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ABSTRACT 
 

The application of fractional cointegration technique is very important in resolving the Rogoff’s (1996) puzzle 

of purchasing power parity (PPP). By allowing deviations from equilibrium to follow a fractionally integrated 

process, the fractional cointegration analysis can explain the persistence of a wider range of mean-reversion 

behaviour better than the standard cointegration analyses. Our empirical results which based on monthly data 

from January 1990 to September 2008 period illustrate that the PPP reversion exists and can be characterized 

by a fractionally integrated process in three out of four moneys. Using these results, we can analyze the 

modified GPH estimator, which has obviously lower bias. The econometric results obtained from the GPH tests 

hold PPP as a long-run occurrence, though significant short-run deviations from PPP can exist. Therefore, the 

fractional cointegration analysis permits the deviations from the equilibrium to follow a fractionally integrated 

process and hence captures a much wider group of research of parity or mean-reversion behavior.  

 

Keywords: Purchasing Power Parity, Fractional Cointegration, Modified GPH. 
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1. INTRODUCTION  

The Purchasing power parity (PPP) is a basis of the exchange rate theory and a standard for evaluating the 

exchange rates in strategy negotiations. It asserts at least in the long run, the nominal exchange in relation to the 

units of a chosen foreign currency per unit of the domestic one. The PPP varies proportionally through its 

relative price ratio; it is defined as the fraction of the foreign price level out of the domestic one. Over the years, 

the frequent econometric studies have attempted to verify the PPP intention with mean-reversion. The previous 

studies which were carried out since the 1980s tend to assess that even if the PPP exists, it does so in the short 

run, through significant long-run deviations. To assess the PPP short run validity, the absolute version was used, 

but its long-run validity seemed to be out of question to debate. So, the most significant evidence of the PPP was 

considered by numerous authors to be very ‘fragile’
1
. 

 

Several studies proposed the hypothesis that the real exchange rates may regress to PPP only over very long 

periods of time, possibly a century or more. In addition, a long-memory process is more likely to be captured by 

a fractional cointegration technique than the standard Johansen and Juselius (1990a) or Engle and Granger 

(1987) ones. Consequently, that mean-reversion to PPP is more likely to be found by using a fractional 

cointegration, particularly through long-term data, probably of a century or more, than by standard cointegration 

techniques through shorter data runs. This raises the motivating question of how extensive the data run 

requirements are for fractional cointegration to exhibit that mean-reversion. 

 

                                                 
1
 See Taylor (1988, 2003) with Taylor and Taylor (2004) intended for reviews to discuss and confirmation on 

PPP. 

http://www.managementjournals.org/journals/
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The main idea of this paper is to test the presence of a long memory in the exchange rate of Eurozone countries, 

Canada, the United Kingdom and Japan. A number of studies contain a variety of measures to be tested on a 

long-term dependence in compound and ordinary exchange rate. The deductions of this study are various relying 

on the testing process, sample period, frequencies of the series, composite stock returns or frequent exchange 

rate and others used in these studies. However, the speed of change may be very sluggish. This is a 

characteristic of time series processes with long memory; that is, processes that display slow mean reversion. 

Therefore, the test of long-run PPP requires a long period of observations and an econometric technique able to 

capture the long memory eventually present in the exchange rate series. Fractional cointegration analysis fulfils 

this obligation and, for this cause, it is the econometric method to be chosen to test the long run PPP in many 

countries, namely the Eurozone countries, Canada, United Kingdom and Japan. 

 

Nonlinear behavior and the persistence in real exchange rates are major regions of the PPP study (see, for 

example, Rogoff (1996), Sarno (2005) and Villeneuve and Handa (2006)) and the emphasis on real exchange 

rates have permitted the use of univariate methods such as the smooth transition autoregressive (STAR) model 

and its associated test measures. The three approaches used here result from the search of interest in the 

possibility of confusing the long memory processes with stationary short memory processes subject to structural 

change (see, for instance, Smith (2005) and Dolado et al. (2002)) and increase the univariate approach. 

