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Abstract

We prove new theorems for generalized contractions in the setting of G-metric spaces. Our results extend some

results of Moradlou and Aggarwal.
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Introduction

The concept of G-metric spaces was introduced by Mustafa and
Sims [1-9] in order to extend and generalize the notion of metric
spaces. Recently, Mustafa studied many fixed point theorems for
varjous contractive conditions on complete G-Metric spaces [2].

Moradlou [7] and Aggarwal [2] proved some fixed point theorems
for generalized contractions in the setting of G-Metric spaces, our
results extend a result of Edelstein [5] and a result of Suzuki [10-18].

In this paper, we prove fixed point results for generalized
contractions in the setting of G-metric spaces, extend the works of
Aggarwal [2] and Moradlou [7].

Preliminaries

We recall some basic definitions and results which are important in
the sequel. For details on the following notions we refer to [5]. First we
give the definition of a G-metric space.

Definition 2.1: Let X be a non-empty set and G: X xXx X> R*be a
function satisfying the following axioms:

(G1) G(x,p,2) = 0 if x=y=z;

(G2) 0 <G(x,x,) for all x,ye X, with x# y;

(G3) G(x,x,y) < G(x,,2) for all x,,z€X, with z=# y,

(G4) G(x,y,2)=G(x%2y)=G(y,z,x) =...(symmetry in all three variables)

(G5) G(x0,2) < G(xa,a)+G(a,y,2), for all x,y,z,a€X, (rectangle
inequality).

Then the function G is called a generalized metric, or, more
specifically a G-metric on X, and the pair (X;G) is called a G-metric
space.

Example 2.1: Let R be the set of all real numbers. Define G: Rx Rx
R>R*by G(x,3,2) = |x- y| + |y- 2| + |z-x|; for all x,5,z €X. Then it is clear
that (R,G) is a G-metric space.

Proposition 2.2: Let (X,G) be a G-metric space. Then for any x,y,z
and a€X; it follows that:

1. IfG(xy2)=0thenx=y=z
2. G(xp,2) < Glxx,y)+G(x,x,2)
3. G(xpy) < 2G(xx)

4. G(x,p,2) < G(x,a,2)+G(a,,2)

G(x.y.2) < %(G(x, y,2)+ Gx,8,%,2) + G(a,y,2)),

G(x,,2) < G(x,2,2)+G(y,a,2)+G(z,a,a).

Definition 2.3: Let (X,G) be a G-metric space, and (x,) be a sequence
of points of X, we say that (x,) is G-convergent to x if for any €>0, there
exists n,2 N such that G(x,xn,xm) <€, for all n,m= n,

Proposition 2.4: Let (X;G) be a G-metric space. Then the following
are equivalent:

1. (x,) is G-convergent to x,
2. Glx,x,x)> 0, as n->eo,

3. G(xn,x,x)eo, as n->oo,

4. G(xm,xn,x) >0, as m,n >1

Definition 2.5: Let (X,G) be a G-metric space, a sequence (x,) is
called G-Cauchy if givene> 0; there is n €N such that G(x,,x,,x) <€ for
all n,m,[> n ;

Definition 2.6: Let (X,G) and (X,G" ) be G-metric spaces and let
[ (X,G)>(X',G) be a function, then f is said to be G continuous at a
point a€ X; if given €> 0, there exists § > 0 such that x,yeX, G(a,x,y)<d
implies G™ (f (a);f (x);f () <e.

A function fis G-continuous on X if, and only if, it is G-continuous
atalla eX.

Proposition 2.7: Let (X,G) be a G-metric space. Then the function
G(x,y,2) is continuous in all variables.

Definition 2.8: A G-metric space (X,G) is said to be G-complete if
every G-Cauchy sequence in (X,G) is G-convergent in (X,G).

Definition 2.9: A G-metric space (X,G) is said to be a compact
G-metric space if it is G-complete and G-totally bounded.

Main Results

Our main results are follows:

Theorem 3.1: Let (X,G) be a complete G-metric space and T be a
mapping on X. Assume that there exist r €[0,1),(b+¢c) € (0,%),a €[0,1]
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((a+b+c)r +r) %zfre[ ,\/_

and

a+(2a+b+c)r§l,ifre[ !

N

aG(x, Tx, Tx) + bG(y, Tx, Tx) + ¢G(z,Tx, Tx) G(x,y,2)

such that

implies
G(Tx, Ty, Tz)< yM(x,y,2 ) for all x,y,z€X

where M(x,y,z)=max[G(x,y,2),G(x,Tx, Tx),G(y, Ty, Ty),G(z, Tz, Tz)].
Then there exist a unique fixed point w of T, Moreover hmT"x w for
all x € X and T is G-continuous at w.

