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Abstract
Let G be a finite group, the associated identity-power graph Γ (G) is a graph whose vertices V (Γ(G)) are precisely the elements of G and two distinct vertices x,y 
create the oriented edge (x, y) if and only if xy=e or yx=e (where e is the identity of the group G) and either x=yn or y=xn for some n ∈ N. We investigate some 
algebraic properties and combinatorial structures of the identity-power graph Γ (G) and show that the graph Γ(G) of a finite group G, is never complete. We also show 
that if every element x in a finite group G has a unique inverse y ∈ G, and then the identity-power graph of G is acyclic. Furthermore, we show that the size of the 

identity-power graph Γ (M) of a permutation group M is given by 
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. Where π ∈ M and I (π) is the set of involutions in M.
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Introduction

Let G be a finite group, the identity graph of G is an undirected simple 
graph whose vertex set is G and two distinct vertices x and y are adjacent 
if and only if xy=e or yx=e, where e is the identity of G. Similarly, the power 
graph of G is a simple undirected graph whose vertex set is G and two 
distinct vertices x and y are adjacent if and only if xn=y or yn=x for some 
n € N. The notions of the identity graph and the directed power graph lies 
in the works of respectively [1, 2]. Kandasamy and Smarandache studied 
the identity graph of algebraic structures that have identity; for instance, in 
their work, the considered the semi groups, loops, commutative groupies 
and commutative ring [1]. They noted that if these algebraic structures do 
not have identity then they have no identity graph associated with them, this 
property is a major difference between the identity graph of groups and that 
of the other algebraic structures the studied. Motivated by the work of Yalcin 
and Kirgil studied the identity graphs of finite cyclic groups, they examined 
the identity graph using the self-inverse and mutual inverse elements of 
the finite cyclic groups, to determine the number of triangles and edges 
contained in the graph [1,3]. 

Similarly, Kelarev and Quinn studied the directed power graph of semi 
group; they defined the directed power graphs of finite groups and studied 
their combinatorial properties [2,4]. However, the undirected power graph 
was introduced by Chakra arty they characterized the class of semi groups 
with a connected or complete power graph. Subsequently, the power graph 
of algebraic structures became an interesting focus in the literature see, 
for example [5-12]. Meanwhile, Chattopadhyay and Panigrahi attempt to 
solve an open problem of Abawajy, Kelarev and Chowdhury [6] observed 
some relationships between the power graphs and coyly graphs of finite 
cyclic groups [6,13]. For instance, they showed that, the vertex deleted 
sub graphs of some power graphs are equal to the spanning sub graphs 
and complement of vertex deleted sub graphs of Cayley graphs. In this 
paper, our primary objective is to merge the algebraic properties of identity 
and power graphs of finite groups to have the identity-power graph of finite 
group, thereafter, the combinatorial properties of the identity- power graph 
will be determine up to isomorphism. Besides, the motivation for this study is 
ideas of Kandasamy and Smarandache to study the identity-zero combined 

graph of a semi group S to compare the zero divisor graph to the identity 
graph of semi groups and the work of Ma and Su who used the algebraic 
properties of order super graph and power graph to study finite groups. In 
the same vein, we use the algebraic properties of identity graph and power 
graphs to construct the identity-power graph of finite groups [1,14].

Materials and Methods

Basic prerequisites 

Human In this section, we state some graph theoretic terminologies 
and some known results which have been used in the main results of this 
study, furthermore, these terminologies will help in better understanding of 
this paper. All graphs considered in the main results are simple graphs; the 
graphs are without loops or multiple edges. For the definitions of the basic 
terms and results given in this section see [8,9,15-17].

A graph Γ is a combinatorial structure formed by finite non-empty set 
(V,E), where V is the set of vertices viewed as points and E is the set of 
edges viewed as line joining the points. The cardinality of V (Γ) is called the 
order Γ while the cardinality of E (Γ) is called the size of Γ. The degree of 
a vertex x in a graph Γ denoted by δ(x) is the number of edges incident to 
it. That is the number of edges or arcs connecting x. A graph is said to have 
parallel edges if there are more than one edge which join the some pair of 
distinct vertices. A loop on the other hand is an edge that joins a vertex to 
itself while a walk of length k n in a graph Γ with vertex set V (Γ) consist 
of an alternating sequence of vertices and edges consecutive elements of 
which are incident, that begins and ends with a vertex.