However, unlike standard tests for nonlinearity, the new tests employ semiparametric rather than parametric 

estimators. Specifically, they are based on the behaviour of semiparametric estimates of the fractional 

integration parameter, d , when time series stationary processes contaminated by structural shifts. The first 

approach uses the GPH estimator of d . The second suggested by Dolado et al (2002) uses the Fractional 

Augmented Dickey Fuller test; and the third one uses the modified Geweke and Porter-Hudak (1983) (modified-

GPH ) estimator of d  due to Smith (2005). In the present context, each of these procedures may be viewed as a 

test for spurious long memory and, therefore, as a useful means of examining Bond et al. (2007) findings. 

 

The remainder of the paper is organized as follows. Section 2 proposes a conceptual framework for the analysis 

of PPP in the extended run. Section 3, presents empirical evidence from fractional cointegration analysis as the 

main basis and describe the data. Section 4 introduces the GPH and the modified GPH tests. Section 5 outlines 

the cointegration tests for long-run PPP and reports the empirical results. Section 6 concludes. 

 

2. TESTING “PPP” IN THE EXTENDED RUN 

The power of a long-run PPP can be examined through testing stationarity in a real exchange rate which is 

measured by 

         
* /t t t tQ S P P                                                                                                                  (2.1) 

 

Where tQ  is the real exchange rate, tS  is the nominal exchange rate (currency/dollar), tP and 
*

tP  are, 

respectively, domestic and foreign price levels. Denoting logs by lower container letters, we reach the linear 

relationship 

       
*

t t t tq s p p                                                                                                                 (2.2) 

 

The series ts  , tp  and 
*

tp  are expected to be non-stationary. However, PPP theory tells us that these non-

stationary series are related through a stationary error term. That is, they are cointegrated as defined by Engle 

and Granger (1987). For testing reasons, instead of equation (2.2), we test the subsequent PPP relationship 

    
*

0 1 2t t t ts p p e                                                                                                         (2.3) 

 

Where te  is a stationary error term incarcerating deviations from PPP, 0 is some constant, 1  and 2  are 

coefficients to estimate. By imposing the regularity and proportionality restrictions
2
, the cointegration test 

container can be carried out in a bivariate setting. We have tested the strength of the two restrictions with the 

chi-square test supposed by Johansen and Juselius (1990). The cointegration tests are therefore conducted in a 

trivariate situation. 

 

                                                 
2
 The symmetry restriction implies that 1 2  in equation (2.3), and the proportionality restriction 

requires 1 2 1   . 
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Since Mandelbrot’s study (1972) on fractional processes, the motivating properties of these processes have been 

investigated in the literature; for example, see Granger and Joyeux (1980), Hosking (1981, 1982) and Sowell 

(1990). A general group of fractional processes ARFIMA (p, d, q) is described as follows: 

          1
d

t tB B s B e                                                                                                 (2.4) 

 

Where  1,..., Ts s  is a place of time series process,   11 ... p

pB B B      and 

  11 ... q

qB B B       are polynomials in the lag operator B by all roots of  B and  B being 

stable, and te  is a white noise term that will be relaxed in the data. When 0p q  , s  becomes a simple 

fractional noise process. The fractional parameter d  enables us to obtain nointeger values. The variance of the 

procedure is finite when 0.5d  , but infinite when 0.5d  . The process is stationary designed for 0.5d   

and invertible for 0.5d   . Long memory is linked with 0 0.5d  . If 0d  , the procedure is supposed 

to exhibit an intermediate memory. Approximating  1
d

B expansion, we obtain 

          
0

1 / 1
d k

k

B k d B k d




                                                                                 (2.5)     

Where  .  is the standard gamma function. Both autocorrelation functions obey a hyperbolic prototype of 

decomposition contrary to the exponential decline for the usually used stationary ARMA process (2.4) with 

0d  . In addition to have nointeger values of d increases the flexibility in modelling the long-term dynamics 

by allowing a comfortable class of spectral behaviour at lower frequencies than those applied by ARMA 

models. This can be seen as   GPH of the spectral density of ts . 

