where ¢ symbolizes Matter fields, and nontrivial 7’s, H,H'are [26]

7z’ = Jh
2

—2(K KR
K

HZZ_\/Z{<3>R+K2_KUK’7—2A—2/<e}, ©
K

i_ ij
H —27r;j,

Where ®R is the Ricci scalar of an embedding, ¢ = n“anw

is the Matter fields energy related to the normal vector field
n* =[1/N,-N'/N]. Extrinsic curvature Ky, where TrK, =K, is
constrained by the equality

hy =2(NK; + N;)) )

Where is symmetrized intrinsic covariant derivative of the shift. In
accordance with DeWitt’s foundational cons1derat10ns [27] H are the
generators of the spatial diffecomorphisms ¥’ = x' + ox'

l/"‘-oM H 5 d3 - [i,kfk,[ _hkjék,[ —hl-kék,ja (8)
7" o Haf:“cfx] =—(n'E"  +E  +E

Where H,=h;H’. Time-preservation [28] of the primary

constraints 7 ~0 and 7' ~0 leads to secondary ones-scalar and
vector constraints

H~0,
H' =0, 9

Which create nontrivial first-class type constraints algebra [27]

il Hoxd'x, [,,, Hox,d’x]=,,, H*(5x, ,6x, — 5x,0x, )d x,

i[H,(x),H, (M=, H,cid’z, (10)
i[H(x),H,(y)]= H5 (x, ),
Where

¢ =¢j[x,»,2]1=65]53 (x,2)67 (n,2) = (i © j,x <> ¥), (11)

are structure constants of the diffeomorphism group and all Lie’s
bracketsof w’s and H’svanish. Scalar constraint determines dynamics,
vector one merely reflects diffeoinvariance. Making use of the conjugate
momenta, first formula in (12), and the scalar constraint transforms
into the Hamilton-Jacobi type equation

H =G’ 7" +Jh(PR-2A-2xe)~ 0 , (12)
Where

hoh, +hh

l/kl / ( k™"l il"" jk

is the DeWitt metric on the Wheeler super space, a factor space of all ¢*

Riemannia metrics on 9 , and a group of all ¢” diffeomorphisms of
OM that preserve orientation [29-31]. The Dirac-Faddeev primary
canonical quantization method [28,32] in the present case has the form

—hhy,), (13)

o ij Lo i oJ
i7" (x), by (»)] = 5(5k5/ +8/61)8% (x, ),

i7" (x), N, (1] =,6(x, »),
i{7(x), N(»)] =6 (x, ).

The solutions or rather representations of the momenta operators
satisfying these canonical commutation relations is the question
of choice. In quantum Geometrodynamics, the Wheeler metric
representation is usually taken into account. In such a representation
the momenta operators are analogous to the momentum operator in
quantum mechanics

(14)

J Astrophys Aerospace Technol
ISSN: 2329-6542 JAAT, an open access journal

Volume 2 + Issue 1+ 1000103



Citation: Glinka LA (2014) On The Residual Effective Potential within Global One-Dimensional Quantum Gravity. J Astrophys Aerospace Technol 2:

103. doi:10.4172/2329-6542.1000103

Page 3 of 1
=il VW= Vel h+ VR4V, [h], (22)
oN This is a simple algebraic sum of the three fundamental energetic
7= —ii (15) constituents
SN,
l 1 9R
i .0 VG[h] =——
T =—1 -, 6K h
ol 1 A
Velhl=7=—. (23)
and applied to the Hamiltonian constraint (12) lead to the Wheeler- 3" h
DeWitt equation [27,33] 1 eh
=4,
s A 3k h

h
2kG,,, ——+~—(PR-2A —2ke)}¥[h ,4]=0,
{2x ikl 5%5]% ZK( Ke)}¥[ i A (16)

and other first class constraints
n¥[h;,¢]1=0,
7"Plh;,¢1=0, (17)
H"P[h;,$]=0,

Merely reflect diffeoinvariance, and are not important for this
model. Since about 60 years classical and quantum aspects of the
Wheeler-DeWitt Geometrodynamics have studied widely (Cf. e.g. the
books and collective volumes) in [3-12], and individual papers, [34-48].

The global dimension

The global one-dimensionality conjecture within quantum general
relativity [1,2] assumes the effective physical role of the determinant
of a three-dimensional space embedded into a four-dimensional
spacetime

h=deth _Ln “n h,h 18

=de ij_3gg ia""jb" ke ( )

Where [;‘ijk is the Levi-Civita density, and takes into account the
following situation as physically interesting

P(x) — gl h],
e(¢) — el hl, (19)
Y[h,, 41— P[h].

