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Abstract

In this paper we study the Lie symmetries of the canonical connection on Lie groups for the special case when the Lie algebra has a codimension
two abelian nilradical. In this particular case, we have only one algebra in dimension four, namely 4,,,and three algebras in dimension five; namely
A%, A¢y,and 425 For each of these algebras we investigate and classify the symmetry algebra associated with its geodesic equations.
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Introduction

This article is concerned with the canonical symmetric connection
V associated to any Lie group G. It was introduced originally in
1926 as the “zero™connection; see [1]. Some properties of V are
considered in Helgason S [2]. More recently V and its geodesic
system have been investigated within the context of the inverse
problem of Lagrangian dynamics; see [3-7]. There has also been a lot
of work related to the symmetry analysis of the geodesic equations in
lower dimensions [8-11].

In this paper we focus our study on the symmetry analysis of
the geodesic equations of the canonical connection for the special
case when the niradical of the Lie algebra is two-dimensional ableian
algebra. In dimension four there is only one Lie algebra of this type;
namely 4,,, and in dimension five there are three families of Lie
algebras Lie algebras with parameters- with this property; namely;
AL, A, and A5 In Section 2, we define and prove all the
geometric properties of the canonical connection on Lie groups [12].
In Section 3, we consider the algebra 144,12 we derive the geodesic
equations from a basis of right-invariant vector fields representation
of the Lie algebra. We also compute a basis of the symmetry Lie
algebra and analyze its Lie algebra.

Similarly, in bSection four we chonsider the three five-dimensional
Lie algebras Ag 33, As35and As5s.

Finally, regarding our notation, we will use (x, y, X, w, p, q) are our
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coordinates. We will denote x for @ and Ox for i.
dt ox

The Canonical Lie Group Connection

On left invariant vector fields X and Y the canonical symmetric
connection V on a Lie group G is defined by

VXY:%[X,Y] (2.1)

and then extended to arbitrary vector fields using linearity and the
Leibnitz rule. Clearly V is left-invariant. One could just as well use
right-invariant vector fields to define V, but one must check that V is
well defined, a fact that we will prove next.

Proposition 2.1

In the definition of V we can equally assume that X and Y are
right-invariant vector fields and hence V is also left-invariant and
hence bi-invariant. Moreover V is symmetric, that is, its torsion is
zero.

Proof

The fact that V is symmetric is obvious from eq. (2.1). Now we
choose a fixed basis in the tangent space at the identity T G. We shall
denote its left and right invariant extensions by {X,, X,,..., X }and {Y,
Y,..... Y }, respectively. Then there must exist a non-singular matrix A
of functions on G such that ¥, = a/ X ;. We shall suppose that

[x.X,]=Cx, (2.2)
Changing from the left-invariant basis to the right gives
Cl.fa,f = a;‘a}"C,fm (2.3)

Next, we use the fact that left and right vector fields commute to

deduce that
aiCy+Xa =0 (2.4)

where the second term in 2.4 denotes directional derivative. We note
that necessarily


mailto:almutibenna@vcu.edu

Almutiben N, et al.

J Generalized Lie Theory App, Volume 16:9, 2022

[v.v,]=-Cy, (2.5)
Now we compute
vYy, +%c;yk :%afa;’C,gn +a (Xkal.”)+%q’;a,f (2.6)

Next we use 2.4 to replace the second term on the right hand
side of 2.6 so as to obtain

| | . 1
vYY, +EC$YI‘ =5a:‘a}”C,f,’n —ai‘a;”C,ﬁ,’n +5C5a,f’ (2.7)

However, the right hand side of 2.7 is seen to be zero by virtue
of 2.3. Thus

VXY:%[X,Y] (2.8)

whenever X and Y are right invariant vector fields.

An alternative proof of Proposition (2.1) uses the inversion map
s defined by, for S € G

w(S)=5" (2.9)

As such, one checks that I maps a left-invariant vector field
evaluated at | to minus its right-invariant counterpart evaluated at I.
Then I is an isomorphism and there is no change of sign in the
structure constants, as compared with eq. (2.5). Since there are two
minus signs in eq. (2.1) the same condition eq. (2.1) applies also to
right-invariant vector fields.

