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Abstract The theory of generalized matric Massey products has been applied for some time to A-modules M, A
being a k-algebra. The main application is to compute the local formal moduli Hyy, isomorphic to the local ring of
the moduli of A-modules. This theory is also generalized to O x-modules M, X being a k-scheme. In these notes,
we consider the definition of generalized Massey products and the relation algebra in any obstruction situation (a
differential graded k-algebra with certain properties), and prove that this theory applies to the case of graded R-
modules, R being a graded k-algebra and k algebraically closed. When the relation algebra is algebraizable, that
is, the relations are polynomials rather than power series, this gives a combinatorial way to compute open (étale)
subsets of the moduli of graded R-modules. This also gives a sufficient condition for the corresponding point in the
moduli of Op,j(r)-modules to be singular. The computations are straightforwardly algorithmic, and an example
on the postulation Hilbert scheme is given.

MSC 2010: 14D15, 13D10, 13D02, 13D07, 14D22

1 Introduction

The theory of generalized matric Massey products (GMMP) for A-modules, A being a k-algebra, is given by Laudal
in [4], and applied to the theory of moduli of global and local modules in [6,7]. This theory can obviously be
applied also to the study of various Hilbert schemes, leading to GMMP for graded R-modules M, R being a graded
k-algebra. Let (A®,de) be a differential graded k-algebra, and let & = {ae,,...,ac,} be a set of elements in
H'(A®). Forn e (N—{0})%and |n| = ny + - -- 4+ ng = 2 we have the ordinary cup-products o ®@j, @ — H>(A®)
given by

(;m) = Z Qm, - Qmy, -

my+my=n

m,e(Mu{oh)?
For example,
<g7 (17077071)> = Qe; * Qegy +a€d cQey, <Q7(1,17077O)> = Qe; * Qey-

By inductively adding elements a;, € A',m € B C (NU {0})d due to some relations, we define the higher-
order generalized matric Massey products (o; n), n € B’ C (NU{0})?, for some n of higher-order |n/, provided A®
satisfies certain properties. The inductive definition of GMMP is controlled at each step by the relations between the
monomials in an algebra ﬁg constructed in parallel. We call this algebra the relation algebra of «. It is interesting
in its own right to study the GMMP structure and the relation algebra of various sets of o € H ! (A®).

Deformation theory is introduced as a tool for studying local properties of various moduli spaces. It is well
known that the prorepresenting hull of the deformation functor of a point M in moduli is the completion of
the local ring in that point [S]. Consider a graded R-module M, R being a graded k-algebra. Choose a minimal
resolution 0 <— M < Le of M and consider the degree zero part Hom$, (Le, Le) of the Yoneda complex. Then,
(Hom$, (Le, Le), de) is a differential graded k-algebra. Let

P {xf,,x:;} C Hl(Hoth (L.,L.)) = Ext}%70(M,M)

* This article is a part of a Special Issue on Deformation Theory and Applications (A. Makhlouf, E. Paal and A. Stolin, Eds.).
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be a k-basis. Then, the relation algebra f[y is isomorphic to the prorepresenting hull H)y of the (graded) deforma-
tion functor Def 5, that is ﬁﬁ =~ H,;. In addition to the definition of the graded GMMP, this is the main result of
the paper, implying that general results about the GMMP give local information about moduli. In addition, we get
the following result, telling us how GMMP on R can be used to study the singular locus of sheaves on Proj(R).

Proposition 1. Let M = I'«(M) for M being a coherent Op,;( ry-module. Assume that
extpp o(M, M) = extp,,i(g) (M, M).

Then, the hulls of the two deformation functors Def g_n and Def r_pr are isomorphic, that is Haq = Hpy.

We conclude the paper with an explicit application to the postulation Hilbert scheme, suggested by Professor
Jan Kleppe.

2 Classical graded theory
2.1 Notation

We let R = ®4c7 R4 be a graded k-algebra, k being algebraically closed of characteristic 0 and R finitely generated
in degree 1. We let M = @®gc7 My be a graded R-module, and let M (p) denote the twisted module of M with
grading Mq(p) = Mp44.

