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Abstract

Diagonalization of integrable spin chain Hamiltonians by the quantum inverse scattering
method gives rise to the connection with representation theory of different (quantum) alge-
bras. Extending the Schur-Weyl duality between sly and the symmetric group Sy from the
case of the isotropic spin 1/2 chain (XX X-model) to a general spin chains related to the
Temperley-Lieb algebra T'Ly(g) one finds a new quantum algebra U, (n) with the represen-
tation ring equivalent to the sly one.

2000 MSC: 17B37, 16D90

1 Introduction

The development of the quantum inverse scattering method (QISM) [1, 2, 3, 4] as an approach
to construction and solution of quantum integrable systems has lead to the foundations of the
theory of quantum groups [5, 6, 7, 8, 9].

The theory of representations of quantum groups is naturally connected to the spectral theory
of the integrals of motion of quantum systems. In particular, this connection appeared in
the combinatorial approach to the question of completeness of the eigenvectors of the X X X
Heisenberg spin chain [10] with the Hamiltonian

=z

1
Hxxx = )  (onon1+0hop +0n0041) (1.1)

n=1

where 0% (o = x,y, z) are the Pauli matrices.

Three algebras are connected to this system: the Lie algebra sls of rotations, the group algebra
C[Sn] of the symmetric group Sy and the infinite dimensional algebra Y(slz) — the Yangian [7],
with the corresponding R-matrix R(\) = A + nP, where P is the 4 x 4 permutation matrix
flipping the two factors of C? ® C2.

The Yangian is the dynamical symmetry algebra which contains all the dynamical observables
of the system. It is important to note that the algebras sly and C[Sy] are related by the Schur-

N
Weyl duality in the representation space H = ®C2. This follows from the fact that sly and
1

C[Sn] are each other’s centralizers in this representation space. As a consequence, since the
Hamiltonian commutes with the global generators of sly : S = 1/2 Z,]yzl oy, = 2,9, %, it
is an element of C[Sy]. This can also be seen from the expression of Hxxx in terms of the
permutation operators, which are the generators of the symmetric group Sy

Z Jgo—g—‘rl = 2Pnn+1 — lnns1
a
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An analogous situation arises in the anisotropic X X Z chain

N-1 .
q—4q
Hxxz = E : (onomg1 +onon y + Aonor ) + (2) (o1 —oX) (1.2)
n=1

which commutes [11] with the global generators of the quantum algebra U,(sl(2)) [5]. Here the
role of the second algebra is played by the Temperley-Lieb algebra T'Lx(q), whose generators

y § N
Ry, = Ry, n11(q) in the space H = ®C? coincide with the constant R-matrix (w(q) = q — 1/q)
1

g 0 00

- 0 w(ig 1 0

Rxxz(a)= | (1) 0 0 (1.3)
0 0 0 ¢

As in the case of the X X X spin chain, the Hamiltonian (1.2) can be expressed in terms of the
generator (1.3) of the algebra TLy(q) (A = (¢+¢1)/2)

wlg = wigq
OnOny1 +ohon o+ Aopon g + (2) (07 — 07s1) = Rxxz(q) — (;) + Q> Lnt1

The dynamical symmetry algebra of the X X Z chain is the quantum affine algebra (572)

The eigenvectors for both models can be constructed by the coordinate Bethe Ansatz (see
[24]) or by an algebraic Bethe Ansatz [1, 2, 3]. The latter one follows from the main relation of
the QISM for the auxiliary L-operator (see Sec. 2)

n a a
Laj(N) :AI+§Z% ® o (1.4)

where the indices a and j refer to the corresponding auxiliary and quantum spaces C2, (CJQ-.
The Temperley-Lieb algebra is a quotient of the Hecke algebra (see section 3) and allows

N
for an R-matrix representation in the space H = ®QC" for any n = 2,3,.... There is corre-
1

sponding spectral parameter depending R-matrix obtained by the Yang - Baxterization process.
Consequently, it is possible to construct an integrable spin chain [12]. The open spin chain
Hamiltonian is the sum of the T'L(q) generators X; = R — ¢l

N-1
Hpp =) _ X (1.5)
j=1

where X; act nontrivially on C7®@C%, ; and as the identity matrix on the other factors of H. The

aim of this work is to describe the quantum algebra U, (n) which is the symmetry algebra of such
spin system and to show that the structures (categories) of finite dimensional representations of
these algebras U, (n) and sl coincide. In this case U, (n) and T'L(q) are each other’s centralizers

N
in the space H = QC™. We consider the general case when the complex parameter ¢ € C* is not
1

a root of unity.