Proposition 2.2

i. An element in the center of g engenders a bi-invariant
vector field.

ii. Avector field in the center of g is parallel.

ii. A bi-invariant differential k-form 0 is closed and so defines
an element of the cohomology group H* (M,R).

Proof

i.  Suppose that Z € TG is in the center of g and let exp(tZ)
be the associated one-parameter subgroup of G so that Z
corresponds to the equivalence class of curves [exp(tZ)]
based at I. Let S € G; then L Z corresponds to the
equivalence class of curves [S exp(tZ)] based at S. Since
Zis in the center of g then exp(tZ) will be in the center of G
and hence [S exp(tZ)]=[exp(tZ)S]. It follows that any element
in the center of g engenders a bi-invariant vector field.

ii. Obvious fromeq (2.1).

iii. A proof can be found in [13]. Spivak shows that §* (8)=(-1)
@, whereas dO, which is also bi-invariant, changes by
P(d6)=(-1)1de. It follows that d6=0.

Proposition 2.3

i.  The curvature tensor, which is also bi-invariant, on vector
fields X, Y, Z is given by

1

R(X.Y)Z :Z[[X,Y],Z} (2.10)

ii. The connection V is flat if and only if the Lie algebra g of G
is two-step nilpotent.

ii. The tensor R is parallel in the sense that V,, R(X, Y)Z=0,
where W is a fourth right invariant vector field, so that G is in
a sense a symmetric space.
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iv. The Ricci tensor R, of V is given by

1 m

Ri/' = Zci'mcil
and is symmetric and bi-invariant and is obtained by translating to the
left or right one quarter of the Killing form. It engenders a bi-invariant
pseudo-Riemannian metric if and only if the Lie algebra g is semi-

simple.

(2.13)

Proof

i. Is obvious and applies to arbitrary vector fields since it is a
tensorial object.

ii. Isobvious.
ii. This fact follows from a series of implications:

4V, R(X, Y)Z+4R(V,, X, Y)Z+4R(X, V,, Y)Z+4R(X, Y)V, Z=V,,
XYL,z (212

= 4V, R(X, Y)Z+2R([W, X], Y)Z+2R(X, [W, Y )Z+2R(X, Y)[W, Z]
-1/2[W, [[X, Y 1, Z]=0 (2.13)

= 4V, R(X, Y)Z+1/2[[W, X],YL,Z]+1/2 [X, [W, Y ]I, Z+1/2 [[X, Y ],
W, Z]I-1/2 [w, [[X, Y ], Z]=0 (2.14)

= 4V, R(X, Y)Z+1/2 [[W, X], Y ], Z]+1/2 [X, [W, Y ]}, Z] - 112 [Z,

[[X, Y], W]=0 (2.15)
=V, R(X, Y)Z=0 (2.16)

iv. The formula eq (2.11) is obvious from eqs. (2.1) and (2.10).
The last remark follows from Cartan’s criterion.

Proposition 2.4
i.  Any left or right-invariant vector field is geodesic.

ii. Any geodesic curve emanating from the identity is a one-
parameter subgroup.

ii. An arbitrary geodesic curve is a translation, to the left or
right, of a one-parameter subgroup.

Proof
i. Is obvious because of the skew-symmetry in eq (2.1).

ii. By definition the curve t — [S exp(tX)] integrates a geodesic
field X.

iii. Ifthe geodesic curve at t=0 starts at S, translate the curve
to | by multiplying on the left or right by S-* and apply (ii).

Proposition 2.5

i.  Aleft or right-invariant vector field is symmetry, a.k.a. affine
collineation, of V.

ii.  Any left or right-invariant one-form engenders a first integral
of the geodesic system of V.

i.  The following condition for vector fields X and Y says that
vector field W is a symmetry or, affine collineation, of a

symmetric linear connection:
VvV W-v W-R(W, X)Y=0 (2.17)

In the case at hand of the canonical connection, this condition
just reduces to the Jacobi identity when W, X and Y are all left or
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right-invariant.

ii. Aone-form a is a Killing one-form, if the following condition

holds:
(V,a, Y )X, V, a)=0 (2.18)

In the case of the canonical connection, if X and Y are right-
invariant and a is right-invariant then eq (2.1) gives

(X, v, a) =1/2(X, Y ], a (2.19)

Clearly, (2.19) implies (2.18) so that every left or right-invariant
one-form engenders a first integral of the geodesics: if the one-form
is given in a coordinate system as aidxi on G, the first integral is aiui
viewed as a function on the tangent bundle T G that is linear in the
fibers.