We will reserve the name S for the free polynomial k-algebra S = k[z1,...,zx], so that R is a quotient of some
S by some homogenous ideal I, thatis R = S/I.

By ¢ we mean the category of local Artinian k-algebras with residue field k. If U € ob(¢), we will use the
notation my; for the maximal ideal in U. A surjective morphism 7 : U — V in £ is called small if ker - m ; = 0.
The ring of dual numbers is denoted by k[e], that is k[e] = k[e]/(?).

If V is a vector space, V* denotes its dual.

2.2 Homomorphisms

Classically, homomorphisms of graded k-algebras R are homogenous of degree 0. This is also the case with mor-
phisms of graded R-modules. We might extend this definition by giving a grading to the homomorphisms:

Homp ( ® My, @ Ny) = ® Hompa(M,N),
d€eZ deZ dEeZ

where ¢q € Homp 4(M, N) € Hompg(M, N) has the additional property ¢4(Mp) € Npq = Np(d).

2.3 Construction of graded S-modules

For the graded R-modules M and N, M @& N does certainly not inherit a total grading by (M @& N); =
Bg+d=d(Mg @& Ngv). Thus, the sentence “a free graded R-module” does simply not make any sense. In this
section, we clarify how the grading is given.

Recall that if M, N are graded R-modules and f : N — M is a homogenous homomorphism (of degree 0), then
ker(f) and im(f) are both graded submodules.

Lemma 2. Let N = ®4c7Ng be a graded R-module, M any R-module and f : M — N a surjective R-module
homomorphism. Then, gr(f 1) = ®aczf 1 (Ng) has a natural structure of graded R-module.

Remark 3. The proof of the above lemma is immediate, but it is not always the case that M = gr(f~') for some
f. In fact, this is equivalent with M being graded.

For the sake of simplicity, assume that M = @4c7M, is a finitely generated graded module, generated by a
finite number of homogenous elements my, ..., my of degrees p1, ..., pn, respectively. Then, we have a surjective
homomorphism

E:R(—pl)@R(—p2)®~~€9R(—pn)—>M—>O

sending e; of degree p; to m; (also of degree p;).

We easily see that R(—p1)® R(—p2)®- - - ® R(—pn) = gr(e 1), making R(—p1)® R(—p2)®- - -® R(—pn) into
a graded module. As the kernel is also generated by a finite number of homogenous elements, say by (g1, ..., 4),
where g; = Y j 9ij with g;; being homogenous in R, we have the following proposition.
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Proposition 4. Every finitely generated, graded R-module M has a minimal resolution of the form

s BR(— ) s E R M 0,
i=1 i=1
Conversely, given homogenous elements gi,...,gn € R of degrees du, . ..,dn, respectively, then R(—dy) @ --- @

R(—dn) maps surjectively onto the graded module (g1, ..., gn) C R, and so it is a graded R-module.

2.4 Families of graded modules

A finitely generated graded R-module M defines a coherent sheaf M of Oproj(r)-modules. In the same way, an
ideal I C R defines a sheaf of ideals on Proj(R), and this gives a subscheme of Proj(R). Thus, the study of various
moduli spaces is influenced by the study of graded R-modules.

Let us denote R = Spec(R) for short, and let X be a scheme/k. Then, a sheaf of graded Oy, x-modules is an
ORx, x-module G such that G(R x, U) is a graded R ®j, O x (U)-module for every open U C X. We define the
contravariant functor Grp : Sch;, — Sets by

Grr(X) = {coherent graded Opy, x-modules Gx | Gx is X—ﬂat}/ =5

The moduli spaces that we want to give results about are the schemes representing various restrictions of the functor
Cp : Sch;, — Sets given by

CRr(X) = {coherent Op,(g)x, x-modules F | F is X-flat}/ = .

The restrictions can be that F is an ideal sheaf with fixed Hilbert polynomial p(¢). Then, the above functor in the
case where R = k[ty, ..., ty] is the Hilbert functor Hilbﬂp,,ét). If F is locally free of rank r with fixed chern classes,
we get M(P%; e, ..., ¢r) and so forth.