Let us note that the relation between T'Lx(q) and integrable spin chains was actively used
in many works and monographs (see for example [13, 14, 15, 16, 17, 18, 19] and the references
within). However, the authors used particular realizations of the generators X;, related to
some Lie algebras (or quantum algerbas). Characteristic property of the latter ones was the
existence of one-dimensional representation in the decomposition of the tensor product of two
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fundamental representations V; ® V1. Then X; was proportional to the rank one projector on
this subspace, and the symmetry algerba was identified with the choosen algebra. We point out
that the symmetry algerba U, (n) is bigger and its Clebsch - Gordan decomposition of V; ® V1
has only two summands similar to the sl(2) case C? ® C? = C3 & C!.

The dual Hopf algebra U, (n)* was introduced as the quantum group of nondegenerate bilinear
form in [20, 21]. The categories of co-modules of U, (n)* and their generalisations were studied
in [22, 23] where it was shown that the categories of co-modules of U, (n)* are equivalent to the
category of co-modules of the quantum group SL4(2).

2 Bethe Ansatze

Using the L-operator (1.4) a new set of variables (operators in the space ‘H depending on the
parameter \) is introduced by an ordered product of Ls;(\) as 2 x 2 matrices on the auxiliary
space C2 according to the QISM [1]-[4]

T\ = Lan (N Lan—1(\) ... Lar(\)

A(N) B
0=(20) b0y ) @1)

The entries of the monodromy matrix 7'(\) are new variables. The commutation relations of
the new operators (A(\),...,D(\)) can be obtained from the local relaltion for the L-operator
at one site:

Ria(A — p)L1j(N) Laj(p) = Loj(p)L1j(A) Ri2(A — p) (2.2)

where R-matrix is R12(A\) = A +nP12 € End(C? ® C2) and it acts on the tensor product of two
auxiliary spaces C? ® C3, while the index j refers to the space of spin quantum states C?. The
relation for T'(\) is of the same form [1]-[4]

Ria(A = )T (AN)To(p) = To(p) T (A) Ria(A — )

where T1(A) :=T(\)® 1, Ta(n) = I@T(u). One can extract 16 relations for the entries of T'(\).
We will use only few of them to construct algebraically eigenvectors of the Hamiltonian

Hxxx:

AN)B(p) = f(A = ) B(p)A(N) + g(A — p) B(A)A(w)
+g( — AN)B(A)D(p)

where fOA—p) =A—p—n)/(A—pn), g(A—p) =n/(A — p). Multiplying the RTT-relation by
R1_21()\ — p) and taking the trace over two auxiliary spaces one gets commutativity property of
transfer matrix t(\):

FOVE() = t)E(N),  E(\) == tr T(\) = A(N) + D(\) (2.3)

The operator B(u) is a creation operator of the eigenvectors we are looking for. These operators
act on a vacuum state (a highest weight vector) Q. The Hamiltonian is extracted from the
transfer matrix ¢(\) which is a generating function of mutually commuting integrals of motion.
The vector € is the tensor product of states corresponding to spin up at each site of the chain:

m m m

Q= ®e(+), afne(i) = ie%), afneg,f[) =0, 0;16(” =el>)
1
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Using the explicit form of the L-operator and the definition of the monodromy matrix T'(\) it
is easy to get the relations

CNQ=0, ANQ=a(N)Q, DNQ=dNQ

where a(A) = (A + D)V, d(A) = (A — 1)V It follows also from quadratic relation of A(X), B(x)
that