Proof: Since aG(x,Tx,Tx)+ bG(Tx,Tx,Tx)+cG(Tx, Tx,Tx)= aG
(%, Tx, Tx)< G(x, Tx, Tx) holds for every x€X; by hypothesis, we get

G(Tx, T°x, T*x) < yM(x, Tx, Tx)
where
M(x, Tx, Tx)=max[G(x, Tx, Tx),G(Tx, T*x, T*x)]

if M(x, Tx, Tx)=G(Tx, T*x, T*x) then G(Tx, T*x, T?x)< rG(Tx, T*x, T*x) this
due to contradiction, hence M(x, Tx, Tx)=G(x, Tx, Tx) and

G(Tx, T*x, T?x)< rG(x, Tx, Tx) for all xeX: (3.1)

Define a sequence (u ) in X by u = Tu
eqn. (3.1) yields

Glu,u u )=

n n+l, ntl

(u, Tu, Tu)

u = T'wueX. Then in

n-1,....,

G(T'u, T™'u, T"'u)e rG(T" 'u, T'u, T"u)<...< 1'G

we have by repeated use of the rectangle inequality and the inequality
(3.1) that

m " m " n

G(u,u u )<(r”+r””+ A" NYG(u, Tu, Tu),

Glu,u ,u)<Gu ,u u)+Gu, u u )+..+Gu, u ,u )+

n+l m-1,""m-

G(u,,u, u,,)<(2r jG(u Tu Tu)——G(u Tu, Tu)

i=n

Thenlim G(u _,u ,u )=

m m’ " n

0; as n,m->e0: For n,m,IEN (G5) implies that
G(uu su) G(usu su )+ Gu, ;u su,

taking limit as #,m,l>e0; we get G(un,um,ul)e 0. So (un) is a G-Cauchy
sequences, since X is a complete G-metric spaces, (#,) converges to
some point w in X: Since 12130 G(u,,Tu,,Tu,) =0 there exist a positive
integer k such that

G(un,w,w)S%G(x,w,w) G(u”, u,, )SéG(x,w,w) (3.2)

Gxu, ) < éG(x, w,w) (3.3)

for all n > k: Using the rectangle inequality, the proposition (2.2), and
the inequalities (3.2),(3.3), we get

1
aG(ur1’un+l’ur1+l)+(b+c)G(x’un+l’ n+l)<G( wolnsrs U n+|) ZG(

Uy r1+l)

iG()c,w,w) <

<G(u,,w,w)+G(w, B

71+1’un+l)+ %G(}C,W,W):

%[G(x,w,w)—%G(x,w,w)] < iG(x u,,u,)< 4G(un,x x) < G(u,,x,x)

By hypothesis, G(Tu ,Tx,Tx) < rM(u ,x,x). Letting n tend to oo; we

obtain G(w, Tx, Tx) < rM(w,x,x), where
M(w,x,x) = max[G(w,x,x),G(x, Tx, Tx)], for all xeX;

if M(w,xx)=G(x,Tx,Tx), we get G(w,Tx,Tx) < rG(x,Tx,Tx) and
G(T"'w, T"'w,w) < rG(T"'w, T""'w,w) this is a contradiction. Hence

G(w, Tx, Tx) < rG(w,x,x) (3.4)

G(u]H, ﬁl,w):G(P“w,P'“w,w) < rG(Tw, Tw,w) < *G(T'w, T
waw) <...< PG(Tw, Tw,w) (3.5)

Now, we consider the following three cases:

The first case, if 0<y < é , then by using the rectangle inequality,
the proposition (2.2) and the inequalities (3.1), (3.4), we have

G(Tw,w,w)<G(Tw, T*>w, T*w)+ G(T*w,w,w)< G(Tw, T*w, T*w)+2G(w,
T*w, T*w)<2rG(w, Tw, Tw)

+rG(w, Tw, Tw)<3rG(w, Tw, Tw)<6rG(w,w, Tw)< G(w,w, Tw)
a contradiction.

y < —=. If we assume

\/_

aG(TZW,TBW,TBW)+(b +0)G(w, T*w, T>w) >G(T*w,w,w),

The second case, 1f <

we have

G(Tw,w,w) < G(Tw, T*w, T*w)+G(T*w,w,w)

<rG(w, Tw,Tw) + [aG(T*w, T*w, T*w)+(b+c) G(w, T*w, T*w)]
<rG(w, Tw, Tw) + ar*G(w, Tw, Tw)+(b +c)r*G(w, Tw, Tw)

