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Abstract

The main aim of the present paper is to introduce the concept of lacunary almost statistical convergence and strongly
almost convergence of the generalized difference sequences of Fuzzy numbers. We also investigate their some basic

topological properties.
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Introduction

A sequence space is defined to be a linear space of real or complex
sequences. Throughout the paper N, R and C denotes the set of non-
negative integers, the set of real numbers and the set of complex
numbers respectively. Let w denote the space of all sequences (real or
complex) and let I and ¢ be Banach spaces of bounded and convergent
sequences x = {x, 7, with supremum norm H X H= sup|x,|.Let T denote
the shift operator on w, that is, Tx={x,}7,, T?x= fx"}jzz and so on. A
Banach limit L is defined on [ as a non-negative linear functional such
that L is invariant i.e., L(Sx) = L(x) and L(e) = 1,e = (1,1,1,...) [1].

Lorentz called a sequence {x } almost convergent if all Banach
limits of x, L(x), are same and this unique Banach limit is called F - limit
of x. In his paper, Lorentz proved the following criterian for almost
convergent sequences.

A sequence x = {x } €[ is almost convergent with F - limit of L(x)
if and only if

lim¢,,, (x) = L(x)

m=1
where, ¢, (x)= iZT 7x,,(T° =0) uniformly inn> 0.
m&

We denote the set of almost convergent sequences by f. This was
further studied by Ganie [2], Nanda [3] and many others.

A complex number sequence x is said to be statistically convergent
to the number L if for every ¢ > 0,

1
lim~ |k <nx, L[> &} |=0, (1)
n n

where the vertical bars indicate the number of elements in the
enclosed set. In this case we write S - limit x = L or x, > L(S). We shall
also use S to denote the set of all statistically convergent sequences.
The idea of statistical convergence was introduced by Fast [4] and was
further studied by several authors [5-9].

By a lacunary sequence we mean an increasing integer sequence 6
={k } such that k, =0and h = k -k _, > o as r > . Throughout this
paper, the intervals determined by 6 will be denoted by I = (k _, k ] and
the ratio k_/ k_, will be abbreviated by g

Let 6 be a lacunary sequence; the number sequence x is S, -

convergent to L provided that for every € > 0,
1i{nhi\{kelr %, ~ L[z &} |=0. @)
In th;s case we write S, - limit x = L or X, > L(Se), and we define
S, ={x: for some LS, -limx=L}.

The concepts of fuzzy sets and fuzzy set operations were first
introduced by Zadeh [10] and subsequently several authors have
discussed various aspects of the theory and applications of fuzzy sets
such as fuzzy topological spaces, similarity relations and fuzzy orderings,
fuzzy measures of fuzzy events, fuzzy mathematical programming.
Matloka [11] introduced bounded and convergent sequences of fuzzy
numbers and studied their some properties and has shown that every
convergent sequence of fuzzy numbers is bounded. Later on sequences
of fuzzy numbers have been discussed by many others [4,7-9,12-18].

Let D denote the set of all closed and bounded intervals X = [a,, a,]
on the real line R. For X, Y € D we define

d(X:Y)=max(la,—b |[a,-b,)),

Where X = [a,a,], Y =[b,, b,]. It is known that (D, d) is a complete
metric space.

Let I = [0,1]. A fuzzy real number X is a fuzzy set on R and is a
mapping X : R > I associating each real number t with its grade
membership X (). A fuzzy real number X is called convex if

X(t)> X(s) A X(r) = min(X(s), X (r)), where s <t <r.

A fuzzy real number X is called if normal if there exists t, € R such
that X(t)) = 1.

A fuzzy real number X is called upper semi-continuous if for each €
>0,X'([0,a+¢)) foralla € Iand given e > 0, X ' ([0, a + €)) is open in
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the usual topology of R. The set of all upper semi-continuous, normal,
convex fuzzy numbers is denoted by R(I). The a - level set of a fuzzy real
number X for 0 < a < 1 denoted by X*is defined by X*={t € R: X () >
a}. The 0 - level set is the closure of strong 0 - cut.
7, ift=r,
For each reR,7 e R(J) is defined by 7 =10, ifz=r.