The two functors Grr and Cp are usually not equivalent, that is, there exist graded modules M such that
I (M) % M. However, I'v(F) = I (G) = F = G, and this, as we will see, is sufficient for given applications.

In general, for a contravariant functor F : Sch — Sets, and an element x € F(Spec(k)), we define the fiber
functor Fz : Sch /k x {pt} — Sets from the category of pointed schemes over k to the category of sets by

pt
Fu(X) = {F € F(X) | F(Spec(k) — X)(F) = Fypt = x}.
If F is represented by a scheme M, and if € M is a geometric point, then the tangent space in this point is
(mz/mi)* = Homg Spec (k[s], X) = Fz ( Spec (k[e}))

The fiber functors define covariant functors Dy : £ — Sets and D, (V') = Fz(Spec(V)). In our situation, we obtain
the two deformation functors

DSI® = Defr s, DS = Defp aq : £ — Sets
given by
Defp 2 (V) = {f.g. graded R ®;, V-modules My | My is V-flat, My o= M}/ =,
Defp m(V) = {Coherent Oproj(R@,,v)-modules My | My is V-flat, My = ,/\/l}/ o~

For the rest of this section, we assume that M = M. We will use the notations Def v and Def y4 when no confusion
is possible.
By definition, the tangent spaces of the moduli spaces are

Defpg (]C[&‘]) = EXt}%,O(Ma M)7 Def pm (k[€]> = Ethgroj(R) (M7 M)a

respectively (Ext}m(M , M) will be defined below). For every V' € ¢, the morphism ~ is surjective with section I'.
That is, we have the diagram

I
Ve

Defg (V) —= Defp (V) ,  where I (F) = F.
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For a surjective small morphism 7 : U — V in £, given a diagram

I
/—\
My € Def p (U) —— Def o (U) 3 My

| |

I (Fy) € Defpr (V) — Def o (V) 3 Fyy
R
I

with My, mapping to I'«(Fy ), I'«(Fy) mapping to Fy/, then it follows by functoriality of ~ that My is a lifting
of .7:\/ .
This has obvious consequences, and we will eventually prove the following.

Proposition 5. Let M = I'.(M) for M € Cg(Spec(k)). Assume that extp, o(M, M) = extp, ;g (M, M). Then
the hulls of the two deformation functors Def g aq and Def g yr are isomorphic, that is Hag =2 H .

Remark 6. This proof says that if Iy (Fa) = Ma, where Fa, Mo, are the liftings to k[e] corresponding to the
canonical morphism H — H /m?, then H = Hj;. This can be used correspondingly in the higher-order liftings,
but it is very hard to check.

3 Deformation theory
3.1 Generalized Massey products

In this subsection, we consider a differential graded k-algebra (A®, de) with certain properties. We will assume that
0 € N, and for n € N%, we will use the notation |n| = Zle ni. For a = (e, ..., ae,) € (HL(A*)4, d € N, we
will define some generalized Massey products (a;m) € H2(A®), m € B', where B’ C {n € N% : |n| > 2}. Notice
that the Massey products may not be defined for all (if any) n € N¢. The overall idea is the following.

Let ey, ..., e, be a set of d elements in H'(A®), let By = {n € N% : |n| = 2}, and put B; = {n € N¢ :
|n] < 1}. The first-order Massey products are then the ordinary cup-products in A®. That is

(n)=y@), ym)= >  am, -am, ne B

my+m,=n
\mi|=1

Definition 7. One will say that the Massey product is identically zero if y(n) = 0.