<((a+b+)r+rNGw,Tw,Tw)< 2((a + b + )r* + r)G(w,w, Tw)
Gw,w, Tw).

which is a contradiction. Hence,
aG(T*w, T*w, T*w)+(b+c)G(w, T*w, T*w)< G(T*w,w,w)
G(Tw,w,w)SG(Tw, T*w, T*w)+G(T*w,w,w)<rG(w, T*w, T*w)+2

G(Tw,Pw,w) < P2Gw,Tw, Tw)+2rG(w, Tw, Tw)=3rG(w, Tw,Tw) <61’G
(Tw,w,w) <G(Tw,w,w) is also a contradiction.

1
In the third case, if —=<y <1 we assume that there exist an

integer A such that
aG(un u, U
Then
G(u,, w,w)<aG(u,u,,,u,,)+2(b+c)G(u,,,,
<Gttt + 26+ N[ AG (tt tt 2) + (b4 )G st )]
<(a+2r(b+c)a)G(u,.u,,.u,,)+4(b+c) G(u

<(a+2r(b+c)a)G(u,u,.,.u,.,)+(2(b+c))

(4G (.t 5ot 5) + (b4 €) G (wott 5,5 |
< [a +2(b+c)ar+(2(b+ c))2 ra+..+a(2(b+ c))p’1 yp"j|
Gttt + (200 +0)) G, )

<a1—(2(b+c)y)p

+(b+0Gwu, u )>G(u,ww)forall n>A.

n+1) n+1)
w,w)

w, w)

n+22

G(u, 1,51, ) +(2(b+ c))p G(w, w,unw)

-2(b+c)y
foralln > A, p > 1. Letting p->eo, and put d = 2(b + ¢); we obtain
G(u”,w,w)<l ad G(u,,,1,,,), foralln> 2
—dr
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Thus
G(un+1,w,w)<l_ "G(M,,,llwz,”,ﬁz)<%G(un,u"”,u“l)’ for all n> 2
S0,
G(u"’u"”’u"*‘)gG(un’w’w)+G(Wiunﬂ’unu)

2
- 1-dr G(u"’u”*"u"+')+ ZG(W’W’“m+1)< [] —adr " 1 —a;r]G(un’“mw“m)
< G(“naum,un”),forall n>2

a contradiction. Hence there exist a subsequence (u,,) of (u,) such that

)+dG(w,u u )SG(um,w,w) forallk>1:

My " My

aG(unA U, U

w7 M

By hypothesis, we get G(TunV Tw,Tw) < rM(unk,w,w), forall k> 1,
where

M(u,,w,w)=max[G(u,,w,w),G(u,,Tu ,Tu ),G(w,Tw,Tw)]

By taking the limit as k->eo, we obtain that G(w,Tw,Tw) <
rG(w, Tw, Tw), so G(w, Tw, Tw) = 0, thatis Tw = w: This is a contradiction.
Thus there exists an integer j such that T'w = w; by (3.1), we get

G(w, Tw, Tw) = G(T'w, T"*'w, T*'w)< G(w, Tw, Tw),

so G(w,Tw,Tw) =0; that is Tw = w.Now suppose that y is another fixed
point of T, then

aG(y, Ty, Ty)+(b + c)G(w, Ty, Ty) G(w,,y)

implies G(Tw,Ty,Ty) < rM(w,y,y)=rG(w,y,y).Hence G(w,y,y)=0,this is a
contradiction. To see that T is G-continuous at a fixed point w. Let (y )
be a sequence such that lgg Y, =w.then

@G (0T, Tw) 4G (3, T, TW) < G (1, 1T, ) < G (3,07,0)
By hypothesis, we get

G(Ty,Ty,Tw) <TM(y,.y,,w)

where

M(y,.y,w) = max[G(y,.yw), G(y,Ty,Ty).Gw,Tw,Tw)] = max
G,y W), Gy, ,ww) + Gw,Ty , Ty )]

If M(y,.y ,w)=G(y ,w;w)+G(w, Ty , Ty,), we get
G(Ty Ty ,Tw) < r(G(y ,w,w)+G(w, Ty ,Ty ))
r
G(T Ty ,w)<—G(y ,w, (3.6)
(T, Ty, w) S =G (3, mw)
If M(yn,yn,w)=G(yn,yn,w),we get
G(Ty Ty ,w)< rG(y,,w,w) (3.7)

In each inequality (3.6) and (3.8), take the limit as n->oo to see that
G(Ty ,Ty ,w)=>0 and so by proposition (2.4), we have that the sequence
(Ty,) is G-convergent to w = Tw, hence T'is G-continuous at w.