The absolute value of | X | of X € R(I) is defined by [19].

max{X (1), X (-t)},
[ X1(0)= 0,

ift>0,
if £<0.

Let 4:R(/)xR(/) > R be defined by

d(X,Y)=supd(X“,Y*).
0<as<l
Then ¢ defines a metric on R(I) [19]. The additive identity and
multiplicative identity in R(I) are denoted by 0 and T respectively.

A Fuzzy number is a function X from R® to [0,1], which is normal,
fuzzy convex, upper-semi continuous and the closure of {x € R*: X(x)
> 0} is compact. These properties imply that for each 0 < a < 1, the a -
level set X* = {t € R*: X(t) > a} is non-void compact convex subset of
R, with support X° = {t € R*: X(t) > 0}

We denote by L (R") the set of all Fuzzy number. The linear structure
of L (R") induces the addition X + Y and the scalar multiplication AX, A
€ R, interms of a level sets,

[ X+Y "= X[ +|Y " & |AX|"=2]X]|"

for each 0 < a < 1. Now, for each 1 < q < o, we define
1

d,(X.,Y)= [ [EXCCRE )4(145 ,
and

d (X,Y)=supo(X*, YY),

0<a<l

where §_ is Hausdorff metric. It is obvious that 4, (X,Y)=limd, (X.Y)
and for q <r, we have d <d,. Throughout the text, we will denote d_by
dwhere 1 <q<oo.
Kizmaz [20] defined the difference sequence spaces Z(A) as follows
Z(A)=f{x=(x,) e w:(Ax,) € Z}

where Z € {leo, ¢, co} and Ax =x, -X, . [t was further generalized
by Tripathy and Esi [21], as follows. Let m > 0 be an integer then
H(A,)= {x (x,):A,, er} forH=1, candc where A K EX oX
The difference sequence space were further studies by Colak [22]
Ganie [15,23] and etc [24-29]. Further, in Tripathy [21] generalized the

above notions and unified these as follows:
Alx, = {xea):(A;"xk) € Z} s

m

where

ALx = Z( l)ﬂ[ jkay

u=0

and
Ayx, =x,VkeN
Results

In this section, we shall introduce the notion of Fuzzy numbers by

using generalized difference operator A, and the lacunary sequence k
= (k) and study their properties.

Definiton 4.1: Let 6 = (k ) be a lacunary sequence; a sequence X =
(X,) of Fuzzy numbers is said to be lacunary almost A,,(f) - convergent
to the Fuzzy number X provided that for every ¢ > 0,

1
1imh—\{kel,,:d(A "X, X )2 6} =0, (3)

uniformly in i. In this case we write X, —>X0(§ (A;(H)) or
S(A;(H))—lika =X,. The set of all lacunary almost A’(9) -
statistically convergent sequences of Fuzzy numbers is denoted by
S(An@)-

Definiton 4.2: Let 6 = (k) be a lacunary sequence; p = (p,) be a
sequence of strictly positive real numbers and X = (X,) be a sequence
of Fuzzy numbers. Then, the sequence X = (X, ) is said to be a lacunary

strongly () -convergent if there is a Fuzzy number X such that

.1 n
llgnhjk;[d(A Xpir X, )] =0, (4)
uniformly in i. In this case, we write X, — X, ([M” Al (9)])

[M}.AL@©0)]> we shall denote the set of all lacunary strongly almost

A" (@) convergent sequence of Fuzzy numbers.

Definiton 4.3: Let 8 = (k) be a lacunary sequence. Then the
sequence X = (X) of Fuzzy numbers is said to be A, bounded if the

set {(AZ,X p ) ke N} of Fuzzy numbers is bounded. We shall denote by
1,(A") thesetofall A} - bounded sequences of Fuzzy numbers.

Theorem 4.1: Let X = (X,),Y =(¥,) € §(A(0)) and a € R. Then,

(i) S(A,(0))-lim(aX,)=aS(A}())-lim X,

(i) $(A,(®))-lim(X, +Y,)=S(A(0))~lim X, + S(A}(0)) - lim¥,
Proof: We left it as an easy exercise for the reader.

