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Abstract

The space x(F) of all entire functions f(Z)ZZXka of exponential order 1 and type 0 have been defined by

k
Sirajudeen. In the present paper we characterize the matrix class concerning the space y(F).
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Preliminaries, Background and Notation

The theory of matrix transformations is a wide field in summability;
it deals with the characterizations of classes of matrix mappings
between sequence spaces by giving necessary and sufficient conditions
on the entries of the infinite matrices.

The classical summability theory deals with a generalization of
convergence of sequences and series. One original idea was to assign
a limit to divergent sequences or series. Toeplitz [1] was the first to
study summability methods as a class of transformations of complex
sequences by complex infinite matrices.

Let X, Y be two sequence spaces and let A=(a ) be an infinite
matrix of real or complex numbers a, where ;| ke N. Then, the
matrix A defines the A transformation from X into Y , if for every
sequence x=(x,)EcX the sequence Ax={(Ax) }, the A-transform of
x exists and is in Y; where (Ax)n = zﬂnk X, For simplicity in notation,
here and in what follows, the summation without limits runs from 0
to . By 4e X:Y we mean the characterizations of matrices from X
toYie, 4: X >Y . A sequence X is said to be A-summable to 1 if Ax
converges to 1 which is called as the A-limit of x [1-5].

For a sequence space X, the matrix domain X, of an infinite matrix
A is defined as

X, ={x=(x):x=(x)em}

Let F be a non-trivial, non-archimedian field which is complete
under the metric of valuation. If x:(xk) =(X1, b SN ), X,eF
is a sequence defined over F , this assumption ensures not only the
completion of the sequence spaces we consider but also the absolute
convergence of a series in F implies convergence in F. In what follows

> x, denote ixk and the notion of convergence and boundedness
k=1
will be in k=1 relation to the metric of valuation of the field.
Assume here and after that p=(P,) is bounded sequence of positive

reals, so that 0 < P <supP =H<o and M=max{1, H}. We shall assume
throughout the text that p;' + q;] =1provided P >1 forall ke N.

The spaces 1_(p) , c(p) and ¢ (p) were defined by Maddox [6-10]
as follows:

L(P,F):{x = (x) : suple]” <o }
k

c(PF):{x = (x) ¢ tim|x, ~ 1" =0.1eC}.

e (PF):{x = (x) :

l(P,F):{x = (x): liArn‘xk

s —>0}.

lizn‘xk

”‘<oo}

;((F):{x = (x) : (k!\xk\faoask —)oo}.

We denote by y(F) the collect ion of all entire functions
f(z)= z z,x* of exponential order 1 and type 0[3,8].

¢, (F), c(f) and 1 | are non-Archimedian Banach spaces with Non-

Archimedian norm, IxIl = Sl:p‘xk‘ . If x=(x) is an element of y(F)

1
then |x|| = sup{(k!|x,[t .k >1} satisfies the following conditions:

(i) Ix] > 0, |x|=0 if and only if x =(0, 0,
element of the field F.

...) where 0 is the zero

(i) |x + Y|<max{ x| ,|yl} .
(iii) |x|<G(1)| x|, teF, G(t)=max{l,|t]}.

Hence x(F) is a metric space defined over F with a metric
d(x,y) =px-Y]|.

Main Results

We begin with the following lemma [7] which is essential in the
text.

Lemma4.1: Let T (x) beasequence of continuouslinear functionals
defined on a complete linear metric space E over F. Let /im |T,(x)<®
for each x ¢ £ . Then there exists a fixed number M and a closed sphere

S c E suethat Tn (x)|< M forall x E S and for all n>1.
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1
Since x| = (Z\xk\”‘ )“ is evidently a non-Archmedian norm in

the sense that, it satisfies the stronger form of triangular inequality
llx + Y||< max{]|x||,|lyl]} . With this as norm as in the Archimedian

case, we can establish the following theorem.
Theorem 4.2:
(i) I(p, F) is non-Archimedian Banach space.
(i) If P, >1 forall ke N sothat p '+¢ =1 and Y ax. converges for
every xel(p , F), then Z‘ak
Theorem 4.3:
A e(l(p, F): ;((F)) if and only if
i

% is convergent.

sup (n!|a, |q,)" = 0asn—> o, )
k
where P> 1forall ke N and p,+q, -!.

Proof: Sufficiency: Let x = (x,)e/(p, F) and (1) holds so that
Z‘ X, "’* converges, converging to L(say). Then by Holders inequality,

we have

T | —

)% =<nlz )
<ol (T
< Sup(nlz‘ank‘qk )i (n!L)i

< sup(n!Z\ank
k

Hence, by using (1) we get (n!\yk\q*)%—w as p—» oo so that
v = (5)ex(F)

(n "yn ankx’l

1
P )npA

1 1
“ ); (L)’

Necessity: We now suppose that 4 € (l(p,F) : ;((F)) If condition
(1) does not hold, then for some E > 0, there exists subsequences of n,
such that

sgp(n!z

for sufficiently large n.

