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Abstract

We present a local convergence analysis for a regula falsi-type method for solving nonlinear equations. In the
earlier studies such as hypotheses on the second derivative have been used to show convergence of this method.
In this paper we show convergence under hypotheses only on the first derivative. Moreover, we provide a radius of
convergence and computable error bounds on the distances involved. Numerical examples are also given in this

study.
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Introduction

In this study we are concerned with the problem of approximating
a locally unique solution x* of equation

F(x)=0, (1.1)

where F: D € S > S is a nonlinear function, D is a convex subset of
S and S is R or C. Newton-like methods are used for finding solution
of (1.1), these mathods are usually studied based on: semi-local and
local convergence. The semi-local convergence matter is, based on the
information around an initial point, to give conditions ensuring the
convergence of the iterative procedure; while the local one is, based
on the information around a solution, to find estimates of the radii of
convergence balls [1-2]. The classical regula falsi method [3-7] is an
efficient way of generating a sequence approximating x*. However,
there are some disadvantages, since one end-point is kept after step,
if a concave or convex region of F(x) has been reached. Moreover, the
asymptotic convergence rate of iterative sequence

{(x, —x")} 1is low in general. To overcome these problems, [8]

proposed the regula falsi-type method defined for eachn=0, 1, 2, - - -by
x,,, =x,—2B'F(x,) (1.2)

where x_ is an initial point and

) +4p*F’(x,)

p PO FFED=F(,) | [ FO+F(,) = F(x,)
' F(x,) F(x,)

The quadratic convergence of method (1.2) was shown in [6]
under the assumption that F” is bounded. However, this is a restrictive
condition in many cases. As a motivational example, let us define
function fon D = (-1, 2) by

x2Inx + x4—x3,x =0

f(x):{ N "

Then, we have that

"(x)=2xInx+4x*—3x*+x
f
And

f(x)=2Inx+12x> —6x+3

Hence, function " is unbounded on D. Therefore, the results in [9-

12] cannot apply to solve equation (1.1). In the present study, we use
hypotheses only on the first derivative in our local convergence analysis.
Moreover, we provide a radius of convergence and computable error
bounds on the distances

| x, —x" | notgivenin [13,14].

In order to include more general methods, we shall study instead of
(1.2), method defined for eachn =0, 1,2, - - - by
X, =%, ~(1+7)4,'F(x,) (1.3)

where x is an initial point and

P Fe)=F(x,) | J( FOFFOD=FG) 2 4y oy

" F(x,) F(x,)

where € S —{-1} and _ € § are given parameters. Notice that if a =y =
1, we obtain Chen’s method (1.2) and if _ = = 0, we obtain Steffensen’s
method [15]. Notice in particular that the method in (27) is a special
case of method (1.2). Other choices of _, are possible [16-21]. The
rest of the paper is organized as follows: Section 2 contains the local
convergence analysis of method (1.3). The numerical examples are
given in the concluding Section 3.

Local Convergence

We present the local convergence analysis of method (1.3) in
this section. Let U(v, ), U (v, p) the open and closed balls in S,
respectively, with center v € S and of radius p > 0.

It is convenient for the local convergence analysis of method (1.3)
that follows to define some functions and parameters. Let L, > 0, L >
O,M >0,a20,7€ R - {-1} and p € R be given parameters. Define
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functions on the interval [0,+<0) by 2g(H)>0 2.7)
go(t):Lo(l—‘r%)t-‘r\a|M«/l+4p2t2 And
0<g <l (2.8)
hy ()= g,()—1, hold.

And

g= S0 a| Myl 4

Suppose that

k<o @1)

Then, we have by (2.1) that h (0) = |a| M - 1 < 0. We also get that
h,(t) > +oo as t > +oo. Hence, function h has zero in the interval (0,
+o0) by the Intermediate value theorem. Denote by r, the smallest such
zero. We have that

1
7, <i . Indeed, if 7, >— then
0
L, L,

M1 4p

1 2
1= >gy () =L(+—)—+|a|M, |1+ >1
go(ro)_go(LO) ol 2)L0 la| Lﬁ

which is a contradiction. Moreover, define functions on the interval
[0, r0] by
Lt () M

1+
i M L e

ga)=
And

I =(1-g0®Lt+2((1—L, ) [ v|+g®) — 2(1 - LA — g, (1)

Suppose that

[vI<K1-2|a|M (2.2)

And

|y < b (2.3)
2M

Then, we have by (2.2), (2.3) that g0(0) = g(0) = || M and

m(0) =2(]v[+g(0) —(1—-g¢) =2(v|M) <0
Moreover, we have that 7,(r;) =2(] v |(1— L) + g(x,)) > 0 since
1
g,(,)=0 %< R