 

The general structure of the spectral density of ts in equation (2.4) is given by 

          
2

1 exp
d

s uf i g  


                                                                                          (2.6) 

 

Where    1

t tu B B e   is a stationary process and  ug  is its spectral density at frequency  . The 

spectral density  ug   is defined as 

          
 

 

2

2

2
/ 2u

B
g

B
  





                                                                                            (2.7)               

Granger and Joyeux (1980) and Hosking (1981) show that the spectral density function of ts , denoted by 

 sf   and defined in equation (2.6) below is proportional to 
2d

as 0  . Thus, the fractional parameter 

d  crucially determines the low-frequency dynamics of the process. For 0d  ,  xf   is unbounded at 

frequency 0  , but bounded for ARMA processes with 0d  . It becomes clear that when 0d  , ts  is a 

long memory process performance with a slow autocorrelation decay, at a hyperbolical rate (Hosking, 1981), 

which is contrary to an exponential decay of a short memory process. Note that the more outsized the value of d, 

the stronger is the long-term dependence. 

 

3. EMPIRICAL EVIDENCE FROM FRACTIONAL COINTEGRATION ANALYSIS   

Diebold et al. (1991) have examined the PPP using a sample of Belgium, France, Germany, Sweden, U.K and 

U.S during the period 1791-1913. They verified that parity reversion occurs ( . . c 0)i e  
3
 when 1d  . 

Conversely  c    when 1d  ; c is finite and nonzero simply in the unit root case, 1d  . Diebold, et al. 

(1991) found out that purchasing power parity holds in the long run for each of the currencies studied and that 

the typical half-life of a shock to parity is approximately 3 years. Cheung and Lai (1993) have examined the 

                                                 

3
 

0
;  j=0,1,2,...

j

j ii
c a


 where    

0

1 t t i t i

i

L r A L a 






    
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PPP using a sample of Canada, France, Italy, Japan, U.K and U.S during the period 1914-1989. They have used 

the GPH test for fractional cointegration because Diebold and Rudebusch (1991) and Sowell (1990a) observed 

that the standard unit-root tests such as the Dickey-Fuller test may have a low power against fractional 

alternative. The results of formal hypothesis testing designate significant evidence of 1d   in all cases, though 

the evidence for Canada appear relatively marginal. 

 

Bailie and Bollerslev (1994) have examined the PPP using a sample of West German, UK, Japan, Canada, 

French, Italy and Switzerland during the period March 1, 1980 to January 28, 1985. Because of the difficulty to 

distinguish between unit root processes and fractional alternatives, it seemed reasonable to consider the error 

correction term ty , to be possibly fractionally-integrated. The deviations from the estimated cointegrating 

relationship reveal that the exchange rates may well be joined together through a long memory. Soofi (1998) 

proposed that tY 4
 is stationary for the cointegrating vector  1, 1, 1    . Accordingly, vector  is used 

to construct a test for fractional cointegration. 

 

Alves et al. (2001) used the GPH-Tapered (GPHT) estimator because it is less biased than the Geweke and 

Porter-Hudak (1983) estimator when the series are generated by non stationary or noninvertible fractionally 

integrated processes, as it is the case with almost all series. The disadvantage of this procedure (hereafter 

referred to as the GPHT method) is the increase in the variance of the estimator for no stationary processes. 

 

Nielsen (2004) proposes a Lagrange Multiplier (LM) test of the null hypothesis of cointegration in fractionally 

cointegrated models. The asymptotic Gaussian which is derived from it includes the one-sided and two-sided 

testing problems and shows that they coincide with the local asymptotic power functions of the one-sided and 

two-sided LM tests. Masih and Masih (2004) used the previous studies by relaxing the strict  0I or distinction 

of the equilibrium error, since cointegration requires that where  1 2,t t tz x x , is  I d b with 0b  , 

then 1tx , 2tx  forms a cointegration relationship of order ( , )I d b the equilibrium error being only mean-

reverting. 

 

Villeneuve and Handa (2006) use cointegration and fractional cointegration techniques to test purchasing power 

parity. This raises the interesting question of how long the data run needs to be for fractional cointegration to 

display mean-reversion. Testing for fractional cointegration, using the GPH procedure, we estimate the 

parameter of integration d , and we test whether the residuals of the cointegrating relationship are 

 I d with 0 1d  . 

 

4. ECONOMETRIC METHODOLOGY 

As a concept, fractional cointegration was initially suggested by Granger (1986), though fractional differencing 

was previously introduced into the literature by Granger and Joyeux (1980) and Hosking (1981), and others. 