In other words, it replaces the functional dependence on the space
metric elements and Matter fields through the function dependence
on the determinant of a space metric. Applying the transformation
of variables to the #;, >h Wheeler-DeWitt equation (16), one
must change the functional differentiation with respect to hl.j by the
classical differentiation with respect to h. It can be simply done through
application of the Jacobi rule for differentiation of the determinant of
four-dimensional metric 5g = gg“*dg,, which leads to theresult

o o

Sh=hh"Sh, > ——=hh" —. (20)
’ Oh oh

More detailed explanation can be found in the [1].

i

Making few very elementary algebraic manipulations, one obtains
from the equation (16) the globally one-dimensional quantum
mechanics

52
S+ Ve lhD¥ 111 =0. 21

Here y_[h] is the effective potential

Related to pure geometry of an embedded three-dimensional space
(G), cosmological constant (C), and Matter fields (M).

On the one hand, identification of the effective potential with
the square of mass of the boson V. [h]= m® expresses the model
of quantum gravity (21) as the classical theory of massive bosonic
field W[A]. The construction of quantum field theory by the method
of the static Fockreper of creators and annihilators, and related
thermodynamics of quantum states can be also done elementary.
This part of the model of quantum gravity was discussedin the 2012
monograph by the author [1], and is not the main motive of this paper.

On the other hand, one can take into account the non-relativistic
interpretation of the one-dimensional evolution (21), and treat
the received global quantum gravity model as the effective one-
dimensional Schrédinger quantum mechanics with a certain selected
effective potential being a functional of determinant of a three-
dimensional embedding. In the spirit of this approach the potential
V. [h] has intriguing meaning - (22) is the equality between “effective
physics”, which can be constructed by other type considerations,and
three basic constituents related to an embedding space — “geometric”,
”cosmological”, and “material”.

Let us assume that the concrete form of 7, is fixed. Then one can
express the Ricci scalar of a three-dimensional embedding as follows

DR =2xe[h]+2A—6K>hV, [ 1], (24)
and, therefore, the two last terms in the brackets can be treated as the
dark energy density contribution

DM =2 3ichv
K

L], (25)

One can list several typical examples of the physical scenarios within
the global one-dimensional model of quantum gravity, with respect to

the concretely fixed form of the effective gravitational potential V.

1. The case of the constant non-vanishing effective gravitational
potential Insuchasituation, the Ricciscalar curvature of the embedded
space and the global one-dimensional quantum gravity aregiven by the
equations

D R=2A+2xe—6KhV,, (26)
52
o VOY.[h]=0, (27)

Where W _[/] a wave is functional related to I/e/f' =V.

2. The case of the trivial effective gravitational potential ¥/, =0. In
such a situation, the three-dimensional Ricci scalar curvature and the
global one-dimensional quantum gravity are

DR =2A+2xke, (28)
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52
Sh*

Where ¥ b @ “free” wave is functional related to v, ;= 0.

Y,[h]=0, (29)

3. The case when the sum of the geometric and cosmological
contributions is identically vanishing 7, +7.=0, but the material
contribution does not vanish identically V,, #0. In such a situation,
the three-dimensional Ricci scalar curvature and the global one-
dimensional quantum gravity are

G R=2A, (30)
o’ 1

- 31

( S o h e[h])‘PM[h] 0, (31)

Where ¥, a “material” wave is functional related to the material
contribution V,, #0.

4. The case when the sum of the geometric and material
contributions is identically vanishing v, +7,, = 0, while in general the
cosmologicalcontribution is non-trivial ¥, #0. In such a situation,
the Ricci scalar curvature of the embedded space and the global one-
dimensional quantum gravity are respectively

PR =2xe, (32)
o’ 1

_ - (33)
(5h2 6K> h) L]

Here V. is the “cosmological” wave functional related to the
cosmological contribution V. #0.

5. The case when the sum of the cosmological and material
contributions is identically V. +V,, =0, vanishing whereas the
geometric contribution is non-zero V; #0. In such a situation,
the energy density of Matter fields and the global one-dimensional
quantum gravity are given by the equations

e:——, (34)
K
58 1 PR
g - Y _[h]=0, 35
[5};2 6K° hj ol?] (39)
Where ¥ is the “geometric” wave functional related to the

geometric contribution V, # 0.