Proposition 2.6

Any left or right-invariant one-form a is closed if and only if ([g,
gl, a)=0, that is, o annihilates the derived algebra of g.

Proof
Consider the identity
da(X, Y)=X{Y, a)=Y (X, a)=([X, Y ], a)) (2.20)

If o is left-invariant and we take X and Y left-invariant, then the
first and second terms in eq (2.20) are zero. Now the conclusion of
the Proposition is obvious. The proof for right-invariant one-forms is
similar.

Proposition 2.7
Consider the following conditions for a one-form o on G:
i.  ais bi-invariant.
ii. o is right-invariant and closed.
iii. ais left-invariant and closed.
iv. o is parallel.

Then we have the following implications: (i), (i) and (iii) are
equivalent and any one of them implies (iv).

Proof

The fact that (i) implies (i) and (iii) follows from Proposition (2.2)
part (iii). Now suppose that (iii) holds and let X and Y be right and left-
invariant vector fields, respectively. Then consider again the identity

da(X, Y)=X{Y, a)-Y (X, a)=([X, Y ], a) (2.23)

Assuming that a is closed, then either because [X, Y]=0 or by
using Proposition 2.6, we find that eq. (2.21) reduces to

X(Y, @)=Y (X, a)  (2.22)

Now the left hand side of eq.(2.22) is zero, since Y and o are
left-invariant. Hence (X, o) is constant, which implies that o is right-
invariant and hence bi-invariant. Thus (iii) implies (i). The proof that
(i) implies (i) is similar.

Finally, supposing that (i) or (iii) holds we show that (iv) holds.
Then as with any symmetric connection, the closure condition may
be written, for arbitrary vector fields X and Y, as

(V,0,Y )=(X, V., a)=0 (2.23)
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Clearly eq (2.18) and eq (2.23) imply that o is parallel. So a
closed, invariant one-form is parallel.

Of course, it may well be the case that there are no bi-invariant
one-forms on G, for example if G is semi-simple so that [g, g]=g.
However, there must be at least one such one-form if G is solvable
and at least two if G is nilpotent. If we choose a basis of dimension
dim g-dim [g, g] for the bi-invariant one-forms on G, it may be used
to obtain a partial coordinate system on G, since each such form is
closed. Such a partial coordinate system is significant in terms of
the geodesic system, in that it gives rise to second order differential
equations that resemble the system in Euclidean space.

Proposition 2.8

Each of the bi-invariant one-forms on G projects to a one-form
on the quotient space G/[G, G], assuming that the commutator
subgroup [G, G] is closed topologically in G. Furthermore the
canonical connection V on G projects to a flat connection on G/[G,
G] and the induced system of one-forms on G/[G, G] comprises a
“flat” coordinate system.

Proof

The fact that a bi-invariant one-form on G projects to a one-form
on G/[G, G] follows because each such form annihilates the vertical
distribution of the principal right [G, G]-bundle G — G/[G, G] and
furthermore the equivariance, or Lie-derivative condition along the
fibers, is trivially satisfied since the one-form is closed. The fact that
V projects to G/[G, G] follows because [G, G] < G, as was noted in
Snob L and Winternitz P [14].

The Four-Dimensional Lie Algebra A, ,

In this section we consider the only four-dimensional Lie algebra
with co-dimension two nilradical. This Algebra is denoted by A, |, and
the non-zero brackets are given by

le, eJ=e, [e, e]=e, [e,e]=-6, [e,e]=., (3.1)

A vector field representation of the above algebra is given in
terms of right-invariant vector fields as follows [3]
El:E,E2=E,E3:E+ZE+Wi,E4=E+Wﬁ—Z— (3.2)
0z ow ox 0z ow oy 0z ow
It is easy to verify that the commutators of the above vector fields

give the same relations as equation 3.1

0

Geodesic equations

In this section we consider the system of geodesic equations of
the canonical connection on Lie groups. Given an n-dimensional Lie
algebra g, the system of geodesic equations is given by

4035 =0, (G, j,k=1,2,....,n) (3.3)

