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Introduction

The study of Lie bialgebra structures in infinite-dimensional Lie algebras has
emerged as an essential area of interest in both mathematical physics and pure
mathematics, driven by their deep connections to quantum groups, integrable
systems, and noncommutative geometry. One class of Lie algebras that has
attracted considerable attention in recent years is the Galilean Conformal
Algebra (GCA) and its various extensions. The GCA describes the symmetries
of non-relativistic systems with scale invariance and has found applications in
statistical mechanics, cold atom systems, and the AdS/CFT correspondence in
non-relativistic settings. When considering the GCA in two spatial dimensions,
the resulting planar Galilean conformal algebra introduces further structure
through additional rotational and scaling symmetries. Building upon this
foundation, the Generalized Loop Planar Galilean Conformal Algebra
(GLPGCA) extends the classical GCA by incorporating a loop (or current)
algebra structure. This loop extension results in an infinite-dimensional Lie
algebra whose structure captures more intricate symmetry transformations,
especially relevant for systems with periodicity, boundary effects, or integrable
behavior. The loop algebra structure enables this algebra to connect naturally
to affine Kac—Moody algebras and vertex operator algebras, which are central
in string theory, conformal field theory, and integrable models [1].

Description

The generalized loop planar Galilean conformal algebra is an infinite-
dimensional extension of the planar Galilean conformal algebra, constructed by
taking tensor products of its generators with the Laurent polynomial ring
Cl[t,t-1]\mathbb{C}t, t\{-1}]C[t,t-1], forming a loop algebra. Let the standard
generators of the planar GCA be LnL_nLn, MniM_nAiMni, and JnJ_nJn for
i=1,2i = 1,2i=1,2, where LnL_nLn corresponds to dilatation and time
translations, MniM_nAiMni represents spatial translations and Galilean boosts,
and JnJ_nJn corresponds to spatial rotations. These generators satisfy a non-
semisimple Lie algebra with central extensions in some cases. The loop
extension is then given by defining Xn=X®tnX_n = X \otimes t*"nXn=X®tn for
each XE{L,Mi,J}X \in \{L, M7, JUXE{L,Mi,J}, leading to a structure where the
Lie bracket respects both the original commutation relations and the loop
indices. To study Lie bialgebra structures on this algebra, we introduce a
cobracket 6:g—g®g\delta: \mathfrak{g} \to \mathfrak{g} \otimes \mathfrak{g}
85:8—g®g satisfying two main properties: (1) &\deltad must be a 1-cocycle
with respect to the adjoint action, and (2) the dual map & * \delta®*& * induces
a Lie algebra structure on the dual space g *\mathfrak{g}**g x. We aim to
classify all such cobrackets &\deltad that are compatible with the Lie bracket of
GLPGCA [2].
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Alternatively, we consider solutions to the modified Yang—Baxter equation
(MYBE), which allows for quasitriangular bialgebra structures. We classify these
structures based on whether the corresponding rrr-matrices satisfy CYBE
(triangular case) or MYBE (quasitriangular case). Our analysis reveals that
certain rrr-matrices involving the loop extension components naturally lead to
infinite-dimensional analogues of the standard solutions in finite-dimensional
Lie theory. In the triangular case, the Lie bialgebra structure admits a twist
quantization, where the quantum deformation is constructed via twisting the
coproduct using a twist element FEU(g)® U(g)F \in U(\mathfrak{g}) \otimes
U(\mathfrak{g})F EU(g)®U(g). This approach leads to a Hopf algebra
structure on the universal enveloping algebra U(g)U(\mathfrak{g})u(g),
deforming the standard coproduct. In the quasitriangular case, we apply
Drinfeld’s quantum double construction, yielding a quantum group that
encapsulates both the original Lie algebra and its dual in a unified framework.
The resulting quantum group exhibits rich structure, including noncommutative
deformation of the coordinate ring on the associated group manifold [3].

From the point of view of representation theory, these quantum deformations
give rise to new categories of modules. In particular, highest weight
representations and Verma modules can be constructed by deforming the
classical representations of GLPGCA. This has potential implications for
constructing new integrable systems with infinite-dimensional symmetry and
exploring quantum integrable field theories in two dimensions. Moreover, the
quantized versions of GLPGCA possess noncommutative geometry
interpretations. The underlying algebraic structure of the quantum algebra
suggests a deformation of the classical phase space or configuration space of
the associated physical system. This opens avenues for constructing quantum
mechanical models where space and time exhibit quantum deformation effects,
relevant in contexts like non-relativistic holography and models of anisotropic
scaling. We provide explicit examples of quantized GLPGCA algebras,
including deformed coproducts, antipodes, and counits. These examples
demonstrate how the quantization process modifies the symmetry algebra and
indicate how conserved quantities in physical systems might transform under
the quantum symmetry. The examples also serve as a starting point for deeper
analysis, such as classification of module categories, fusion rules, and tensor
product decompositions in the quantum setting [4].

we investigate the Lie bialgebra structures of the GLPGCA and examine their
quantization. A Lie bialgebra is a Lie algebra equipped with a compatible
cobracket, satisfying certain cohomological conditions, which serve as the semi-
classical limit of a quantum group. Identifying such structures on GLPGCA not
only contributes to the classification of infinite-dimensional Lie bialgebras but
also lays the groundwork for constructing quantum deformations of these
algebras. These quantum deformations have broad implications, particularly in
modeling symmetry in quantum field theories and exploring algebraic
formulations of quantum gravity. We begin by providing the algebraic
background and defining the generalized loop planar Galilean conformal
algebra. We then construct and classify Lie bialgebra structures on this algebra,
focusing on solutions to the classical Yang-Baxter equation and modified
Yang-Baxter equation. Finally, we present possible quantizations of these
structures using techniques such as the Drinfeld twist and the construction of
universal R-matrices, leading to new classes of quantum algebras with potential
physical and mathematical applications [5].
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