Definition 2.1: Let G be a finite group, the identity graph of G is a 
simple undirected graph in which the vertex set is G itself, and two distinct 
vertices x and y are adjacent if and only if xy=e or yx=e, where e is the 
identity of G [1].

Definition 2.2: Let G be a finite group, the power graph of G is a graph 
with vertex set G and two distinct x,y ∈ G are adjacent if x=yn or y=xn for 
some n ∈ N [8].

Definition 2.3: Let a be an arbitrary element of a finite group G and 
let e be identity If a=a−1, then a ∈ G is called a self-inverse element of G 
denoted by S (G) [18].

Definition 2.4: Let a be an arbitrary element of a finite group G and let 
e be identity. If there exist a

b ∈ G such that ab=ba=e, then a ∈ G is called a mutual inverse element 
of G denoted by M(G) [18].

Corollary 2.5: Let G be a finite group, then |S (G)| and |M (G)| are both 
even [18].
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Remark 2.6: Let G be a non-cyclic group, then |SG)| ≥ 2.

Corollary 2.7: Let G be a finite group of odd order, then |S (G)|=1 and 
|M (G)|=|G|-1 [18].

Theorem 2.8: Let G be a finite group, then |S (G)| is equal to 1 if |G| is 
odd and |S (G)| is equal to 2 if |G| is Even [18].

Definition 2.9: A graph Γ is said to be complete if there is an edge 
between every pair of distinct vertices in Γ. On the other hand, Γ is said 
to be connected if there is a path between every distinct vertices in Γ [16].

Theorem 2.10: A given connected graph G is an Euler graph if and only 
if all the vertices of G are of even degree [16].

Definition 2.11: In graph theory, a regular graph is a graph where each 
vertex has the same number of neighbors, i.e. every vertex has the same 
degree or valency a regular graph can be an x-regular graph where every 
vertex of the graph has the same degree x [16].

Definition 2.12: Let G be a finite group, the order of an element a ∈ G, 
sometimes called period length or period of a,is the smallest positive integer 
m such that am=e (Where e denotes the identity element of the group, and 
am denotes the product of m copies of a). If no such m exists, G a is said to 
have an infinite order [9].

Definition 2.13: Let Sn be a symmetry group, π ∈ Sn (n>3) is called and 
involution if π=π−1. That is, if π* π−1=e, where e is the identity permutation 
of Sn. The set of involution permutations is denoted by I (π) [19].

Results and Discussion

This section introduces the identity-power graph Γ (G) of a finite group 
G, also, we derive and investigates some algebraic properties of Γ(G).We 
begin with the definition and notion of the identity-power graph of a finite 
group.

Ethical clearance and informed consent

Definition 3.1

 Let G be a finite group, we define the identity-power graph Γ (G) 
associated with G as the graph whose vertices V (Γ (G)) are precisely the 
elements of G and two distinct vertices x, y create the oriented edge (x,y) if 
and only if xy=e or yx =e (where e is the identity of the group G) and either 
x = yn or y=xn for some n ∈ N. Similarly, we denote the edge set of Γ(G) 
as E(Γ(G)).

Example 3.2: Let Z+ be a finite group of integer modulo 5, we have the 
following undirected identity-power

Graph (Figure 1).

Theorem 3.3: Let Zn be a finite group of integer under addition or 
multiplication modulo n (n ≥ 3) and let x and y be two distinct vertices on 
the identity-power graph Γ (Zn) of Zn, then x and y are adjacent if and only 
if xy=n.

Proof: Let x and y be adjacent on the identity-power graph of Zn, then 
x and y satisfy 3.1, the definition of identity-power graph of a finite group. 
It implies x and y satisfy the properties of both identity and power graphs 
respectively, and we can conveniently say, xy or yx is equal the identity e of 
the group, which also the same as n under modulo operation. Conversely, 
Let xy = n = e under modulo operation, this satisfy the identity property of 
the graph Γ (Zn). Also, x and y are integers and obviously they be written 
as the power of each other. Q

Theorem 3.4: Let G be a finite group, the identity-power graph Γ (G) 
of G is never complete.