Now, we compute the geodesic equations for the Lie algebra
A, ., In order to calculate the connection components I, , we need
to calculate the covariant derivatives of the vector fields given by
eqn. (3.2). We will also use the definition of the canonical connection
given by eqn. (2.1). This will result in a system of equations with l"j.k
to be the unknowns. To illustrate this, we will show how to obtain one
equation in the system. For example:

V,E, = %[EI,E3] (3.4)
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The left hand side of eqn. (3.4) gives the following
V.Ez=V,

E173

=I}ox* +V

, (Ox+z0z+wWow)

(Zaz) +V, (wow)

=T,0x+Thoy+ 0z +THow+ g (z)az +2zV, (0z)+ E (W)6w+ wV_ (Ow)

oz

=T,0x+T5L0p+T,0z+ Ff36w+ 0z +z(Th,0x + Ffﬁy +T3,0z+T5,0w)
+w(T},0x + 2,0y + 173,02+ '3,0w) (3.5)
= (T}, + 2 + W, )ox + (T + 205 + wl's, )oy
+([5 + 1+ 2T + Wl )0z + (T + Ty + wls, )ow
The right hand side of eqn. (3.4) gives
%[EI,E3] =E = %az (3.6) (3.6)
and so equating the sides give the following equation:
(T}, + 20 +wl)0x + (T, + 205 + w3,y + (T, +
+20 + w30z +(T), + T +wl, )ow=0 3.7
and so we obtain the following system of equations:
[, +z0 +wl, =0
[} +zl5+wl2, =0

1
I+ 3 +2zl5, +wl, =0 (3.8)
L+ +wly, =0

After we apply all covariant derivatives and use the definition of
the canonical connection we obtain the following components of the
connection given by:

0000 0000
p_[000 0 L 0000
oo oo " looo0 o "
0000 0000
0 0 2o 0 0 0 -
2 2
o 0o o -t 0o 0 L o
| 2= 12 (3.9)
— 0 0 0 0 — 0 0
2 2
oo L0000
) ] |2 ]

Therefore we obtain the following system of geodesic equations:
X=0
520
. (1)

zZ=XZ+yw

W= XW— W

The lie symmetry algebras

The symmetry Lie algebra for the geodesic equations is given by:

e=D, e D, e=D, ez=xD, e=yD, e=e*sin(y)D, +e* cos(y)
D, e;eX sm(y)Dw—excos(y)DZ,

e,=D, e,=Dy, e =tD, e =zD +wD, e =zD -wD, (3.11)
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The non-zero Lie brackets of the symmetry algebra is given by:

le, e l=e, [e, e,l=e, [e, e,l=e, le,e,]=e,[e,e,l=-e

[em 8]_ e, 2 €

[64, 10] &y [es' 9]' -6y [65, 10] & [ee' a]‘ ~€p [ee' 9] &
le, e, ]=e,, (3.12)

[ee’ 1z] & [e7' B]' €, [97, 9]' €y [6‘7, eu]=e7' [6‘7, 12]' €

The symmetry algebra is a solvable Lie algebra with seven-
dimensional abelian nilradical spanned by e, e,, e, e, €, €, €,
and a five-dimensional abelian complement spanned by €y €, €

8’ g’
e]_l' elZ

Five Dimensional Lie Algebras

In this section we consider the five dimensional Lie algebras with
co-dimension two abelian nilradical. There are only three algebras;

ab a ab
A5,33 ' A5,34 and AS 35°

Algebra 4%, (a%+b? # 0). The non-zero brackets for the algebra
A%, are given by

le, eJ=e, [e, e]=be, [e,e]l=e, [e,e]=ae, (4.1)
The geodesic equations are given by
g =qw, X=xw, 4.2)

J=qgw+byz, Z=0, w=0

We now consider the following subcases depending on the
values of a and b:

Case 1: 4:3;""°. The symmetry vector fields are given by:

F1=DI, F2=Dy, F3=Dq, F4=DX, F5=WD‘, F6=ZD1, F7=eZDq, FB=eWDX,
F =eawebZD y

F,,=D,, F,=D,, F,=tD, F=yD, F =D , F,.=XD . (4.3)

The non-zero brackets of the symmetry algebra is given by:

le, e,l=e, [e, e =€, [e,ele, [e,el=e, [e,e,l=-6,

le, e,l=¢,, [e, e ]=-¢, [e,el=e, [e,e,]=-¢€, [e,ele,

le, &)= -e, [e, e.l=e, [e, e = -ae, [e, e ]=-be, [e,
e l=e,. (4.4)