Now, we give a fixed point theorem on compact G-metric spaces.

Theorem 3.2: Let (X,d) be a compact G-metric space and T be a
mapping on X. Assume that

aG(x, Tx, Tx)+bG(y, Tx, Tx)+cG(z, Tx, Tx) < G(x,,2) (3.8)
implies
G(Tx,Ty,Tz) <M(x,y,2) for all x,y, z €X

where M(x,y,z) = max[G(x,y,2),G(x, Tx, Tx),G(y, Ty, Ty),G(z, Tz, Tz)] and
a>0,b>0, ¢>0,3a+2(b+c) < 1, 2(b+ ¢) < 1. Then T has a unique fixed point.

Proof: 1f we consider B=inf{G(x, Tx,Tx): x€X}; then there exists
a sequence (x ) in X such that }LHEOG(X”,TX”,TXW) =/ Since X is
compact G- metric space, there exists v,weX such that a sequence (x,)
is G- converges to veX , and (Tx,) G- converge to weX. We assume 3>
0. Hence, by the continuity of the function G, we have

B =1limG(x,,Tx,,Tx,)=G(v,w,w)=limG(x,,w,w) (3.9)
Since
lim[aG(x”,Tx”,Txn)+(b +c)G(w,Tx”,Tx”):' =af <limG(x,,w,w) = (3.10)

we can choose a positive integer N such that
aG(xn,Txn,Txn) + (b + c)G(w, Tx, Txn) <G(xn,w,w), foralln > N.
By hypothesis, G(Tx , Tw,Tw) <M(x ,w,w), holds for n > N; where
M (xn, ww) = max[G(xn, w, W), G(x”, Tx, Txn), G(w, Tw, Tw)]

this implies
G(w,Tw,Tw) = lii?OG(Txn,Tw,Tw) < ,l,ii?oM(x“vw’W) = max
[,B,G(W,Tw,Tw)],Ifmax[ﬂ,G(w,Tw,Tw)] = G(w,Tw,Tw)

this is impossible, then G(w,Tw,Tw) < 5. From the definition of  we
obtain B=G(w, Tw,Tw).

Since aG(w,Tw,Tw) + (b + ¢)G(Tw, Tw,Tw) <G(w, Tw, Tw)

we have G(Tw,T*w,T*w)<M(w,Tw,Tw)=max[G(w,Tw,Tw),G(Tw,T*w,

T*w)]=G(w,Tw,Tw)=, which contradicts the definition of f, therefore

B=0, and
lim G(x

n—on

so v =w; thus limx, = lglgo Tx,. We next show that T has a fixed point.

n—o

n>

w,w)=1limG(x,Tx,,Tx,) = lim G (v,Tx,,Tx,) = G(v,w,w) =0

We assume that T does not have a fixed point. Since

aG(x ,Tx,Tx ) + (b + c)G(Tx ,Tx,,Tx ) <G(x,Tx ,Tx ), for all n=>1
we get G(Txn,szn,T?xn) <M(xn,Txn,Txn) :max[G(xn,Txﬂ,Txn) ,G(Txn,T2
x,T°x )]=G(x ,Tx ,Tx,)

By using the rectangle inequality, we have

Gw,T’x,T°x)) G(w,Tx ,Tx) + G(Tx,T°x ,T°x,) <G(w,Tx ,Tx,) +
G(x,Tx,Tx,)
lim G(W,sz”,szn) <lim(G(w,Tx,,Tx, ) + G(x,,Tx,,Tx,) = 0

Thus (Tx,) is G-convergent to w. By induction, we obtain that
G(Trx ;T x ;TP x ) G(TP'x , TPx , TPx )<...<G(x ;Tx ; Tx,)

G(w, Trx, T?xn)s G(w, T?"xn;ﬂ"‘xn) + G(T?"lxn;TY’xﬂ;TPxn)
(G(W,T”_lx,,,T”_lxn ) +G(x,,Tx,,Tx, ))

n?

lim G(w,T"x,.T"x, ) < lim

this due to '11121 T?x, =w for all p >1. If there exist an integer p > 1 and
a subsquence (x,,) of (x) such that

aG(T7x, . T7'x, )+ (b+¢)G(w,T7x, ,T"x, ) < G(T""'x, ,w,w),for all k > 1
by hypothesis, we have

G(Trx , Tw, Tw)<M(T? 'x w,w) = max[G(T"'x ,ww),G(T"x ,
Trx , Trx ), G(w, Tw, Tw)]