Fractional cointegration was formally proposed for the first time by Cheung and Lai (1993) in an applied study 

on exchange rates time series. 

 

1.1. GPH method 

A combination of the Engle-Granger two-step procedure and the usefulness of the fractionally integrated 

processes and their implications correspond quite intuitively to tests of the long-run PPP, since PPP requires that 

ts  in equation (2.4) to be a mean-reverting process. The estimating procedure can be summarized using the 

following steps: 

(i) Determining the univariate properties of each of the time series involved with respect to integration via a 

series of unit root tests; 

(ii) Given that the variables do share common integration processes, conducting OLS regressions and computing 

the tz s  or the equilibrium errors; 

                                                 
4
  *, ,tY p s p , where 

*p , s  and p are, respectively, logs of the foreign price level, nominal exchange rate 

and the US price index. 
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(iii) Examining whether the 
tz s  are  I d with 1d   using an appropriate estimation technique designed to 

detect fractionally integrated processes. 

 

Since (iii) requires a direct estimation of the integration parameter, d , standard unit root tests cannot be used 

for this exercise as they frequently tend to exhibit low power against fractional alternatives (see Diebold and 

Rudebusch (1991)). Consistent with other studies that have investigated fractional integration properties of time 

series (see Cheung and Lai (1993), Cheung (1993)), used a semi-parametric procedure owing to GPH. The 

primary equation of interest behind the estimation procedure relies on an OLS regression as follows: 

 

          2ln ln 4sin / 2    j=1,....,nj j jI w c d w       
   

                                                              (2.8) 

For    2 /   j=1,...,T-1 ,  n = g Tw j T T   , where  jI w is the periodogram of 
2 at frequency 

jw  defined by 

       
2

1

1

2

T
itw

t

t

I w e X X
T 

                                                                                            (2.9)   

 

The GPH test can also be used as a test of the unit root hypothesis with  1I  processes imposing a test on 

d (GPH) from the first-differenced form of the series being significantly different from zero. In this respect, the 

GPH procedure poses an alternative view point with which to scrutinise the unit root hypothesis. 

 

1.2. Modified GPH of Andrews and Guggenberger (2003) 

The method is as similar as that of the GPH estimator but that it includes frequencies of the power 2k  

for 1,...,k r , for some positive integer r , as additional regressors in the pseudo-regressive representation that 

yields the GPH estimators. 

We consider a semiparametric method for a stationary Gaussian long memory times series 

 : 1,...,tY t n . The spectral density of the time series is 

          
2d

f g  


                                                                                                        (2.10) 

Where d is the integrated parameter,  .g an even function on  ,  that is continuous at zero with 

 0 0g   . 

GPH considered a d as an estimator based on the model parametrization 

     
2 *1 exp ,

d

f i f  


                                                                                            (2.11) 

Where  *f  satisfies the identical conditions as  .g , and on first m periodogram ordinates jI  

 
2

1

1
exp ,

2

n

j t j

t

I Y i t
n


 

     for  1,...,j m                                                                       (2.12) 

Where 
2

j
n


  and m is a positive integer slighter than n . The GPH estimator is given by (−1/2) times the 

OLS estimator of the slope parameter in a regression of  log : 1,...,jI j m on a constant and regressor 

variable  log 1 expj jX i    

The modified GPH
5
 uses the Robinson (1995) specification which reinstates the regressor jX by jX in the 

model parametrization (2.4) 

       2logj jX                                                                                                                 (2.13) 

                                                 
5
 See Andrews and Guggenberger (2003) for an absolute presentation. 
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The specificity of the modified GPH is that it adjoins the regressors 
2 4 2, ,... r

j j j   to the pseudo-regression 

representation of the GPH estimator. Thus, authors define bias-reduced estimator 
rd . The new estimator is 

better than the standard GPH. When 0r  , 
rd  is asymptotically equivalent to the standard GPH. 

 

The modified-GPH estimator, articulated ˆ
rd , can be used to investigate whether the apparent fractional 

character of a series is really due to mean shift. If ˆ ˆ
rd d  then it is probably that the series contains a mean 

shift. If ˆ ˆ
rd d , then it is unlikely that the confirmation for fractional behaviour is due to mean shifts. 