Proof: To show this, it will suffice if we can show at least a vertex x in 
the vertex set of Γ (G) that is isolated. That is, if we can show an x such 
that x =x-1.Let x=e G, assume e has an inverse say y then ey=e but this 

is a contradiction as ey=y. Thus, e is a vertex on the identity-power graph 
which is not adjacent to any other vertex on the graph. Hence, it is isolated.

Corollary 3.5: Let G be a non-cyclic group, then the number of isolated 
vertices on the identity-power graph of G is greater or equal to 2.

Proof: The proof follows from Remark 2.6.

Theorem 3.6: Let G be a finite group such that each x G has a unique 
inverse y G, then the identity-power graph of G is an acyclic graph.

Proof: Recall, a graph Γ is said to be acyclic, if Γ has no cycles. Also, a 
cycle in a graph is a path which starts and ends with a vertex. For instance, 
if a path begins with a vertex x, for it to be a cycle it must also end at x. 
However, for two vertices to be adjacent on the identity-power graph one 
must at least be an inverse element of the other. It implies, if x ∈ G has a 
unique inverse y ∈ G then they are adjacent on Γ (G) and neither x or y

Can be adjacent to any other z ∈ G, thus, a path cannot start and end 
at the same vertex.

Example 3.7: let be a finite group. Recall, functions are assumed to act 
on the left, this implies that in generating the table below the row element 
operates on the left (Table 1 and Figure 2).

Theorem 3.8: Let π be a permutation in a permutation group G, then 
the size of the identity-power is given by

 | G | (I( ) 1)
2
π= +
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Proof: The size of a graph Γ is the cardinality of its edge set and the 
edge set the collection of every u, v that have an edge connecting them on 

  

 

 

 

Figure 1. Identity-power graph of Z5
+.

  

  
 

 

  Figure 2. Identity-power graph of Symmetry group S3.

Ve1  Ve2 Ve3  Ve4 Ve5 Ve6 Ve7
e e (1,2) (2,3) (1,3) (1,2,3) (1,3,2)

(1,2) (1,2) e (1,2,3) (1,3,2) (2,3) (1,3)
(2,3) (2,3) (1,3,2) e (1,2,3) (1,3) (1,2)
(1,3) (1,3) (1,2,3) (1,3,2) e (1,2) (2,3)

(1,2,3) (1,2,3) (1,3) (1,2) (2,3) (1,3,2) e
(1,3,2) (1,3,2) (2,3) (1,3) (1,2) e (1,2,3)

Note: Ve : Vertices and edges

Table 1. Permutation composition of Symmetry group S3.
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Γ, and it is simply denoted by uv. Obviously, But by Definition 3.1, the identity 
permutation e G is a self-inverse permutation hence it is not adjacent to any 
other vertex on Γ(G). Also, I (π), the set of involution permutations of G are 
also not part of the E(Γ(G)). Thus, subtracting the identity permutation and 
the set of involution permutations we have the following

( )( )   
   

2
G

E GΓ =

But by Definition 3.1, the identity permutation e G is a self-inverse 
permutation hence it is not adjacent to any other vertex on Γ (G). Also, 
I (π), the set of involution permutations of G are also not part of the E (Γ 
(G)). Thus, subtracting the identity permutation and the set of involution 
permutations we have the following

( )( ) ( )( )     1
  

2
G I

E G
π− +

Γ =

Conclusion

This article has studied the identity-power graphs of finite groups, 
clearly we show that the identity-power graph Γ (G) of a finite group G is 
never complete and the number of isolated vertices on the identity-power 
graph of G is greater or equal to 2. We also show that if every element x 
in the finite group G has a unique inverse y G, and then the identity-power 
graph of G is an acyclic graph. Further research is encouraged to find other 
properties of the identity-power graphs of other algebraic structures.
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