6. A more general explicit form of the effective gravitational
potential can be constructed in the spirit of complex analysis. Let
us consider ad hoc functional generalization of the Laurent series
expansion in the global dimension h of the effective gravitational
potential V . [h]

V=3 a,(hh)". (36)

in an infinitesimal neighborhood, i.e. in a one-sphere (circle) of radius
h_, of any ad hoc fixed initial value /, of the global dimension

C(h)="{h:|h—hy|<h}. (37)

The numbers a are the series coefficients determined by the
classical functional integral

LJ' co )Lh]ghy (38)
27i3 0 (=)

a’l =

which is straightforward functional generalization of the Cauchy
integral formula with the Lebesgue-Stieltjes measure-the classical
functional Radon measure 6/ .

Let us take into considerations the most general choice of 4, which
similarly to h is assumed to be a complex number. In such a situation,
the Ricci scalar curvature of a three-dimensional embedded space takes
the following form

DR=2A+2ke—6K>Y b (h—h)", (39)
where b is the combined series coefficient
h
C(he) (h h )n+1 eff

and the global one-dimensional model of quantum gravity is then
defined by the equation

(;hzz +§an(h hy)" j\I’[h]: (a1)

Making use of the triangle inequality one can write

| bn |S| an—l | + | hO || an | (42)

[h]0h, (s0)

n

1
b =a, +ha, =5 I

so that it can be deduced straightforwardly that

15,1 Jal,
|, |

Applying the well-known inequality for any Riemann integral
[rfiri (44)

where f is considered as the Riemann-integrable function and the
integral is considered as defined, to the coeflicients a and bn one
obtains the inequality

la | I 1
a'l — g.n+l

h" 2r
where @, is the residue of the effective gravitational potential at the

fixed point /4 = . This residue is determined by the straightforward
functional generalization of the Cauchy integral formula

| ho | (43)
a,|

1
[ W 1Oh<—rla, . (45)

, =Res( eff:h )=2_ZJ.C(h )Vef/5h (46)

where C(h_) tracesoutcirclearoundthefixedpointh, incounterclockwise
manner on the punctured disk D ={z:0 <|h—h, |< R} . If the center of
the circle h— hy isa pole of order n, then the residue is defined by the
simple limiting procedure

5;1 1
Res( eff ’ F( )llm 5hn—l ((h _hO)I/C’/f ) (47)

h—hy

Making use of the following reasoning
1
<—

1 £
J' off "

27t 0 Gy < 2t

a S I /—
la, = yrg A (h—ho)"

1
=hslanl l, (48)

one sees that for any n the inequality holds

| an—l |

>h, (49)
|a,|

and hence the inequality (43) can be rewritten as
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—:b”||2h€+\h0\. (50) | Ao 1B, | =10, [ <T o [, [ =@, | (63)
an
This inequality can be rewritten in the following form
In the light of the triangle inequality one can write
|b | | +h |<| |+|h|| | | ||bn+1|_|bn|<| ||an+1|_|an—1| (64)
n = an an - an an s 51 0 - ?
" o o1 ey la,| la,1" " la,| a,|
and because of the relation or more conveniently
|a +1 | 1
il g - ‘ +1| |a | ‘an+1| |anfl|
S, (52) |y | === 1<t [ By [ = . (65)
la,| k. B 15,107 el e,
one receives the following relation In the light of the inequality (54) and the relation
16y | oy Il
|a+1|<1 7 (53) |h0|‘an+l|_’an—l‘s‘h0‘_h€, (66)
inally, application ofthe inequality (50) n the equivalent & ol lal &
Finally, application of the inequality (50) in the equivalent form one obtains finally the following bound
la, | 1
L (54) b 1 1 h
|b,| h+]|h] |l';+l|£ . 1+h ) |ho|—/’lE , (67)
lead us to the following upper bound 10,1 1] SALNTE
which taken together with the previous result (55) allows to deduce the
16,1114, _ by | < 1 [1 I | |j (55) inequality for the fixed point
|an| |bn| |bn| he+|h0| he

b
Another bound for | [;”‘ | can be obtained as follows. In the light of

the definition (43) one can write
b —a
-1
a,=———, (56)
hO
and, consequently, one can deduce the recursive relation for the
coefficients b
b —a
=——"L 4 ha
0

which after simple algebraic manipulations leads to the relation

h,. +a,  =ha

n+l1

n+1 n+l12 (57)

+b,. (58)

n+l
This equation can be rewritten as

1:| hob, ., | |
\hyat,, +b,  hya,, +b

n+l n

> (59)

n+l

which after taking into account the triangle inequality gives the
relation

n+1 | | anfl |

h,b a

| 0~ n+l1 + n—1 | | , (60)
| hOanJrl + bn n+1 | n+1 |h an+1 b

which leads to the conclusion
| Byat, +0, |<|hy ||, [ +]a, | (61)
Once again, making use of the triangle inequality one has
|h0an+l+bnlg|h0||an+l|+|bn|’ (62)

and, consequently,

|ho|(|h0|_l)20, (68)

which can be resolved immediately and gives the consistency condition
for the fixed point

| hO |E {0} o [la OO), (69)
and in itself is a non-trivial solution of the initial data problem.