M M M
A(N) 1_[1 U FON = 15) B ) A(N) +; g\ — k) B I;ka te — #5) B () A )

and a similar relation for D(X) and the product of B(p;). Sum of these relations acting on the
vacuum 2 gives the eigenvector of the transfer matrix t(\)

M M
N B2 =AM} [] B(my)2
j=1 Jj=1

under the condition that the parameters uy satisfy the Bethe equations (k =1,2,..., M)

Hfuk—

The eigenvalue is

Mk

M M
A ") = a H (A= 5) +d) T £ = X)

J=1

This construction of the eigenvectors of quantum integrable models was coined as algebraic
Bethe Ansatz (ABA) [1]-[3].

Originally these eigenvectors of the X X X spin chain were found by H. Bethe at 1931 as a
linear combination of one magnon eigenstates using the local operators o

J
N
_ k_—
—Zz O'kQ

k=1

It is easy to see that W(z) is an eigenvector of Hx x x with the eigenvalue 2(z+27!—2). However,
the condition of periodicity i.e. the requirement that W(z) is also an eigenvector of the shift
operator: U JJO»‘ = ;Y_IU , results in the quantization of z

UW(z) = 20(2), 2N =1, or z=-exp(2rim/N)

These yields N — 1 states, m = 1,2,..., N — 1 (because the state with z = 1 belongs to the
vacuum multiplet: U(1) = S™Q). Multimagnon states are given by a Bethe sum or (coordinate
Bethe Ansatz)

M
Yz =) Y AP ][0
{nk} PESm j=1

where the coefficients (amplitudes) A(P) are defined by the elements P of permutation group
Sy, quasimomenta zp, and the two magnon S-matrix [24]

(L4 2122 — 222) /(221 = 1 — 2122), 2 = (Mj * g> / (uj - g)
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M
Constructed eigenstates ¥ = [[ B(u;)2, M < [N/2] are highest weight vectors for the global
j=1
symmetry algebra slo with generators

N
1
sa::§§:ag, STU(py, ..., pn) =0

n—1
The proof is purely algebraic and it follows from the RTT-relation and the asymptotic of the

monodromy matrix [10]

T = AT+ 20271 "0 @ 8%+ 0 (AV7?)

3 Hecke and Temperley-Lieb Algebras

Both algebras Hy(q) and T'Ly(q) are quotients of the group algebra of the braid group By

generated by (N — 1) generators R;, j = 1,2,..., N — 1, their inverses R:! and subject to the

j
relations (see [25])
RijZRkRj, ‘]—k’| > 1
BBty — RultyBop, |j— k| =1 (3.1)

The Hecke algebra Hy(q) is obtained by adding to these relations the following characteristic
equations obeyed by generators

(Rj —q) (Rj +1/q) = 0. (3.2)

It is known that Hy(q) is isomorphic to the group algebra C[Sy]. Consequently, irreducible
representations of the Hecke algebra, as that of Sy, are parametrized by Young diagrams. By
virtue of (3.2) we can write R using the idempotents P, and P_ (Py + P_ =1):

1 1
R:qP+—P_:q]I—(q+)P_::q]I+X (3.3)
q q

Substituting the expression (3.3) for R in terms of X, into the braid group relations (3.1) one
gets relations for X;, Xy, |7 — k| =1

XX X5 — Xj = X3 X; X) — X, (3.4)

Requiring that each side of (3.4) is zero we obtain the quotient algebra of the Hecke algebra,
the Temperley-Lieb algebra T'Lx(q). It is defined by the generators X;, j =1,2,..., N —1 and
the relations (v(q) = ¢+ 1/q):

1
X =- (q + q) Xj = —v(9)X;
XXXy = X;, 1j—kl=1 (3.5)
The dimension of the Hecke algebra is N!, the same as the dimension of the symmetric group

Sy, the dimension of T'Lx(q) is equal to the Catalan number Cnx = (2N)!/NI(N + 1)!. In
connection with integrable spin systems we will be interested in representations of T'Lx(q) on