Taking the limit as k ->eo,G(w,Tw,Tw)=0,w=Tw which is a
contradiction. Hence, we can assume that for every m >1,there exist an
integer n(m) >1 such that
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aG(T™'x , T"x , T"x )+(b + o)G(w,T"x , T"x ) = G(T™'x ,w,w), for
all n = n(m) (3.11)

We put y= max[n(1),n(2),..
we have

n(p)]. Then by the inequality (3.11)

G(x,,w,w)<aG(x,,Tx, . Tx, )+ (b+¢)G(w,Tx,, Tx, ) < aG(x,, T, Tx, )+ 2 (b +¢) G (w,w,Tx, )
SaG(x JTx,,Tx, )+2(b+c Tx WTx,, TPx, )+(b+c)G(w,T2x”,T1x”))
<aG(x,,T G(Tx,,Tx,,T? X) ( (b+z'))lG(w,w,T2x“)

(e6(
)+2a(b+c)G(

aG(x,.Tx,,Tx, )+ 2a(b+¢)G(Tx,,T7x,.T°x, ) +
)6(

V\

(2(17 )) (aG(Tx T‘C TT,\ + b+L (w T'x”,T"x”))S,..

n

/\

<aG(x,,Tx,,Tx, )+ 2a(b+c)G(Tx,,T°x,, T’x, ) +..+

(3.12)

—

2(b+c)) (aG(T x,.’x,,T x”) (b+e)G (w,T )r",T“x”))S...

A

aG(x,.Tx,,Tx, )+ 2a(b+c)G(Tx,,,T3x”,T3x”)+...+
a(Z(bJrC)),H G(T""X”,T/])(”,T/Y)(”)+(2(b+.',‘))/y G(w, w, sz”)

< a(l + 2(b+c)+(2(b+c))2 +.+(2(b Jrc))'H G(x,.Tx,.Tx, ) +(2(b+c))" G(w, w),T”x”)

1-d*
G(x,,_w,w) < u(l — )G(x”,ﬂc”,Tx”)+d"G(w, w, T x, ),where d =2(b+c)

Using rectangular inequality and proposition (2.2), we get

G(T”x w, w)<G(T’x X,, %, )+G(x,,,w,w)S2G(T”x T"x, v)+G(x w,w)

> n>%n n>

< 2(G(x )(3.13)

<2pG(x,.Tx,.Tx,)+G(x,,w,w)

T, T, )+ G (T, T, T, Y+ G (T, T7%,, T, ) )+ G (i, w,w)

substitute (3.13) in (3.12), we get

G(x w. w)<MG(‘c

W, 7 o Tx,, x”)+d”(2pG(x”,Tx”,Tx )+G(x ww))

ns

(3.14)

n> no s

(l—d”)G(r ww)<(@+2pd”)6(x Tx, Tx)

)G(x,,

G(x”,w,w)g(li 2pd” Tx,.Tx,), for all n>y

—-d 1-d”

Similarly, we obtain
a 2(p-1)d™

1-d 1-d?

a 2(p-1)d"
+ A

1-d 1-d™"
Since G(xn,Txn,Txn)S G(xn,w,w) + G(W,Txn,Txn) G(xn,w,w)+2G

(w,w,Tx ), by use the inequalities (3.14) and (3.15),

G(Txn,w,w)s( )G(Txn,szn,szn

(3.15)

<( )G(x Tx

n> n>

Tx, )

p _ p-1
G(x,,Tx,.Tx, ) S (— 4 +2pd! -2 +74(p l)f
1-d 1-d 1-d’ 1-d?

VG (x,,Tx,,Tx,)

n n

_ Pl
LAlp-1d

3a_, 2pd”
S(l—dJrl—d" T VG (x,,Tx,,Tx, ), for all n>y
P
Since lim 2pd :O,andi<1 we can choose p satisfying
poe]—d” 1-d
P 4(p-1)d*"
3a +2Pd + (p )71 <1-Then
l1-d 1-d* 1-d”

G(xﬂ,Txn,Txn) < G(xn,Txn,Txn)

which is a contradiction, therefore there exist zeX such that Tz=z. Fix
yeeX with y#x. Then aG(x,Tx,Tx)+(b+c)G(y,Tx,Tx)=(b+c)G(y,x,x) <
2(b+c)G(x,y,)<Gx,p,y), we have G(Tx Ty, Ty)<M(x,y,y)=max[G(x,y,y),
G(x,Tx,Tx),G(y,Ty,Ty)]=G(x,y,y). Hence y is not a fixed point of T and
T has a unique fixed point.
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