Theorem 4.2: Let 6 = (k) be a lacunary sequence;
sequence of strictly positive real numbers with 0 < h =
supp, = H < oo, then

(i) X = X ([M5.8,0)])= X, > X,($(4(9))),

p=(p) bea
infp, <p, <

m m

(i) X, el (A?) & X, X, ( (a: (9))):> X, > X, ([M7,85,0)]).

m

Proof: Let X, — X, ([M" A" (9)]) . Then, for € > 0, we have

—Z[d(A”XM,X )"

h, kel,

o 2 [l

kel
n
‘](AkaH"Xﬂ )25
1 I
S
h, ker,

n
d(Aka Ko )ZE

1

zh—z

A‘e[,.
n
d(Amka,,xo)Zg

min(a",e”)

k+i>

2}%‘{1{ el, :d(A"X X >g}‘min(5",g")

uniformly in i, there by proving part (i).
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(ii) Now to prove part (ii) We suppose that X, €.(A,) and
X, € Xo(ﬁ(A;(e))). Then, there is a constant Q>0 such that

k+i>

d(AL X, X, )< 0.

Then, for € > 0, we have

72[ (ArX,..X, )}

h, kel,

2 2 Lalnnx)]”

kel
n
;I(Am)(kﬂ.,)(ﬂ )zg

2 [

Ael

I(A XAHX)

<max(Q Q”) ‘{ke[ d(A”X,m,X) }‘-%—max(e”,g").

m

Therefore, we conclude that X, € ([M ; A’,f,(H)}).o
From Theorem 2.2 above, we have the following result:
Corollary 4.3: §(A7,(0)) "L (A})=[ M}, AL(©O) | AL (A}

Theorem 4.4: Let 6 = (k) be a lacunary sequence. If the sequence

X = (Xk) is almost A}, - statistically convergent to the Fuzzy number X,

and lim mf(k j >0, then it is almost A’ () -statistically convergent to
X. «

0

Proof: For ¢ > 0, we have

‘{k<r d(ALX,..X,) >s}‘3‘{kel,:d(AX X,)ze }‘

k+i k+i®
This gives,

‘{k<r d(ALX,,.X,)2 }‘

ke+i>

r‘{ke[ (ALK, X,)2 }‘

_h H{ke] d(ALX,,.X,)2 }‘

roha,

On taking limits as r - e and using the fact that llmlnf(k ) >0, we
5
conclude that X is A}, (6) -statistically convergent to X .

<q <o and [q—"j be bounded. Then,

Pr

Theorem 4.5: Let 0 < p,
[Mg,A0) | <[ M}, AL0)] -

m

k+i>

Proof: Let X €[ M{,A,(6)]. Let us denote w,, [d(A"X X, )J

and y, = % ,sothat 0 < p< Sl for each k. We define the sequences

k

(u.) and (v, )asfollows Letu,, =w,_andv, =0 forw, >1andu

0 and Vi = w for w, < 1. Then, for all ke N it is 0bv1ous that w =
u,, +v,, and "" =u* +v%  Hence, we conclude that u/* =u,, <w,, and

vt <% . Consequently, we have

— = A
Wi h Vi
kel,

r kel,

Since, yu < 1 for each m, we have

(i)

By Holder’s inequality and hence we have

r kel r kel kel

Z ,t", S—ZW,{, [ Zv,“j .
This shows that X e [M PoA" (9)]
Theorem 4.6: [ M7, A}, ()] <L,(A}),

where

[M,.AL0)] = {X (X)—Z[d(A”XAH,O)J }

r /\EI

Proof: We first suppose that X € [M 5, (9)] . Hence, we can find
a constant A > 0 such that

Ed[A”X+,,0]<—Zd[A" X, 0]<4,

r kel

for all i and hence we have x e/, (A).

Conversely, we suppose that X €/, (AZ,) . Therefore, we can find a
constant 8 such that for all j, we have

d(ALX,.0)<B.

so that

—Zd[A’n’,Xkﬂ, ] 21Y 1B,
; kel , kel,

for all k and i. Consequently, X [M" Al (6’)]
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