N
the tensor product space H = ®C™. One representation is defined by an invertible n x n matrix
1

b € GL(n,C) which can also be seen as an n? dimensional vector {b.s} € C* @ C" [17]. We use
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the notation b := b~! and view this matrix also as an n? dimensional vector {b.4} € C" ® C".
The generators X; can be expressed as

(X)) ey = beabsy € Mat (C;L ® C;LH) (3.6)

where we explicitely write the indices corresponding to the factors in the tensor product space
H. Tt is easy to see, that the second relation (3.5) is automatically satisfied and the first one
determines the parameter q (v(q) = q+ 1/q):

- — 1
X; = X, trb'b, trb'b=— (q + q> = —v(q) (3.7)

An obvious invariance of the braid group relations (the Yang - Baxter equation) (3.1) in this
representation with respect to the transformation of the R-matrix

R— AdM ® AdM (R), M € GL(n,C)
results in the following transformation of the matrix b — MbM?. If one uses an R-matrix de-
pending on a spectral parameter (Yang - Baxterization of R(q))

!

R(u;q) = uR(q) — — (R()) ™" = w(ug)l + w(u)X (3.8)

S

where R(q)™' = (1/¢)I + X, then relation (3.5) can be written as
R(gY9)R(a % 9)R(g " 59) =0 (3.9)

In terms of constant R-matrices (generators of T'Ly(g)) this relation has the form
(li —kl =1, Ri = R; 1)

(R; — ql) (v(q)Ry — ¢*1) (R; — qI) =0 (3.10)

Replacing in (3.9) the expression R(u;q) = w(u)R(q) +u 'w(q)I, or in (3.5) substituting X =

R — gl yields the vanishing of the g-antisymmetriser
I—q " (Rio + Raz) +q 2 (RigRaz + RazRiz) — ¢~ ' RizRoaRip = 0 (3.11)

Thus the irreducible representations of T'Lx(gq) are parametrized by Young diagrams con-
taining only two rows with N boxes.

The constructed representation (3.3), (3.6) is reducible. The decomposition of this represen-
tation into the irreducible ones will be discussed in the next section.

4 Quantum Algebra U, (n)

According to the R-matrix approach to the theory of quantum groups [26], the R-matrix defines
relations between the generators of the quantum algebra U, and its dual Hopf algebra, the
quantum group A(R). In this paper the emphasis will be on the quantum algebra U, and its
finite dimensional representations Vj,, k = 0,1, 2,.... The generators of U, can be identified with
the L-operator (L-matrix) entries and their exchange relations (commutation relations) follow
from the analogue of the Yang-Baxter relations (2.2) (withouht spectral parameter)

R12La1qLa2q - La1qLa2qR12 (41)

where the indices a; and ag refer to the representation spaces V,, and V,,, respectively, and
index g refers to the algebra U,. Hence the equation (4.1) is given in End (V,, ® Vg,) ® U.
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In general the L-operator is defined through the universal R-matrix, where a finite dimen-
sional representation is applied to one of the factors of the universal R-matrix

Runiv = Zjo) & jo) = Rl & R2 S Z/lq ®Z/[q (42)
J
Lag = (p @ id) Runiv = p(R1) @ Rz (4.3)

where p : Uy — End(V,).
Furthermore, the universal R-matrix satisfies Drinfeld’s axioms of the quasi-triangular Hopf
algebras [7, 25]. In particular,

(id X A) R = Ri3R12 (4.4)

Thus, choosing the appropriate representation space as the first space, one obtains the co-product
of the generators of U, from the following matrix equation

(id ® A) Lag = LagyLag, € End(Vy) @ U, ® U, (4.5)

The case when V, = C3 is of particular interest and it will be presented below in detail. To this
end the generators of U, are denoted by {A;, B;, C;,i = 1,2,3} and the L-matrix is given by

A1 B1 Bg
L,=| €1 Ay B, (4.6)
C; Cy As

Multiplying two L-matrices with entries in the corresponding factors Uy (n) @ Uy(n) we obtain