Naturally, there is plenty of other possibilities for the choice of a
concrete form of the effective gravitational potential ¥, [#]. However,
in the next section we shall discuss only a particular situation.

The invariant global dimension

Let us note that in general the global one-dimensional quantum
mechanics (21) cane be transformed by the second change of variables

h— &[h], (70)

where &[h] is any functional in the global dimension k. In this case one
can rewrite the global one-dimensional wave equation (21) in the form

[5§[h]) 5’
SET

and if the coefficient ( 5

Ve [§[h]]} Y[S[All=0, (71)

does not vanish identically (or the

transformation (70) is non-singular) then the equation (72) can be
rewritten as §

{%+V[§]}‘P[§]=0, 72)

where the new potential V[£] is scaled effective potential 7, expressed
by the new dimension

VIE = QMW [ETh]] . OLETh] = (5‘5“’]j .y

One sees easily that the following choice of the “gauge” £[/]
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E[h]=h, (74)

Transforms the quantum mechanics (21) into itself. The choice
of the transformation of variables in the form (74) is the simplest
transformation of the kind /4; — &[deth;] within the Wheeler-
DeWitt theory. Other, more advanced propositions, can be generated
directly from this basic case, and should be justified by some rational
arguments. Let us choose the transformation of variables in the form

Eh=~h. (75)

It is clear that this selection can be justified by the fact that /
is the invariant volume element on an embedding with assumption
that 4> 0'. In this manner the dimension x/Z has an invariant nature.
The choice (75) yields the equation (72) with the following modified
effective potential

VET=4E7,, (8] (76)

1
Moreover, the singularity m evidently vanishes, but actually

causes that J[£] must be studied with respect to the new“invariant”
dimension & .

The very good point of reference in searching for the dimension &
is the normalization condition of the Schrédinger quantum mechanics,

which for the considered situation takes the form of the Lebesgue—
Stieltjes/Radon integral

[ g PWIERNP S5TA) =1, 77

Where Q(#,,h) some region of inerrability in a space of all three-
dimensional embedding is’ s with metric hl.j and a determinant
h=det A, . In fact this is the main condition for possible solutions of
the studied model:

Proposition. Inerrability of the wave functional W[&] in the sense
of functional integration in (77) determines the new dimension &[4].

The generalized dimension &[/] can be established in the region of
inerrability Q(/,, h) as éQ(h ,»h) by using of the formula

o, h = I Q(,1I,h)5§[h]. (78)

In this paper we will study few consequences of the simplest choice
(74). We will use standard argument which states that the normalization
condition (77) establishes inerrability constants of an arbitrary solution
of the Schrodinger theory. The model in the invariant global dimension
was discussed in detail in the [1].

Newton-Coulomb Potential

Residual approximation

Let us consider the situation in which the series coeflicients of the
effective gravitational potential are
a_, =const forn=-1

0 fornz-1
We shall call such a case the residual approximation. In this
approximation the effective gravitational potential (22) takes the form

a
T h—h,

n

(79)

> (80)

for h<0, /A should be replaced by \/m and we do not lose generality.

which is formally the Newton-Coulomb potential, i.e. has the behavior
like 1//# where h is interpreted as a kind of radial quantity. The value of

the coefficient @_; is unknown, but it is assumed that this coefficient
exists. It can be verified by straightforward easy calculation that in such

a situation the combined series coefficients b, are

b, =ha_, Jorn=-1
b, =<b,=a, forn=0 (81)
0 forn=-1,0

and, consequently, the Ricci scalar curvature of the three-dimensional
space becomes

D R=2A+2Ke—6K’a_ (l + ; h(’h J, (82)
0

Where as the equation (21), defining the global one-dimensional
model of quantum gravity. Takes the form

5 a.,
—+
Sh*  h—h,

Y =0. (83)

The Ricci scalar curvature (88) defines certain states of the geometry
of the three-dimensional embedded space. However, even when one
considers the case of vacuum, i.e. when both the energy density of
Matter fields and cosmological constant are identically vanishing
e=0, A =0, it is rather difficult to establish a three dimensional metric
tensor for which the Ricci scalar curvature behaves like