Case 2: 4:5,"*°. The symmetry vector fields are given by:
FDFDFD FDF_wDFzDFeDFeZD

x' "8

F,=e"D, F,,=D,, F,;=D,, F,,=D, F,=xD,, F,,=aD,, F,=yD . (4.5)

y' 107 7' 12 t' 13 x' 14

The non-zero brackets of the symmetry algebra is given by:

[er 12] €y [ez' 13] €y [es' 14] &y [etﬂ 15] €y [es' 10]' ot

[65, 12] €y [ee'e I= -, [ee’ 12] Co [87, m]' el [e7' 13] &

le, e, )= -e, [e, e l=e, [e, e ]=-be, [e,e,]=6 (4.8)

8’ 1‘0 9’ 15]

Case 3: AS";O =0 The symmetry vector fields are given by:

. FIBD" F2=Dq, F,=D,, F4=Dy, Fs=wD, F=2D, F7=eZDq, F,=e"D,,
:eaw ,

F,=D, F,=D,, F,=

w127

D, Fy, qu, 4~XD, F _yDy. (4.7)

x' 15

The non-zero brackets of the symmetry algebra is given by:
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le,, e,)=e, [e, e ]=e, [e, e, ]=e, [e, e ]=e, [e; e,]=-e, [e;
e,l=e;

e, &= -e,, [e, e =€, [e, e l=-e, [e,e]l=e, [e, el
ey [ey 14] e

le, e, )= -ae, e, e,]=8,. (4.8)

Case 4: A; ;; . The symmetry vector fields are given by:

F=D, F,=D, F,=D, F,=D, F=wD, F.=zD, F=e’D  F=e"D,
F,=e"e"D,

F,=D,, F,=D,, F,=tD, F ,=yD , F ,=qD_, F =xD,. (4.9)

The non-zero brackets of the symmetry algebra is given by:

[el’ 12] €y [ez’ 13] €y [ea' 1a] €y [94' 15] €y [es' 1o]‘ €,
e, e,]=€,

leg e,l=-€,, [e, e,]=e, [e, e, ]=-¢€, [e, e l=e, [e, e, ]=-e,
(e, 15] €y

le, e,]= -€, [e, e ]=-be, [e,e.]=e,. (4.10)

Case 5. 4°7.. The symmetry vector fields are given by:

5,33°
F=D, F,=D, F=D, F,=D, F=wD, F=2D, F.=e"D,, F=eD,
F,=e™e’D,
F.,=D,, F,=D, F,,=tD, F.,=yD, F,,=xD,, F,=qD . (4.12)

The non-zero brackets of the symmetry algebra is given by:

7’ 12 t 713

[el’ 12] €y [ez’ 13] €y [93, 14] €y [84, 15] Cu [85, 1o]' -,
[es’ 12] €y

[e 6 ]_ €, [ee' 12] By [87, 10]_ €, [37' 14] & [ea' eu]=
€y [ea' 15] €y

le, e,]= -ae, [e, e ]=-e, [e,e.]=e,. (4.12)

The symmetry Lie algebra is a fifteen-dimensional solvable Lie
algebra with nine-dimensional nilradical spanned by e , e, e, e, €,

€, €, €, & and an abelian six-dimensional complement spanned by

elO ell el? elS el4 els

Algebra A5,34 . The non-zero brackets for the algebra Aab,34 are
given by:
le, e J=ae, [e, e]=e, [e,el=e, [, e]l=e, [e,e]l=., (413)
The geodesics equations are given by:
J=agz+¢w, X=xz+yw, =3z, =0, W =0 (4.14)
We now consider the following subcases:
Case 1: AS“;? The symmetry vector fields are given by:

F=D, F=D, F=D, F,=D, F.=wD, F=2D, F,=yD, F,=e'D,
Fiwe'D +eD, F =e"e*D, F,=D, F,=D, F =D, F,=qD,
Fs=XD,+yD,. (4.15)

The non-zero brackets of the symmetry algebra is given by:

[el’ 13] &y [ez’ 15] &, [83, 14] €y [64' 7] &, [en' 15] & [65,
en]' —€y [85’ 13] & [es' 12] [es’ 13] € [e7' 9]' € [e
e12]= €y [es’ 15] €y [e e ]‘ e [ee' 12]‘ —€ [ee' 15] €y [e €1y
eyl=-e, [e 12]' -ae,, [e,, 14] €1 (4 16)

Case 2: A5”32 The symmetry vector fields are given by:
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F=D, F,=D, FS:Dq, F4:Dy, F.=wD, F.=zD, F=yD, F=eD,
F9=eWDq,

F=we'D +e'D, F =D, F,=D, F
(4.17)

The non-zero brackets of the symmetry algebra is given by:

13=tDt, F14=qu, F15=xDx+yDy.