3

3
A(Lap) =Y Lip @ Lok = Y (1® Lag) (Lip ©7) (4.7)
k=1 k=1

or explicitly for the generators

A(B1) =B1 ® A; + A2 ® B + C> ® Bs, (4.8)
A(Bg) = B3 @ C1 + Ba ® Ag + A3 ® By (4.9)
A(B3) = B3 ® A1 + B2 @ By + A3 ® B3 (4.10)

etc. The central element in U, is obtained from the defining relation (4.1)

b~ LagbLl,, = 2l (4.11)
=) (671); LiwbaLu
Jkl

However this central element is group-like: Aco = co®cs. It is proportional to the identity in the
tensor product of representations. The analogue of the i, (2) Casimir operator can be obtained
according to [26] using L, := L and L_ := (p ®id) (Ra1) " as tryL L=! = trbb' L, L1

In the case when V;, V, are the three dimensional space V,, ~ V ~ C3 and the b matrix is
taken from the references [15, 16]

bij = p2_i(51'4_j = (b_l) (4.12)

ij

co 1s written as

1
c2=p (pA3A1 + CoBy +p0333>
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Parameters p and q are related: p> +1+p~2 = —(q+ ¢~ !). For the explicit L-operator and

its 3 x 3 blocks we get co = ql; where I, is the identity operator on V, = C3. The form of
the generators {A;, B;,C;,i = 1,2,3} which corresponds to the choice of the b matrix (4.12),
follows from the expression for the R and L-matrices L = PR = P (¢I + X), where P is the
permutation matrix.

For example, we have

0 0 0 0 00
Bi=|gq 0 0], Be=|p?!t 00 (4.13)
0 0 0

p! 0 ¢

If we choose b as in equation (4.12) the R-matrix commutes with h ® 1 + 1 ® h where
h = diag(1,0,—1). As a highest spin vector (pseudovacuum of the corresponding integrable spin
chain [3]) we choose 6 = (1,0,0)! € C3 [12, 16]. If we act on the tensor product of these vectors
6 ® 60 € C3 @ C? with the coproduct of the lowering operators A(B;), 7 = 1,2,3 we obtain new
vectors. By looking at the explicit forms of the operators 4;,B;,C; in the space C3 we can
convince ourselves that the vectors (A(B;))k0 ® 0, i = 1,2;k = 1,2, 3 are linearly independent.
Together with the vectors 6 ® 6 and

0 0
(AB)) 20~ 0 |a| 0
1 1

they span an 8 dimensional subspace. The vector A(B3)f ® 0 is a linear combination of the
vectors (A(B;))?0 @ 6, i = 1,2. The vector |b) = (00p|010[p~100)! spans a one dimensional
invariant subspace. Thus we have the following decomposition

CioC*=C?aC (4.14)

This decomposition can also be obtained using the projectors Py, P_ (3.3), (3.6) expressed in
terms of b matrix (vector) (4.12). Due to the commutativity of the R-matrix R4, with the
co-product (4.5), (4.7) the corresponding subspaces Py (C3 @ C3) are invariant.

Similarly, using A%(Y),Y € U,(3) one can get the decomposition of

CoCeC=CcocC*oC? (4.15)

This type of decomposition is valid for any n.
The result of applying the co-product A, given by (4.5), on the generators of the quantum
algebra U, several times can also be presented in the matrix form

(id ® AN) Lag = Lagy - - - Lags Lag, := TW (4.16)

where AN : U, — (L{q)®N, Al :=1id, A% := A, A% := (id® A) o A, etc. In general case of the
tensor representation of T'Ly(q), with the space C™ at each site, the generators of the algebra
Ryiqpsr = Rigs1 commute with the generators (4.16) of the global (diagonal) action of the

N
quantum algebra Uy (n) in the space H = @C"™. This follows from the relation
1

Rk,k+1 Laqk+1 Laq;c = Laqk+1 La% Rk7k+1

and the possibility due to the co-associativity of the coproduct to write the product of of L,
as

TN = [, Lage.sAk(Lag, ) Lagey - - - Lagy

agn - Hagkg42
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Hence,
Rk,k—i—lT(N) = TM Ry 11