DR~

"

Interestingly, in the most general situation the residue of the three-

dimensional Ricci scalar curvature calculated at a fixed point /g, is

(84)

Res(PR, h,) = 2xRes(e, h,)) —6x°a_h,, (85)

i.e. it can be taken ad hoc identical to zero if and only if the residue of
the energy density of Matter fields is

Res(e, hy) =3xa_h,. (86)
If one takes ad hoc the following relation

A
a,

_ 237, (87)

Then the Ricci scalar curvature of an induced three-dimensional
geometry of embedded space takes the form

DR =2Ke— 2ARy , (88)

T

and its residue at a fixed point /,
Res(®'R, h,) = 2xRes(e, h,) - 2Ah,, (89)
Identically vanishes if and only if the residue of the energy density
of Matter fields at a fixed point ho has the value
A
Res(e, hy) =—h,. (90)
K

In such a situation, also the geometry of an embedded three-
dimensional space manifold is automatically Ricci-flat if and only if the
energy density of Matter fields takes the following form
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A h,
e=— .
K h—h,

It is easy to see that another possible Ricci-flat three-dimensional
manifold is obtained for the identically vanishing cosmological

(o1

constant A =0 and the following value of the energy density of Matter
fields

0

e=31<a_1(1+hh° ] (92)

Newton-Coulomb quantum gravity

In the most general situation three-dimensional spaces having
induced metrics characterized by the Ricci scalar curvature of the form
(84) are not yet known explicitly in literature. However, it is evident
that in the particular situation /, =0, which is fully consistent with
the general condition (69), the state of affairs is determined by much
more simplified equations

D R=2A+2xe-6K’a,, (93)
5 a,
+—L ¥ =0. (94)
(5}12 h j

Let us consider this particular case as the basic situation. We shall
call the global one-dimensional quantum gravity described by the
system of equations (93)-(94) the Newton-Coulomb quantum gravity.

As an example, we shall consider first the case of constant Ricci
curvature. It is not difficult to see that in the most general view such
a situationcorresponds to the identically vanishing energy density of
Matter fields

e=0. (95)

We shall call such a case the Newton-Coulomb stationary quantum
gravity. In such particular situation, the Ricci scalar curvature of three-
dimensional embedded space becomes

GR=2A- 6K'2a_1 = const, (96)

and, consequently, the Ricci curvature tensor, which characterizes the
intrinsic geometry of the manifolds, describes the three-dimensional
Einstein manifolds [49]

R, =2y, ©7)

where A the sign of the Einstein manifolds, in these specific conditions,
is completely defined by parameters of the Newton-Coulomb
stationary quantum gravity—the cosmological constant and the residue
of the effective gravitational potential-as follows

%A—2/czafl =A (98)

Interestingly, the crucial consequence of identical vanishing of the
energy density of Matter fields is the property of maximal symmetry of
the Einstein manifolds described by the sign (98). For this reason, the
Newton-Coulomb stationary quantum gravity possesses highly non-
trivial geometrical interpretation: such a situation describes embedded
three-dimensional manifolds which are maximally symmetric Einstein
manifolds.

Consequently, one can deduce straightforwardly the classification
of the three-dimensional embedded spaces, which are maximally

symmetric three-dimensional Einstein manifolds (97), with respect
to the value of the sign A (98) of a manifold in dependence on the

cosmological constant and the residue a_,:

Conclusion (Classification of maximally symmetric
three-dimensional Einstein manifolds)

The Newton-Coulomb stationary quantum gravity, defined by
the effective gravitational potential Vg . [A]= a, , determines the
threedimensional embedded spaces which are the maximally symmetric
three-dimensional Einstein manifolds, characterized by the sign of the
form (98). There is the classification of such manifolds with respect to

the cosmological constant A and the value @-1 of the residue of the
effective gravitational potential

1. If the sign of manifold is non-zero A0 and the residue of
the effective gravitational potential is a negative real a_, =—| |, then the
effective gravitational potential ¥, [h] corresponds to the Newtonian
attractive potential energy

mm
Ve/* :_M~_#. (99)
h h

a) If the cosmological constant is a positive real A=+|A| then

the maximally symmetric Einstein three-manifolds are characterized
by the positive Ricci scalar curvature

2
(3)R=§|A|+2K2|a|. (100)
b) If the cosmological constant is a negative real A =—|A| then
the maximally symmetric Einstein three-manifolds are characterized
by the Ricci scalar curvature

