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Abstract

The Lie algebra of isometries of dimension superior than or equal to three is semi-simple if and only if the horizontal nullity space of the Nijenhuis tensor of the
canonical connection is reduced to zero and the derivative ideal coincides with algebra.
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Introduction

This paper is the complement of our study in [1], the notations and
notions are those of [1]. Let M be a paracompact manifold of dimension n
(n22) and of class ¢*, TM the tangent bundle to M. On an open set U of M,
&',y ) oy the natural coordinate system of TU, the energy function E
is written:

1 n ij
E:Egij(xl,...,x 'y

Where gij(xl,..., x") are positive functions such that the symmetric matrix

(gU (x*,..., x") is invertible. The function E defines a symplectic scalar 2-form

Q=dd E which gives a vertical metric on the tangent bundle to M, with d =[i , d],

J being the natural tangent structure to M. The canonical spray S is defined by:
ijdd ,E=—dE.

s being the inner product with respect to S and, the canonical
connection is T'=[J,S]. If x (M) denotes the set of vector fields on M,
z(M)the complete it of and¥(M), 4 = (X e y(M)suchthat LT =0}
4, ={ Xi (M) suchthat L;Q=0} L. being the Lie derivative with
respect to x .

Case of the Commutative Ideal of 4

Example 2 of [1] show that the commutative ideal of AT come from the

horizontal nullity space of the curvature of I" and % such that% =
X X

If % =0 foralli € {1,...,n} .This means that the function E is independent

of x',ie{l,..,n}. In this case, the curvature R of I is zero and the horizontal
nullity space of the curvature R of & provides a commutative ideal of 4.,

hence an commutative ideal of/TQ.

We assume that 1<i< p(p<n),coordinates such that%ﬂ). By
X
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a p+l ’axn

0 0 }noted | forms

Proposition 19 of [1], 1<i< p,af g4, and—- e 4, . We will study

the case where the Lie subalgebra generated by {a R

a commutative ideal of 4 4, -An element x ¢ Z(M) is written:

?:X"i+yfaX. o <i,j<n.

ox' ox’ oy’
)4 ! n r
TR LI SR LI
I=1 ox'! 6 ! 5‘y r=p+1 ox ox’ oy

7 ,ﬂel forall, k, p+1<k<n.

. 0
For / tobeanideal, we musthave {7

This is explained by:

1
ZXA =0, foralll suchthat1<1< pand forall k suchthat p+1<k <n,
X

X' =ax'+b ,p+1<r,j<n,a,b
are constants

By asking

Z 0 o) GG .
lszla_ij 1£J£p

ox’ a_yl ’

p+1<k<n,al,b’ areconstants

r_k
ox" o

and X = X, +X,, we have[x, Xx,]=0. To getXed, it is

necessary and sufficient that L E =(0r even LE+LE 0. Such a

decomposition of X EA . clearly indicates that the derlvatlve ideal from A

cannot coincide with Ag if X, # 0. Itis the same if X, is an expression of a

non-zero part of 7 .
In the case where the indices are not ordered, in this way, we take,

. OF .
X, X, yeens X, By <iy <...<1, suchthat—=0,1< j<q.We arrive at the
h,7h Iq q ax.

i
j

same result. Taking into account the studies made in [1], we then have:
Theorem

The Lie algebra Ag of the Killing fields contained in A of dimension
superior than or equal to three is semi-simple if and only if the horizontal nullity
space of the Nijenhuis tensor of T is reduced to zero and that the ideal derived
from 4, coincides with 4, .
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Corollary

The Lie algebra Zg of finite dimension sup(ﬂ)r than or equal to three is
semi-simple if and only if the derivative ideal of 4, coincides with 4 and
any derivation of 4, is inner. £

Proof: From the above theorem, it remains to prove that the horizontal
nullity space /N, of the curvature R of the connection T'is reduced to zero.
Otherwise, by Theorem 1 and Proposition 19 of [1], there would exist vector
fields () i € {l,...q},g <msuchthat (e) e Zgand that (e,) € AN, .In this case
the derivation D of 4 definedby D(e,) =¢,,1<i< p,is outer. Hence the
result.

Some examples

Example 1
We take M = R* and the energy function written

E =%(€"3 O+ +(P) +e" (b))

The coordinates x*, x* do not appear on the function E

The non-zero coefficients of I are:

3 2

X1 4
ey ’rgzL’rizL
2 2 2

3 1 x4
Yy ey
Nl =

3
arl =-

The horizontal nullity space of the curvature AN, = {0}.

The Lie algebra 4. is generated by
1,2 A 1.1

g = _e—x3+(x) i]+xliz— ye DA ﬂl_‘_yli}’
4 Jox O 2 Joy oy

+ b
208 ' 20

42 4.4 2 -x?
g =yt O [ e i4+y4i2_xy+2ye ﬂw
’ ox oy 2 oy

R

S S S N
BT T e Y B T s T

Multiplication table of A_r

L1 | g g, g, g, |8 |g
g |0 & |0 0 0 -g,
2

g, & 0 0 0 0 8

2 2
g, |0 0 0 _g, | & |0

2
g, |0 0 g 0 | -g |0
g |0 0 _ 84 | 8 0 0
2
g g _ & 0 0 0 0
2

The Lie algebras 4, = 4, = 4, and they are semi-simple.

Example 2
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We take M/ = R®and the energy function written:

E=(01+e" 02 +e () e 01 e 07 4017

The missing coordinates are x, x* and x. The non-zero coefficients 1"/
I are:

3
¥

x 3 6 4
n=-Cln-rr-r 2 n-n.rer

The horizontal nullity space of the curvature is reduced to zero.

The Lie algebra A s generated by:

0 4 5 4 S
Dt X =X =+ Y —+y —,
& ox’ ox? ox’ Y o' Y o’
R R BB
: ox* ox’ oy’ oy’
0 0
&3 y,& g,
x*)? _s) 0 0 e Xyt 0 0
o= e e e Y e e
e 0,0, 00 _0
Es o o Y oY et

Multiplication table of 4~ __

LI | & 2 g, g4 8s g6

g | 0 0 | —g | -g

g, | O 0 | g | -g

g | & &;

0
0

g | & |-8& | 0 | O 0 |0
0
0

gs | 0 | 0 | 0 -8

M|g°oooog°

g | 0| 0O | 0O ) 0 | g | 0_g

o

g, 0 0 0 0 & | &

The commutative ideal is generated by g and g, . The derivative ideal of

4 does not coincide with 4, -
g

The Lie aIgebrasA_g, Z and A_g are identical.

The derivations are all inner.

Remark 1: The two examples above show that the relation in 4, , 4 -

and AT, do not allow knowing a priori the nature of AT although A: is an

ideal of A_g . They confirm our decomposition of the elements of/Tg.
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