0
interval (0, r0). Denote by r1 the smallest such zero. Define parameter

2 1
r= <—
2L, +L L,

and g(r0) > 0. Hence function h1 has zeros in the

(2.4)

Then, we have that
h(®) = (1= gL, — 21— L)) +2( v |1 - Lyr) + g(r)

= (711 =Ler) +g() >0

Since Lr —2(1—L,r) =0 by (2.4) LOr < 1 and g(r) > 0. Hence, we
obtain that

n<r (2.5)
Then, we conclude that for each 7 €[0,7)

0<g,(<1 (2.6)

Next, using the above notation we can show the local convergence
result for method (1.3).

Theorem 2.1 Let F:DCyg—s be a differentiable function.
Suppose that there exist x*€ D parameters LO > 0,L > O,M > 0,
a€S,yeS—{—1 and P E€R such that for each x,y € D

1
lal<—

oM
la|<K1=-2|a|M
Fx)=0Fx)=0 (2.9)
| FO)(F' () = F'(x*) IS Ly | x—x*] (2.10)
| F) ' (F'(x) —F(y) I<L|x—y| (2.11)
| F(x") <M, (2.12)
|FX)'F(x) <M (2.13)
And
Ux",(A+M)r)CD (2.14)

where r, is given by (2.1). Then, sequence {x } generated for
x, €U(x",1;) by method (1.3) is well defined, remains in U(x", r))
for eachn =0, 1, 2, - - - and converges to x". Moreover, the following
estimates hold

_ . 1
|4, F'(x") < —————— (2.15)
1—gy(|x—x |)
And
1%, 0= X [ g (1%, = 0x" [ x,—x" < x,—x" [<] x,— X" |< 1, (2.16)

where the ”g” functions are defined above Theorem 2.1.
Furthermore, suppose that there exists 7 ¢ [r,%) such that (x*,T) cD

then the limit point x* is the only solution0 of equation F(x) = 0 in
Ux",T)

Proof. By hypothesis x, € U(x',1,) the definition of r1 and (2.10)
we obtain that

|F/OC)  (F(xy) ~ PN IS Ly [ xp— X < Lo <1 (2.17)

It follows from (2.17) and the Banach Lemma on invertible
functions (2, 3, 21, 25) that F'(x,) is invertible and
1 1
<

1— Ly

| F'(x,) ' F'(x") < - (2.18)

Ly | x,— X' |
Notice that by (2.9), (2.12) and (2.14) we get that
| %, + F(x) —X |2 x,— X"+ F(x,) — F(x") |

< x—x "+ F(x,) = Fx)|

1 * * *
<rit] [ FC+00x = x))x— X )|

J Appl Computat Math
ISSN: 2168-9679 JACM, an open access journal

Volume 4 -« Issue 3 « 1000217



Citation: Argyros IK, George S (2015) Local Convergence for a Regula Falsi-Type Method under Weak Convergence. J Appl Computat Math 4: 217.

doi:10.4172/2168-9679.1000217

Page 3 of 4
<r+ M, | x, —x [<(+M,)r, (1.3) for n = 0 we can write
So x,+F(x,)€UX,(1+M)r) where we also used that X —x = x, = x = F(x)  F(x) + F(x) ! (2.22)
¥ 400, —x) € UK'1)C UK, (1+M)r) since (Ag—F(x DA, F(xo) =7 A, F(x,)
X+ 00x,—x) —x" <0 x,—x" < x,— X" <1, Then, we have by (2.11) and (2.18) the estimate
We can write Ix,—x — F'(x,) " Fxg) [<| F'(x,) " F'(x")|
e o F&+HFE ) —F&x) ) L i , .
4~ F'(x)=—> F()‘;O) =~ F'(x0) ><||f0F(x) TP+ 0(x,— X)) — F'(x,)]d0(x,— x ) | (2.23)
L|x,—x"f
F(x,+F(xy)) —F(x,) S i N
ia\/(W)ZH’”F%"“) S20- L% x )

:flF,(Xo""F(Xo)_Xo))(X0+F(X0)_X0)d0_
0

F(x,) e

iy \/(F(xo+ Fo) =FGo) 2 g0 4 oy

F(x,)

= [T+ 0FCx, )~ F'(x, )0

Y +4p’F?(x,) (2.19)

TF/(xg+ O F(xy ) F(x,)d0
mJ(fo Fix,)