2
(3)R=—§|A|+2K2\a|. (101)
Which is
<0, iff |A]P3x’|a]
DRI=0, iff |Al=x’|a| (102)
>0, iff |Al3c’ ||
2. If the sign of manifold is non-zero A # 0 and the residue of the
effective gravitational potential is a positive real ~ =+| |, then the

effective potential ¥, [A] becomes the Coulomb repulsive potential
energy
a
v, = ol 49,

a) If the cosmological constant is a negative real A=—|A| then

(103)

the maximally symmetric Einstein three-manifolds are characterized
by negative Ricci scalar curvature
3) 2 2
R=——|A|-2k"|a]. (104)
3
b) If the cosmological constant is a positive real A=+|A| then
the maximally symmetric Einstein three-manifolds are characterized
by the Ricci scalar curvature

2
(3)R:§|A|—2K2|a|. (105)
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Which is
iff |AI<3c|a|
ORI=0, iff |A=x’|a| (106)
>0, iff |AP3x7|al

3. If the sign of manifold is identically vanishing, 1=0, ie.
the maximally symmetric Einstein three-manifolds are Ricci-flat
manifolds, then one can determine uniquely the value of the residue of
the effective gravitational potential as follows

A
1AL oo
3x

In such a situation, one obtains the values of the cosmological
constant

A {rg(ml)rg(mz) for the Newton law

a,

(108)
r.(g,)r.(q,) for the Coulomb law

where m is the mass of a body generating Newtonian gravitational

2Gm
field in vacuum and r,(m)= is its gravitational radius, ¢

2
C

is the charge generating Columbic electrical field in vacuum and

G
r,(q) =q,|—— isits electrical radius.

dr e, c

0

Note that, in fact, by taking into account ad hoc the relation for the
series coefficients (38), the residue a_, of the effective gravitational

potential is the Cauchy integral of ¥, ata fixed point 4, =0
1

L :Res{—zl(—(3’R+2A+2Ke),h=0}, (109)
6x” h
and its value can be straightforwardly established as
1
a,=—(-"R+2A+2xe)|,,
6K
(110)

DR, A ke
- > T2 20
6x 3x° 3k

where subscript “0” means the value of a quantity calculated in 7 =0.

Let us note that, when one shall to associate the residual effective
potential V, [h]= L1 with any realistic quantized Kepler problem,
i.e. with employing the Newtonian or the Columbic potentials,

one should to identify the global dimension with a spatial distance
reAx"+y + 27
h=r,

In this case, with the formal identification of the functional
derivative of h and the classical derivative of r, i.e. in fact the equality
between the functional and classical integral measures 54 = dr well-
known in classical mechanics [50], the wave functional P[] becomes
the radial wave function W[r], and the evolution (83) becomes familiar
radial type Schrodinger equation

> Fla|
Ly ¥(r)=0,
[a’r2 r )

(111)

(112)

Where the number | @ | can be taken straightforwardly from the
Newton law of gravitation or from the Coulomb law of electricity. The
received wave equation (112) possibly describes an atomic system.

Note that there are many possible choices of the metrics h,-j with

the same value of the determinant / = . For instance one can take the
simple variant
13

h;=r 5[] (113)

However, more generally, one can parameterize the relation (111)

by SO(3) group rotation matrix ryihy = =Y 3;;,/,, , which allows use the

Eulerian angles (0,9,4) as follows

1,(0,0.8)= 1" (O (9 (), (114)
Where matrices ri;p ) (19) are rotation matrices around the selected
p-axis
cosd —sind 0 cosd 0 sind
(9 =|sind cosd  0f, rPH=| 0 1 0 (115)
0 0 1 —-sind 0 cos

This point of view was discussed in much advanced detail in the [1].

Geometric Wave Functionals

In this section we shall consider certain solutions of the global
one-dimensional model of quantum gravity (21) for the case of the
residual approximation of the effective gravitational potential Veff
implemented in the previous section. In the most general situation, the
considered quantum mechanical evolution

5* _la]
2 we =0,
[5112 hJ 4]

(116)

is solved by two types of wave functions W* where the attractive

wave functions W_[A] are associated with the Newton-like effective
gravitational potential, and the repulsive ones W'[A] are associated
with the Coulomb-like effective gravitational potential. Because of the
manifest one-dimensionality of the functional evolutionary equation
(116), one can solve this equation in the framework of the theory of
ordinary differential equations by interpretation of the functional

o
derivative as the ordinary one, i.e. — , and the wave functional

sh dh
as a wave function ¥[#]="¥(%) with no loss of generality.