[el’ 13] € [ez' 15] €y [es' 1a] €y [34' 7] €, [ea' 15] € [95'
en]' € [95' 13] & [ea' 12]' - [es' 13] € [97’ 1o]' —€ [ea’
e12]= ~€y [es' 15] e [e e ]‘ 69, [eg' 14] &g [elo' e ]' —& [elo,
e12]= € [e 10’ 15] €y (4.18)

Case 3: AS“,34 . The symmetry vector fields are given by:

F1=Dl, F2=Dx, F3=Dq, F4=Dy, F5=WD1, F6=ZDI’ F7=yDX, F8=eZDX
F,=e"e’'D, F, =weD+ezD, F,=D, F,=D, F=tD, F,=qD,
Fs=XD,+yD,. (4.19)

The non-zero brackets of the symmetry algebra is given by:

le,, e, l=e,, [6, e ]=e, [e, &,]=e, [6, el=e, [e, 151 8, &
eu]_ €, [65, 13] e [ee' 12]_ €, [ee' 13] e [87, 10] [e
812]: €y [ee’ 15] e [e B ]_ €, [ee’ 12]_ e [69, 14] e [e €y
en]= Y [elo’ 12]' —€p 18 [e 10’ 15] 20 (4.20)

The symmetry Lie algebra is a fifteen-dimensional solvable Lie
algebra with a ten-dimensional nilradical spanned by e.e,e,ee
€, 6,8, € €y and an abelian five-dimensional complement spanned

by e]l elZ elS e14 e15

Algebra A"%5. The non-zero brackets for the algebra A3
(a%+b%z0) are given by:
e, e e, e, e e, e, ele, e, elae, e, e =€, le,ele, (421)

The geodesics are given by:

G=bgz+agw, ¥=xi+jw, P=-tw+yz £=0, W=0 (422)
0,b+#0 . .
Case 1. Asa ; “ The symmetry vector fields are given by:

F,=D, F,=D,, F;=D , F,=D, F.=wD, F.=zD, F =e e bZDq, F,=€
sin(w)Dx+eZcos(w)Dy,

F9=e? sin(w)Dy -ecos(w)D,, F, =D, F =D, F =tD, F=aD,,
F14=xDx+yDy, F15=ny—yDX. (4.23)

The non-zero brackets of the symmetry algebra is given by:

[el’ 14] &y [er 15]' ~€, [ez' 14] &y [ez' 15] &y [es’ 13] €y
[64, 12] e, [65, 10] [65' 12] & [e e ]' —&, [es' 12] € [e
e l=-ae, [e,e.]=- be7, e, 13] e, [eg, 10] & [e e,l= -6, [ea,
e14]=es' [es' els]=ee’ [ee' em]' - [e e ]' - [es' e14]=eg' [ee’
8= -€, (4.24)

Case2A5a32
FDFDFDFDFwDFzDFebZDFeZsm()

t' 5 t'" 6 t7

D+eZcos( )D Fy esm( )Dy—ezcos( w)pD, F, =D, F,=D, F =tD,
F13=qu’ F14=XDx+yDy' F15=XDy_yDX- (425)

The non-zero brackets of the symmetry algebra is given by:

. The symmetry vector fields are given by:

[er 14] € [er 15]' ~€, [ez' 14] €y [ez' 15] €y [e3' 13] e
[94, 12] €y [es' 10] [es' 12] € [e e ]' —€y [es' 12] € [e
e,l=-be, [e,e,l=e, [ee, e l=e, le, e l=-e, [e, e, l=¢e, [e,
e15]=eg, [eg, e, l=-¢, [e e l=-e,[e, e l=¢, [eg, 8= -6, (4 26)
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Case 3: A472"~" . The symmetry vector fields are given by: Conflict of Interest
F1=Dy, F2=D F =Dq, F4=D F.=wD, F =ZD‘, F7=eaWDq, F8=ezsin(w)

x' 3 t"' 5 t' 6
Dx+ezcos(w)Dy, F9=ezsin(w)Dy—eZcos(w)D

F,=D, F,=D,, F,=tD, F1,=qD,, F

w12

No conflict of interest.