Importantly, Smith (2005) indicated that ˆ
rd should not be viewed as an estimation of the ‘true’ value of d as 

this requires a nontrivial modelling. It must also be noted that there are no critical values for Smith's process. It 

is not a formal significance test but rather a helpful diagnostic check. 

 

5. EMPIRICAL RESULTS 

Our sample contains monthly data for four countries over the period 1990:1-2008:9 on nominal exchange rate 

which is defined as the domestic consumer price indices over the foreign consumer price indices. The nominal 

exchange rates used are all bilateral at the end of the period concerning US dollar rates in relation to the 

Canadian dollar, the Eurozone countries, the UK pound and the Japanese yen. These data are obtained from the 

International Financial Statistics (IFS). 

 

The estimate of the cointegrating vector,  0 1 2
ˆ ˆ ˆ ˆ, ,    , is obtained from an OLS regression of equation 

(2.3) using the currencies of Eurozone countries, Canada, United Kingdom and Japan (see table 1). 

 

Reversing the signs of 
*p and p in the cointegrating vector for the coefficients of the long-run PPP 

relationships estimated, the signs of the coefficients in Table 1 are consistent with the PPP hypothesis: an 

increase in 
*p will increase e , while a decrease of the domestic price level p  will decrease e 6

.  

 

Findings from table 2, show that the ADF test cannot reject the hypothesis of a unit root in all variables. The 

ADF test suggests that the underlying variables are stationary in first difference while they possess a unit root in 

terms of level. The ADF statistics are obtained from regression (2.3) with the lag parameter p selected using 

both the AIC and the SIC
7
. As can be seen in table 2, the statistical results are apparently mixed.  

 

The GPH test rejects the unit root null hypothesis, a result that agrees in the context of ARIMA models. The 

estimated value of d is in this case higher than 1 for all currencies, lying in the nonstationary range of d . We 

want to test whether the fundamental process generating the time series  ts has a unit root or not. If this is the 

case the spectral density of the first difference is  1t tG L s  . 

                                                 
6
 Note: so as our cointegrating equation is approximately consistent with the answer of Johnson (1991), Kim 

(1990) and Kugler and Lenz (1993). 

  
7
 We tried diverse ARFIMA (p, d, q) specifications and used the Log-likelihood value, Schwartz Information 

Criterion (SIC) and Akaike Information Criterion (AIC) to distinguish between models. As Teyssière (1997) 

points out, the statistical properties of the AIC and SIC have not been established for the class of a long 

memory ARCH process; however we think that these statistics offer good reasonable leadership. They are 

designed herein as: 

  
    

ˆ2ln 2

ˆ2ln ln

AIC L n

SIC L n n









   

   

  

Where  ˆL  is the optimized likelihood value, n is the number of estimated parameters and n is the sample size. 
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The GPH test for cointegration is then performed, and its results are reported in table 4. The results differ 

slightly across the different values of u under consideration. Table 3 shows that all of the estimates of d , 

decline lower to 1, suggesting possible fractional integration behaviour. Moreover, results of official hypothesis 

testing indicate significant evidence of 1d  , in all cases. Moreover, in all cases except the UK and Eurozone 

countries, the estimates of d are significantly greater than 0. The results on the whole indicate the presence of 

cointegration and possibly fractional cointegration between tsp , and tp . The GPH test results provide a wider 

and more significant support for a long-run PPP. 

 

We also note that the long sample period involves data start different exchange-rate regimes. In general, flexible 

exchange-rate periods are more inclined to be associated with an advanced variability in the exchange rate and 

the price changes than the fixed exchange rate periods. Hence the variances of our data series may not be 

stationary across the exchange-rate regimes. Nonetheless, this class of non-stationarity will not pose any 

problem to the present analysis. Monte Carlo results reported by Cheung (1993) propose that the GPH test is 

robust to variance shifts and conditional heteroscedastic effects. 

 

The modified-GPH method, which is perfect and attractive for the performance of the three approaches, is rather 

a more general underpinning representation that strongly supports the case of the nonlinearity of the real 

exchange rate for Eurozone countries and Japan. It also designates the same way for Canada and the UK. If the 

root mean square error minimizing value of m is used, it powerfully maintains the case for long memory of the 

real exchange rate for Eurozone countries. 