In this manner, the problem to solve is given by the second order
ordinary differential equation

le]
YF[h]=0,
[clh2 h LA]=
This is well-known in the mathematical physics literature. The
general solution of such a differential equation can be constructed

straightforwardly by making use of the Bessel functions J, and Y, for
the case of the attractive potential

W [h] = W[C{Jl (2vlalk)+2iC;Y,(2y[al h)} (118)

And in terms of the modified Bessel functions 7, and K, for the
case of repulsive potential

Y [h] —\/—[U (ZW)JFZC;K](%/W)} (119)

(117)
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Where C and C; are constants of integration, one takes standard
definitions [51] of the Bessel functions of first and second kind,
J,(x)and Y, (x)>

Ja(x):lj'”dt cos (xcost —at), (120)

790
J, (x)cos(arm)—J_,(x)

Y. (x)= sin(arr)

(121)

And the modified Bessel functions of first and second kind,
1,(x)and K ,(x),
1 ¢7
1,(x)= —J.O dt exp (x cos t) cos(at), (122)
T

7 L, ()1, (x)
2 sin(ar)

K, (x)= (123)

Standardly, values of the second kind Bessel functions and modified
ones for any integer’s n can be received by application of the limiting
procedure Y (x)=lim (x),K,(x)=1lim__,, K, (x).

In further parts of this section we shall to present solutions of the
quantum mechanics (116) with respecting of few selected boundary
conditions for the general solutions (118) and (119).

a—n )/Dt a—n

Boundary conditions I

Let us consider the global one-dimensional quantum mechanics
(21) with the boundary conditions for some selected initial value of the
dimension h=h, :

34

E[h,]:‘l",.

With using of the regularized hyper geometric functions pFg

Y[h1=Y,, (124)

ay...,d

P
‘. a pFq ;X
ety b,...b (125)
~ 12°°9%
PFy T TRy TB)
by, ‘
ayy....q

’ i (al),...(ap),x’
:Z—

22" x | .
by,...,b, = (B),...(b,),r!
(a), = M’ 127
I'(a)

One can write out the general solutions (118) and (119) with
respect to the boundary conditions (124)

W, =C; (2falh)K, (2\lalh)+C; (2[alh) £ (5ilalh), (128)

Where the sign - in the hyper geometric function notation means
that all (a), =1, and the constants

C;:\PIOE(;;|a|h1)_\{l;hloﬁi(;;|a|h1)’ (129)
e =L[vaam)en B oem). o

for Newtonian case, and

Vi =Cr (21/|a|h)Yl(2«/\a|h)+C2*(21/|a|h)201:"1(;;\a|h), (131)

With constants

G =2 (Wihh (il )= ¥ o F (il ). 032

c;—;’(\p,yo(z lalh )+, %x(z Ialh,)}

(133)

For Columbic case.
Boundary conditions II

The second case which we want to present in this paper, are the
boundary conditions for 1st and 2nd functional derivatives

g R g
h]=Y, ——
5h[ =% Sh?

By using of the hypergeometric functions, one can express the
solution for attractive case as follows

¥, =C (2\lalh)K (2ialh)+C; (2\/|a|h)201:"1(;;\a\h), (135)

Where ¢ and C; are constants defined as

[h,]1=¥". (134)

”

_ , m - b S
G :_hI(\PJOE(z;|ah1)_|7I 0E(1;|ah1)ja (136)
Ly LU B U ' 137
= |a\[l{1' ‘alKU(Z \a\h,)+\{1,1<1(21/\a|h,)} (137)
Similarly for the repulsive case one obtains easily
‘Pg:C,*(Z«/la\h)Y,(Z,/la\h)+C2*(2,/|a\h)20ﬁ, Jelh|, (138)
2
With constants
. 7h L o= Yo~
G :TI[‘PmE(z;_a”@)‘*‘m OE(I;_a|h1)j’ (139)
+ h " h '
C; :% Iall(q}’ /myo(z alh,)+‘P1Yl(24/|ah1)]. (140)

Boundary conditions III

The last possible case of boundary conditions for the considered
problem is

5

oh’
These conditions are formally improper for the problem; because

of the lead to singular solutions. In this case, however, one can present

the solutions in the form with formally singular constants. For the
attractive potential one has

Yihl="Y,, [h]="¥]. (141)

¥, =C; (2lalh)&, (24lalh)+C; (2falh) | dlalh| (42)