Thus, the algebras Uy (n) and T'L(q) are each other’s centralizers in the space H. The tensor
representation of T'L(q) in H decomposes into irreducible factors whose multiplicities are given
by the dimensions of the irreducible representations of the algebra U,(n), corresponding to the
same Young diagrams

N N N
H= %(C” = %pk(n)Wk(N) = E]?I/k(N)Vk(n) (4.17)

In this decomposition the index k parametrizes the Young diagrams with two rows and N boxes
and multiplicities are given by the dimensions of the corresponding irreducible representations

pr(n) = dim Vig(n), vi(N)=dim Wi(N) (4.18)

of the algebras U,(n) and T'Ly(q), respectively. As for the finite dimensional irreducible rep-
resentations of the Lie algebra sly, Vp(n) = C is the one-dimensional (scalar) representation
and the fundamental representation of the algebra U,(n) is n dimensional, Vi(n) ~ C". The
dimensions of other representations follow from the trivial multiplicities of the factors in the
decomposition of the tensor product of the Vj(n) and the fundamental representation V;(n) into
two irreducible factors, as for the slo,

| (TL) ® Vk(n) = Vk+1(n) ® kal(n) (4.19)
Thus, for the dimensions pg(n) = dim Vi (n) the following recurrence relation is valid

n - pr(n) = pr1(n) + pr-1(n) (4.20)

with the initial conditions p_1(n) = 0, pp(n) = 1, whose solutions are Chebyshev polynomials
of the second kind

sin(k +1)0

=2 0 4.21
sing 0 O (421)

pr(n) =

The multiplicity vx(N), or the dimensions of the subspaces Wy (N) in (4.17) is the number
of paths that go from the top of the Bratteli diagram to the Young diagram corresponding to
the representation Wi(N). If A = N is the partition of N, A = (A1 > Aa2|A1 + A2 = N), then
k= )\1 — )\2 and

I/k(N) = Vk+1(N — 1) + Vk_l(N — 1) (4.22)

The subspaces invariant under the diagonal action of the quantum algebra U,(n) on the space
‘H, can be obtained using the projectors (idempotents), which can be expressed in terms of the
elements of the Temperley-Lieb algebra T Ly (q). Using the R-matrix depending on a spectral

parameter, the projector P](\,+) on the symmetric subspace can be written in the following way
[4, 27]

P ~ PP Ry aw (V1 q) PGP, (4.23)

Similar construction can be done with the underlying Lie algebra sl(3). Then the correspond-
ing g-antisymmetrizer PY which defines a quotient of the Hecke algebra is [4, 27]

PW =~ PU Ry i (g% ) P (4.24)
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This form follows from the intertwiner of four monodromy matrices T3 (u1)T5(u2)T5(usg)Ta(uy)
JW = Ri9R13Ry3R1 4Ro 4 R34 (4.25)

where R;; := R;j(u;/u;). Multiplying by appropriate product of the permutation operators
Pr. k11 one can get the expression in terms of the baxterized Hecke generators

Ry (usfus) Ros(ug/ua) Ri2(ug/us) Rsa(uy Jus) Rog(ur /uz) Ry2(u1/uz)

The g-antisymmetrizer (4.24) is obtained by fixing shifts of the spectral parameters uy, = ug' ™"

(4, 27].

Theorem 4.1. Consider the quotient of the Hecke algebra Hy(q) (N > 3) by the ideal T
generated by the q-antisymmetrizers P£4),

H (0) = Hala) /7 (PY) (4.26)

The tensor product representation of H%)(q) in the space Hy = @NC" (n > 3) with the q-

antisymmetrizers p® of rank 1 define the quantum algebra Uy(sl(3);n) as the centralizer algebra
4
of Hy (a).

Let us mention that although the spectrum of the spin chains related to the general Temperley-
Lieb R-matrix was found by the fusion procedure and a functional Bethe Ansatz [12], it would
be nice to get the corresponding eigenvectors. Also the subject of reconstructing algebras from
their representation ring structure is actively discussed in the literature (see e.g [28]).
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