 

Table 5 gives the GPH estimates, d̂ , and the modified-GPH estimates, ˆ
rd , for the two real exchange rate 

series. For each series the parameter is estimated with both the root mean square error minimising “Plugin” 

value and the 
1/ 2T value for m, and a series of values for k. For both series there is significant evidence in 

favour of nonlinearity, ˆ
rd being less than d̂ in the large majority of cases. For both series, when m is set to the 

“Plugin” value, ˆ ˆ
rd d for all cases except r =3, 4 and 5 for Canada and r=3 for U.K. Using the “fixed” 

1/ 2m T , the suggestions are that real exchange rate between Canada/USA and U.K/USA are nonlinear. 

Therefore the modified-GPH test supports the findings of Bond et al. (2007) with respect to nonlinearity of the 

real exchange rate between Canada /USA and U.K/USA but also proposes the possibility of nonlinearity in the 

real exchange rate between USA/Japan, which was much less clear in their results.  

 

6. SUMMARY AND CONCLUSION 

The generalized notion of cointegration, which is to identify fractional cointegration, has been introduced and 

used to examine the empirical relevance of a long-run PPP. The analysis of fractional cointegration allows the 

equilibrium error to follow a fractionally integrated process and avoids the stringent  1I and  0I  difference 

maintained in previous empirical studies. By allowing fractionally integrated equilibrium errors, a flexible and 

parsimonious method to model the small frequency dynamics of deviations from the equilibrium is made 

possible. Accordingly, the fractional cointegration analysis can identify a wide range of mean reversion 

behaviour, which turns out to be important for a new evaluation of long-run PPP. The empirical results show 

that the evidence from the fractional cointegration analysis is a great deal more favourable to long run PPP than 

that from the standard cointegration analysis using unit-root tests and three (Japan and Canada) out of 4 

relationships that investigated the equilibrium error can be characterized as a fractionally integrated process. 

 

The answer of the fractionally integrated property of PPP deviations for many different countries raises 

questions concerning the source of such property. Johansen and Juseluis (1990b) have suggested that deviations 

from PPP for the United Kingdom can be accounted for by the interactions between exchange rate and the 

interest rates. It is possible that the behaviour of PPP deviations may in general reproduce the statistical property 

of the economic fundamentals such as the levels of output, money supply and interest rates.  

 

Although the full maximum likelihood estimation technique can be statistically powerful, the maintained 

assumptions of normality and known means appear to be not appropriate in the empirical application at this 

time. Furthermore, the implementation of Sowell's (1988) multivariate maximum likelihood technique is not 

straightforward in terms of hypothesis testing. In constructing the multivariate likelihood function, the 

cointegrating vector is not identifiable under the null hypotheses of no cointegration. Like Sowell’s (1988) 



International Journal of Economics and Management Sciences                                Vol. 1, No. 4, 2011, pp.27-36 

© Management Journals  

h
tt

p
//

: 
w

w
w

.m
an

ag
em

en
tj

o
u
rn

al
s.

o
rg

 

34 

 

study, this leads to a non standard hypothesis testing problem such that one may enchanter only between the 

upper and the lower bound but distribution of the test statistic is not precise. 
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Appendix 

 

Table 1:OLS estimate of PPP equations 

 
0̂  1̂  2̂  

Eurozone countries -2.32 3.74 -4.84 

Canada -0.92 3.35 -2.14 

UK 3.75 2.14 -1.96 

Japan -20.65 5.02 0.44 

 

 

Table 2: The Augmented Dickey-Fuller test 

 ADF 

Lag(AIC) nct wc ct 

Eurozone countries 
tq  6 - - -4.872 

tq  5 -1.631 -1.560 -1.463 

tp  5 -1.386 -1.386 -0.975 

tp  4 - -3.034 -3.362 

Canada 
tq  2 0.214 -1.321 -1.556 

tq  1 - - -3.541 

tp  6 0.854 -1.455 -1.444 

tp  5 -0.917 -1.225 -1.690 

U.K. 
tq  5 -0.225 -1.584 -3.155 

tq  3 -2.368 -2.318 -3.123 

tp  7 1.599 -1.615 -0.930 

tp  6 -1.807 -2.298 -2.731 

Japan 
tq  6 1.631 -0.820 -2.605 

tq  5 -1.429 -2.514 -2.433 

tp  8 0.436 -2.607 -0.466 

tp  7 -0.622 -0.569 -2.496 

 *

tp  3 1.591 -2.302 -1.325 

*

tp  8 - - -4.002 

 