The higher-order Massey products are defined inductively. Assume that the Massey products are defined for
n € By, By C{neN%:|n] <N}, N eN.Foreachm € By C By, assume that there exists a fixed linear
relation

and choose an € A" such that d(eun) = I(m). The set {am},,c 5, - Bn = By—1 U By, is called a defining
system for the Massey products

(@n)=ym), ym)= >, > BumOm, - am, me By,
|m|<N+41 My My=m
m;EBN

where ﬁ/g,m are chosen linear coefficients for each pair m, n such that (a;n) € H 2(A‘).
One way to construct Massey products, that is to construct the relations b given above, is as follows. Let
Qey, ..., (e, be a set of representatives of d elements in H'(A®). Let
So = k[[u1,...,ug)]/m® = k[[u]] /m®, Rs = k[[u]]/m®,
Blz{ﬂeNd:m\ §1}, BIQ:{@GNd:hd:Q}7 Bh = By U B).
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Definition 8. The first-order Massey products are the ordinary cup-products in A®. That is, for n € B},

(@n)=ym), ym)= Y om, -am,

my;+my=n
[m;[=1

Choose a k-basis {y},...,y;} for H*(A®), and put

5= villan)u®, j=1,...r

neB)
Let S3 = R3/(f2,..., f2), and choose By C Bb such that {u"}ne B, i3 a monomial basis for
2, 3 2 2
m”/m” + (fi,- fr).

Put By = B U Bs. For each n € N? with |n| < 3, we have a unique relation in Ss:

,Q* Z 5ﬂ»mﬁm

meB,

and for each m € B2 we have

bm = Z Bn,m(a;n) = 0.

neB)
Choose for each m € By an aum € A' such that d(cum) = —by. Put
Ry = k[[u]/m" +m(fa,..., 7).

Choose a monomial basis {ﬂﬂ}geBg for m3/m4 +m3n (f12, e, f?) such that for each n € Bj, u = uy, - v for
some 0 < k < d and some m € Bo.

Definition 9. The set {am},, 5, is called a defining system for the Massey products (a;n), n € Bj.

Assume that the k-algebras

R = k[[l] /(" (7 7))

’
Tn41

Sn=k[[W]/(m™+ (/7 fY)

and the sets By, 1, Bn_1, By, {am }m €B. .y have been constructed for 1 < n < N according to the above, in

particular

kermpy =m" + (ff70 0T /(" A m (T )

~ 1 -1 -1 -1 -1 -1 -1
=" /(" m (T T e (T T ) m(r T ),
and we assume (by induction) that {u"},c g, is a basis for

Lnp1 =m" /(" 4+ m" nm(f7 L TY).

Put By,1 = By U By, Foreach n € Bly, , we have a unique relation in Ry ;:
~1
wt= Y Pmat™+ ) Buif]
meg;\l+l J
Definition 10. The Nth-order Massey products are

(@n)=ym), ym)= Y. Bnom, -am,, n€ By

|m|<N+1m,+m,=m
m,; €B N
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For this to be well defined, we need both that y(n) is a coboundary, and that its class is independent of the
choices of o. We will only consider algebras A® that obey this, and we call A® an obstruction situation algebra, or
concisely an OS-algebra.

Put

=43 yi(en)u®,

neBYy

Ryio = k[[W]/ (VT2 +m (Y, ..., ),

\Lﬂ';\wl
Sni1 =B/ (Y ) = R[]/ (T + (Y, ) T, S,

pick a monomial basis {u™},cp, for kermy; such that By C By, and put By = Bx_1 U By. For each
neN?, In| < N, we have a unique relation in Sy 1, v = Zmeﬁw Bn,mu™, and for each n € By,

N—1
b = Z Z Bn,m(a;n) = 0.

=0 QGBéJrl

For each m € By, choose o, € A' such that d(aum) = —bm.
Definition 11. The set {am},, cBy s called a defining system for the Massey products (a;n),n € Bly 41

Choose a monomial basis {u"},, ¢ Bly,, for

N+1 N+2 N+2 N+1 N N
m T Tt T e T am(A, L )

such that for each n € BjVH, we have u™ = uy, - u™ for some 1 < k < d and m € By1. The construction then
continues by induction.

Definition 12. Let (A®,d,) be a differential graded OS k-algebra, and let aq,...,ay = a be a set of elements in
HY(A®). Let {y},...,y;} be a k-basis for H?(A®), and for 1 < j < r, let

Fi=>3 yi({esm))u™
1=2 neB!