2
With constants (¢— 0)
o2 noo) =
G =;V\0€|h, I_E\Pl E| slalh |, (143)
0

2
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1 h
G =—| ¥, — =] K (2B ), (144
= o]
And similarly for the repulsive potential one obtains
v =C; (2Jlalh) (2falh)+C; (alh) £|  -lalh|, (145)
2
With constants (e— 0)
+ 2 h[ " I -
G :g\/‘a‘hl \P1+m‘{11 Bl s=lalh | (146)
o2
+ 1 h] "
Ci == ¥, +—w ¥ (2 alh ), (147)
€ ||

However, when the following relation for the boundary conditions
holds

i%‘l’f" S =e f1h|al)

|

Where f=*[h,|a|]#0 are some (now unknown and arbitrary)

(148)

nonsingular functional of /s, and ||, the sign + is related to
the Newtonian case, and the sign - to the Columbic one, then the
singularity of the solutions (142) and (145) is canceling. In this case the
initial value W, for the attractive case is

¥y ——|a|h,0F,[ ;|ah,}[q +26MJ‘I”/%f_[,,m|]K](2\/mt)}+
2

(149)
2lalh K (2Jlalh, ){Cz+ealf”dzf—[n|a JOE[ ;atﬂ,
2
And similarly for the repulsive one
¥, _ah,oﬂ[ ;|a|h,}{c;gﬂ\/@jlhlj;ﬁp,anx(z\/?p)}
2
(150)

il i, (2{lalh) c;—e%|a|th’drjf+[t,\a\]0F] s=lalt]|,
2
Where C7, are nonsingular constants of integration. The functional
f £[h,,| @ |]# 0 can be established by application of the condition

(148) within the general solutions (142) and (145). It yields the results
¥, =8lalhK (2lalh) B lalh |f-[h.]al 05D

2
¥ =8lalhy (2flalh ) B =lalh |f+hlall s

2

Employing straightforwardly these results into the equalities (149)
and (150) one obtains the integral equations for the functional f'+. For
the columbic situation one receives the following equation

_%(2 \otlh,)UFl 2;|a|h, +C2’K1(2 |a\h,)+

velal K, (2lalh)[" dtF| lalt|-

2
(153)

| sl |[! K (2ale) - al=
2 t

=2(2\flalh)K (2 falh) E| slalh |/ -Thlall
2

And similarly for the Newtonian case one derives the relation
c B -
71(2 |a|h,)uF, i s=lalh [+iCY, (2\elh )~

- W dt
e laliVh z;f\a\h, [ Fr ()

(154)

. h’ -
it (24l ) [ dn | s-lale | f+lal-
2

=2(2\lalh )% (2lalh) /| =lalh |f+hlal.
2

In both the cases the integral operators acting on the functional

f * are nonsingular. By this reason one can put straightforwardly
the formal limit (e— 0) in the integral equations (153) and (154), and
by doing few elementary algebraic manipulations one can extract the
searched functionals. The final results are as follows

- /8 C; /4
Slhlal]= ‘ + v ; (155)
K (2laln) 1 (2ielh,)
C' /8 iCl/4
(156)

f+[h,,|a|]=Yl(2 EWIe D)

In this manner the initial data conditions for the considered
boundary conditions (141) cannot be chosen arbitrary, but according
to the rules

v, =\lalh -1 (2lalh )+ 20K, (2\alh )|, (s7)
w;:m[cyl(z o h ) +2iCY; (2 |a\h,)}. (158)

The supposed equation for boundary values (148) is not unique,
and can be replaced by other conditions. The discussed case, however,
reflects the typical questions arising within the problem.

Discussion

In this paper we have discussed the quantum mechanical model of
quantum gravity arising from the global one-dimensional conjecture
within quantum general relativity considered recently by the author [1].
This model straightforwardly bases on the effective potential (22) being
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a simple algebraic sum of three fundamental energetic constituents -
“geometric”, “cosmological”, and “material”, with nontrivial change
in potential behavior with respect to the initial model that was the
Wheeler-DeWitt quantum Geometrodynamics (16). The relation
between the models is established by change of both the differential

operator and the potential.

We have considered the analytical form of the effective potential,
and concentrated an especial attention on the physical conclusions
following from the residual effective potential, which on some well-
established conventional level is directly identified with the attractive
Newton’s gravitation or the repulsive Coulomb’s electrostatics.
Studying of this special case allowed concluding that in the case of
Matter fields’s energy absence, in the global one-dimensional model
of quantum gravity, the maximally symmetric three-dimensional
Einstein manifolds are the characteristic embedding for the residual
effective potential. Finally, we have found some solutions of the model
of quantum gravity in the residual approximation.

We hope to discuss further conclusions of the global-one
dimensional model of quantum gravity in the next contributions.
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