X!

14=XDX+yDy’ F15=XDy—ny.(4.27) References
The non-zero brackets of the symmetry algebra is given by:

1. Cartan, Elie. "On the geometry of the group-manifold of simple and semi-

le, e =€, [e,e]=-e, [e,e,l=e, [e,e.l=e, [e,e,l=®e, groups." Proc Akad Wetensch 29 (1926): 803-815.
[64, e12]=e4' [es' en]= —&, [es' e12]=e5' [ee’ em]: —€, [es' e12]=ee' [87,
e )= -ae, [e, e l=e,[e, e l=-e, [e,e.]=e, [e,e,l=e, [e,
e l=e, [e, e l=-¢, [e, e |=-¢,le, e l=€, [e, e ]=-e, (428)

2. Helgason, Sigurdur. “Differential geometry, Lie groups and symmetric
spaces.” Academic press (1979).

3. Ghanam, Ryad, G. Thompson and E.J. Miller. "Variationality of four-

=1 . .
Case 4. Asa 15 - The symmetry vector fields are given by: dimensional Lie group connections." J Lie Theory 14 (2004): 395-425.
F1=Dy, F2=Dx, F3=Dq, F4=Dv F5=WDt' F6=th, F7=ewebZDq, F8=ezsin(w) 4. Muzsnay, Zoltan and Gerard Thompson. "Inverse problem of the calculus
z —pZ z _ _ _ of variations on Lie groups." Differ Geom Appl 23 (2005): 257-281.
D +e cos(w)Dy, F9=e m(w)Dy—e cos(w)D,, F =D, F. =D, F =tD,

F13=q Dq, F14=xDx+yDy, F15=ny—ny. (4.29) 5. Strugar, I. and G. Thompson. "Inverse problem for the canonical Lie group

o connection." Houst J Math 35 (2009): 373-409.
The non-zero brackets of the symmetry algebra is given by:
6. Almusawa, Hassan, Ryad Ghanam and Gerard Thompson. "Classification

e, e l=e, [e, e=-e, [e, e =&, [, e l=e, [e, e l=e, [e, of symmetry lie algebras of the canonical geodesic equations of five-
e, l=e, [e, e J=-e, [e, e l=e, [e, e, = -&, e, e,l=e, [e, e ]= - dimensional solvable lie algebras." Symmetry 11 (2019): 1354.
e, [e, e = -be,[e, e l=e, [e, e l=e, [e, e ]= -e, [e, e J=e, [e, 7

Almusawa, Hassan, Ryad Ghanam and Gerard Thompson. "Symmetries
e15]=eg' [eg’ e10]= €y [es’ en]= -6y [ ]=ee' [e

o €.1= -6, (4.30) of the canonical geodesic equations of five-dimensional nilpotent lie
algebras." J Generalized Lie Theory Appl 12 (2019).

9’ elll

Case 5: 4.-. . The symmetry vector fields are given by:

8. Almusawa, Hassan, Ryad Ghanam and Gerard Thompson. "Lie

F,=D, F,=D,, F3=qu F;=D, F=,D, F¢=,D, F,=ee'D  F =€'sin(w) symmetries of the canonical connection: Codimension one abelian
D,+e’cos(w)D,, Fg=e’sin(w)D -e‘cos(w)D,, F, =D, F =D, F,=tD, nilradical case." J Nonlinear Math Phys 28 (2021): 242-253.
FlB:qu’ Fl’*:XDXWDV’ F15=ny—ny. (4.31) 9. Ghanam, Ryad and Gerard Thompson. "Lie symmetries of the canonical
The non-zero brackets of the symmetry algebra is given by: geodesic equations for four-dimensional Lie groups." Math AEterna 8

(2018): 57.