Using (2.11), the definition of function g, (2.13) and (2.19), we get
that

IF'(x) (A= F'(x)|

< [ F ) g+ O, )1d0]

ol [ F) Fs, - 0RG,)0F +4p° [F) P

<

N |~

| F(x,)|+a|JM? +4p*M* |x,—x 8
<Lf1F'* B(x,— X" do M1+4p° e
75‘ o (X+ (XO—X))(XO—X) |+‘a| + P ‘xn_xl

L * [ 2 2 *
SEMO‘Xufx H"O“M 1+4P ‘xofxl :g(lxofx ‘)

As in (2.20), we can get using (2.6)

(2.20)

|/ (A= F' ()|
< [P T kgt OFGe) — )1
0

+laMyl+4p*[x,—x"
1 * *
§L0f|x0—x FOF(x,)[d0+] o | M1 +4p” [x,—x
0
* 1 *
< L% —x |+ [ 0F () |40+ | a | MyI+4p |x,—x |
o M, B 2 2
<Li(x,—x |+f2 [Xjiape—X Dl My1+4p7 | x)—x |

= go(Ix,— X' N<g, )<l
It follows from (2.21) that A_ is invertible and

PH S ——
1- g0(| Xp—X D

which shows (2.15) for n = 0 and that x1 is well defined. Using method

Then, it follows from (2.8), (2.13), (2.15) (for n = 0), (2.20), (2.22)
and (2.23) that

| X— X |S| Xo— X — F/(Xo)7l F(Xo) |
+HIF (o) " FEOFE) A= F ) A, F' |
XIFGO) T F () [+ A F' D) (D) Fx) |

L|X07X* |2
T 2(1-Ly[x—x))

g(x=x"]) |\ M|x,—x|

+(v |+ . :
I=Ly [x=x | 1=gy(Ix,—x [)

<a( Xofxx DI Xofx" Dlxo*X* <g @)l XO*X* = Xo*X* I<r

which shows (2.16) for n=0. By simply replacing x0, x1 by x,, x, _, in the
preceding estimates we arrive at (2.15) and (2.16). Using the estimate

[x+1 — x| < |x - x| <r, we deduce that x,,, €U(x',5;) and lim

k — oox, = x" To show the uniqueness part, let 0= f( 'l F'y +0(x"—y")do
for some y €U(x",T) with F(y*) = 0. Using (2.6) we get that

[FI) Q-FNIE [ L1y 400 —y) —x|df

< [la-o)x -y |do<2r<i

It follows from (2.23) that Q is invertible. Finally, from the identity
0 =F(x")- F(y") = Qx" - y*), we deduce that x* = y".

Remark 2.2 1. In view of (2.10) and the estimate

I F'6) ™ F'e0) =l F'O) T /) = F/ (O + 1|

S| F'&) F)—F &) K1+ L [ x—x ||
condition (2.13) can be dropped and M can be replaced by

M) =1+Lgt

2. The results obtained here can be used for operators F satisfying
autonomous differential equations [22] of the form

F'(x) = P(F(x))

where P is a continuous operator. Then, since F'(x")=P(F(x")) = P(0)
we can apply the results without actually knowing x*. For example, let
F(x)=e* — 1. Then, we can choose: P(x)=x + 1.

3. It is worth noticing that method (1.2) or method (1.3) are not
changing when we use the conditions of Theorem 2.1 instead of the
stronger conditions used in [23-26]. Moreover, we can compute the
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R=0.3249
R,=0.1603
R1=0.0189

£ =0.9999
=1

Table 1: The parameters.

R=0.6667
R,=0.3859
R1=0.0669
£=1
£=1
Table 2: The parameters of Define Function.
computational order of convergence (COC) defined by
1%, =%" I

llx, — x|

n+l

/In

E=1In

llx, =l (RS

or the approximate computational order of convergence
6:,n[nxw—xn I /m[ [EXEA ]
(R S

llx, —xL,
This way we obtain in practice the order of convergence in a way
that avoids the bounds involving estimates using estimates higher than
the first Frechet derivative of operator F [27].

Numerical Examples
We present two numerical examples in this section.
Example 3.1 Let D = [-1, 1]. Define function f of D by

f(x) =e— 1. (3.1)

Using (3.1) and x'=0, we get that L =e-1<L=M=M=
e,a=0.1226,7=0.1667p =1 The parameters are given in Table 1.

Example 3.2 Let D =[—o00,+00] Define function f of D by

f(x) = sin(x). (3.2)

Then we have for x*=0 that LO=L=M=M0=1, a =0.3333,70.1667,p =1
The parameters are given in Table 2.
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