1
a,l" )n >e )
Since y, :Z:an,(xA is defined for allx=( xk)el(p,F), from

Theorem 2.2 (ii) (above),Z‘ank‘q* is convergent, so that we have

% 0 as k — oo for every fixed n.

ank

Hence we have

1
“yn = forevery fixed n. (3)

1i£n(n!‘ank
Taking x=(¢)el(p,F)in ¥, =Y a,x. to get Y, = (a,)ex(F)>
This gives

1
(n!‘ank“” ); < g for n > n _and every fixed k. 4)

Now, we shall construct a sequence xe l( D, F) and prove that
the corresponding y=(y,) ¢ x(F) using (2), (3) and (4). Then that will
suffice to prove the necessity of the condition (1).

By (2), first choose n, for n such that
1
sup(n!| a,, |* )"l >& 5
& 1

Having fixed an n , by (3) we can choose aknl for k such that

1
-
sup (n!a,,|")n <= (6)
k,7|+1£€()<w( ! 'k| ) 2
Hence, from (5) and (6) we get
1
sup (n!|anlk |% )"l >

I<k<k,

Therefore, thereisak, 1<k < kn] such that

1
(”!| a,, | )n, Sg- (7)

Next by (2) and (4) choose n, > n, such that

1

sup (n2 a,, | )Z >e (®)
I<k<wo -
And

1

— ¢
sup (m!la, ") >=- ©)
1<k<k, ’ 2

This is possible if n, is large enough that n, > max( n,) such that

1
sup (nz!\anzk \"*)"z <§ (10)

ky, +1<k<k,,

Now from (8) and (10) we get

1
sup (n2!| a,,|" )"2 > €.

1<k<k,

Therefore, thereexistsak,>k inl <k <k, ,thatisin k,,, Sk <k,

such that
L
(}12!\anzk2 |"*)”2 >¢ (11)
Proceeding like this, by (2), (3) and (4) we can findn_>n__ and km
>k in 1<k <k, such that
1
— &
sup (n !la, ,|%)m <=. (12)
p( ) <3
L ¢
sup (n !a, [*)m <=, (13)
knmﬂslk?@c( m ‘ n,,,k| ) 2
1
(nm!\anmkm | )”m >g. (14)
a7, 3 k=ky Ky e
Xk {o, i kh ky, (15)

sothat x € [ (p, F),then

Koy ©
| !yn, I=|m !Zan,k'xk +n! Z A, X
T

k,,‘ +1

Gives
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Koy ©
n !Zan,kxk = !ynl -n! z [y
1

k,,l +1

(16)

w
|
s "1-2 a, X

k”l +1

< max ‘nl Ny,

Now, by using (15) and (7) we have

a

n

! =nl

n .Zanl,{xk =n!
1

_ i n
an,k,ka,‘—”1! ”|k1‘ <eh (17)

an,k xlr

)

w H1Sk<o

©
nI!ZaMx,( < sup (nI!
fey +1 k,

a

mk

< sup (n]! q‘), by (15)

ky +1<k<oo

&) (18)
<(2j by (6).

Using (17) and (18) in (16), we have

&

n
e" <maxyim!ly, |,(5j

Then

ko Koy ©
Y, = zanzkxk + Z 4, X+ z A kX
1 ko +1

ke +1

Gives

k,

n

« »
nzlz a,,x,|<maxqm,!|y, |, nzlz a,. %, nz!z a, x| (19)

"n| +1 k”1 +1 lc,,2 +1

Now, by using (15) and (11) we have

k,

ny

n, !Za”zkxk =n,!
1

a

L n
ks xkz‘=”z!“nzk2‘ <e™. (20)

Thus,
&y b
nz!Zanzkxk :nzl‘anzkz“xk » by (15)
=
=n,la, . [" <(§j ,by (11) (21)

nz!ianzkxk < sup (nzy‘aHZk‘qk),by(IS)

kyy +1 ey +1<k <0

< (%) , by (10) (22)

Now, by using (20), (21) and (22) in (19) we get

” | e\ (¢
&” <maxim!|y, |, IR
1

Hence, n,!|y, |>&™ so that (”z”)’nz |)Z >g.

ols

Continuing in this way using (15) and the inequalities (12), (13)
and (14), we can show that
1
(ma!1 3, 1) >
1

So that (nm 'y, |)'T does not tend to zero as n, — ©.

Hence, (y,)e y(F), which gives a contradiction so that (1) is
necessary. Hence the proof is complete.
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