Notes: (nct) indicate the Dickey-Fuller Tests with no constant and no trend, (wc) indicate the Dickey-Fuller 

Tests with constant and no trend and (ct) indicate the Dickey-Fuller Tests with constant and with trend. The 

critical value is -1.95, -2.86 and -3.41 respectively for nct, wt and ct. 
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Table 3:The GPH test for the real exchange rate 

  0.45d u    0.50d u    0.55d u   

Eurozone countries 0.850    (0.155)  0.835    (0.107)    0.751   (0.087)               

Canada   0.886    (0.143)        1.080    (0.141)                1.083   (0.109) 

UK 0.958    (0.183)           0.819     (0.155)               0.675   (0.136)               

Japan 0.858    (0.102)        0.906     (0.071)              0.880  (0.078) 

Notes: we report results for 0.45,u   0.50  and 0.55   this set of choice of  u   also yielded good test 

performance in our simulation research. The figures in parentheses are the t-statistics for the corresponding GPH 

parameter d estimates, computed based on the identified hypothetical error variance  2 / 6 .  

 

Table 4: GPH tests for fractional cointegration  

 

  ˆ 0.45d u    ˆ 0.50d u    ˆ 0.55d u   

0 : 1H d   1 : 0H d   0 : 1H d   1 : 0H d   0 : 1H d   1 : 0H d   

Eurozone 

countries 

-0.967 5.535** -1.542* 7.803** -2.862** 8.632** 

Canada -0.797 6.195** 0.567 7.659** 0.443 5.79** 

U.K -0.229 5.382** -1.167 5.283** -2.389** 4.963** 

Japan -1.392 8.411** -1.323 12.76** -1.538* 11.28** 

Note: the sample size for the GPH test is given by n T  .the statistic of GPH is given by 

 

1 / 2

2

2

1

ˆ ,

6
T m

j

j

GPH d

Z Z







 
 
 
 

 
 


 (0,1)
L

TGPH N . Significance is indicated by * at the 10% level or ** at the 5% 

level.  

 

Table 5: Modified-GPH of Real Exchange Rate 

countries m GPH Modified GPH 

r=1 r=2 r=3 r=4 r=5 

Eurozone 

countries 

Plugin 0.966 

(0.076) 

0.682 

(0.311) 

0.647 

(0.448) 

0.253 

(0.597) 

-0.168 

(0.762) 

-0.093 

(0.949) 

Fixed 0.705 

(0.230) 

0.559 

(0.429) 

0.266 

(0.652) 

-0.617 

(0.915) 

-0.414 

(1.238) 

0.279 

(1.646) 

Canada Plugin 1.068 

(0.076) 

1.060 

(0.311) 

0.793 

(0.448) 

1.330 

(0.597) 

1.640 

(0.762) 

2.122 

(0.949) 

Fixed 0.891 

(0.230) 

0.952 

(0.429) 

1.414 

(0.652) 

2.091 

(0.915) 

2.131 

(1.238) 

1.591 

(1.646) 

U.K Plugin 1.255 

(0.076) 

0.776 

(0.311) 

0.959 

(0.448) 

1.259 

(0.597) 

1.178 

(0.762) 

1.179 

(0.949) 

Fixed 0.928 

(0.230) 

1.004 

(0.429) 

1.168 

(0.652) 

1.247 

(0.915) 

1.369 

(1.238) 

2.134 

(1.646) 

Japon Plugin 1.122 

(0.076) 

0.970 

(0.311) 

1.015 

(0.448) 

1.082 

(0.597) 

0.971 

(0.762) 

0.673 

(0.949) 

Fixed 0.885 

(0.230) 

1.089 

(0.429) 

0.947 

(0.652) 

0.928 

(0.915) 

0.310 

(1.238) 

-0.588 

(1.646) 

Notes: standard errors in parentheses. We report results for this set of choice of  1,...,5r    also yielded good 

test performance in our simulation research. 

 

 

 