e, e l=e,, [e, e, l=-e, [e, e,l=e, [e,e.l-e, [e,el=e,
[64, e12]=e 4 [95, elO]= -6, [65, elz]=e5' [ee’ eu]= -6, [ee' e12]=ee' [67,
em]= -ag, [e7' eu]= €, [e7’ e13]=e7, [ea’ elo]=ee' [es’ eu]= —€y [es’ . ,
e l=e, le, e.l=e, le, e l=-e,[e, e l=-e, [e,e,l=e, [&, 11. Kossowski, Marek and Gerard Thompson. "Submersive second order

10. Hydon, P.E. "How to construct the discrete symmetries of partial differential
equations." Eur J Appl Math 11 (2000): 515-527.

e ]=-e (%.32) ordinary differential equations." Math Proc Camb Philos Soc 110 (1991):
1 8 ' 207-224.

The symmetry ng algepra is E.l flft_een-dlmensmnal solvable Lie 12. Olver, P.J. "Applications of Lie Groups to Differential Equations, New York:
algebra with a n|ne-d|men§|ona! nll_radlca! spanned by e, e,, e,, €, Springer-Verlag." (1986).
e, e, €, €, e,and an abelian six-dimensional complement spanned
by €., €., €,, €, 8, €, 13. Alexander, Stephanie. "Michael Spivak, A comprehensive introduction to

1 1 111 b 1 b 1 1 1 -

differential geometry." Bull Am Math Soc 84 (1978): 27-32.

ACkﬂOWledgement 14. Snob, Libor and Pavel Winternitz. “Classification and identification of Lie

algebras.” Ame Math Soc 33 (2017).

Nouf Almutiben would like to thank Jouf University and Virginia
Commonwealth University for their support. Ryad Ghanam would like How to cite this article: Aimutiben, Nouf, Edward L. Boone, Ryad Ghanam and

to thank Qatar Foundation and Virginia Commonwealth University in G. T.homp_son.. “Lie Symmetrie;s of the Canonical Connection: Codimension Two
Qatar for their Support. Abelian Nilradical.” J Generalized Lie Theory App 16 (2022): 347.

Page 6 of 6


https://dwc.knaw.nl/DL/publications/PU00015332.pdf
https://dwc.knaw.nl/DL/publications/PU00015332.pdf
https://www.heldermann-verlag.de/jlt/jlt14/ghanamla.pdf
https://www.heldermann-verlag.de/jlt/jlt14/ghanamla.pdf
https://doi.org/10.1016/j.difgeo.2005.05.002
https://doi.org/10.1016/j.difgeo.2005.05.002
https://www.proquest.com/openview/b415f469bb9fbee599d3d0a5dc738a40/1?pq-origsite=gscholar&cbl=18750&diss=y
https://www.proquest.com/openview/b415f469bb9fbee599d3d0a5dc738a40/1?pq-origsite=gscholar&cbl=18750&diss=y
https://doi.org/10.3390/sym11111354
https://doi.org/10.3390/sym11111354
https://doi.org/10.3390/sym11111354
https://www.hilarispublisher.com/open-access/symmetries-of-the-canonical-geodesic-equations-of-fivedimensional-nilpotent-lie-algebras.pdf
https://www.hilarispublisher.com/open-access/symmetries-of-the-canonical-geodesic-equations-of-fivedimensional-nilpotent-lie-algebras.pdf
https://www.hilarispublisher.com/open-access/symmetries-of-the-canonical-geodesic-equations-of-fivedimensional-nilpotent-lie-algebras.pdf
http://dx.doi.org/10.2991/jnmp.k.210401.001
http://dx.doi.org/10.2991/jnmp.k.210401.001
http://dx.doi.org/10.2991/jnmp.k.210401.001
https://scholarscompass.vcu.edu/cgi/viewcontent.cgi?article=1001&context=vcuq_pubs
https://scholarscompass.vcu.edu/cgi/viewcontent.cgi?article=1001&context=vcuq_pubs
https://doi.org/10.1017/S0956792500004204
https://doi.org/10.1017/S0956792500004204
https://doi.org/10.1017/S0305004100070262
https://doi.org/10.1017/S0305004100070262
https://doi.org/10.1007/978-1-4684-0274-2
https://doi.org/10.1007/978-1-4684-0274-2
https://people.fjfi.cvut.cz/snobllib/book_presentation.pdf
https://people.fjfi.cvut.cz/snobllib/book_presentation.pdf