Then, one defines

0 =k[[ur, o ua])/(frr o S

and calls it the relation algebra of «.

3.2 Obstruction theory

In this section, fix once and for all a minimal (graded) resolution of the graded R-module M:

5 de é.
0 M 5 Lo 1 I 2 Lo 3

with Ly, = @' (—d; )P . Consider a small surjective morphism 7 : U — V in £, and let My, € Def (V).

Then, an element My, € Def ;s (U) such that Def s (7)(My) = My is called a lifting of My, to U.

Lemma 13. Giving a lifting My € Defy;(U) of the graded R-module M is equivalent to giving a lifting of
complexes:

ev 5? 657 5:[;’
0<— My <~—Lo@pU<—L1 @ U<—Lo®, U<~—--

T

0 M Lo 5 Ly 5 Lo

€ 1 2 03

One also has that €V (1 @4, 1) € M @y, my;, 6Y (1@ 1) € Li_1 @y my; for all i > 1, and that the top row is exact.
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Proof. Because U is Artinian, its maximal ideal m;; is nilpotent. We will prove the lemma by induction on n such
that m; = 0, the case n = 1 being obvious. Assuming the result true for n, then assume mgﬂ = 0 and put
V = U/m}. Thus, the sequence of U-modules 0 — I — U = V — 0 with I = m{; = ker 7 is exact with 7 being a
small morphism, and such that m7, = 0. Notice that My ® V is V-flat and that (My @py V)®v k = My®uk = M
such that My := My ®yV € Def (V). Also notice that My @y I =2 (MyQuk)®y I = M ®; 1. Thus, tensorizing
0—1—US V — 0over U with My we get the exactness of the first vertical sequence in the diagram

0 0 0 0

id 61 ®id Jo®id d3®id
O%M(X)kI(&Lo(X)kI-&Ll®k1&L2®kl<&---

U U U
EU 1 62 63
0 My Lo@p U<—L1 @, U<=—La @ U<=—-
0 My, v L0®kV%L1®kV%L2®va
€ 1 2 3
0 0 0 0

The exactness of the horizontal top row follows from exactness of I over k, the bottom row is exact by
assumption, and the middle row is constructed as follows: let eV be a lifting of ¢, which obviously exists. By
assumption, e (1® 1) = e(l) @ 1 + h, h € M ®; my. Thus, eV (1 ®1) = e(l) @ 1+ h+v, h € my, v € I,
thatis €V (1® 1) = () ® 1 + u, u € my;. The commutativity of the first rectangle then follows from the fact that
my; - I =0, that is, 7 is a small morphism.

Now, choose a lifting 6 of 6} . As above, 6Y (I ® 1) € Lo @y, my; by the induction hypothesis, and therefore it
commutes with §; ® id.

For each generator [ of Ly ®j, U, choose an x € Lo ®y, I such that (e ® id)(z) = €V (61(1)), and put 61 (1) =
61(1) — z. Then

eV (51(1)) = €Y (81(1)) — ¥ (x) = €Y (81(1)) — (e ®id)(x) = 0.
U

This gives the desired lifting, and we may continue this way with §;”,

sequence is a complex.

Conversely, given a lifting of complexes as in the lemma, then taking the tensor product over U with V' = U/mp;
in the top row, we get a lifting as in the above diagram. By the induction hypothesis, the bottom row is exact with
My = Ho(Le ® V') being a lifting of M.

Writing up the long exact sequence of the short exact sequence of complexes, we have that the sequence in the
middle is also exact, My = Ho(Le ®j, U) is flat over U because My = M ®;, U as k-vector space implies that My,
is U-free and thus flat. O

¢ > 1. We have proved that the middle

As the category of graded R-modules is the (abelian) category of representations of the graded k-algebra R, a
homomorphism ¢ : M — N between the two graded R-modules M and N is by definition homogenous of degree 0.
This implies that the derived functors of Homp in the category of graded R-modules are the derived functors of
Homp o, where Homp o denotes R-linear homomorphisms of degree 0. Thus, we use the notation Ext%,o (M, N).

We have fixed the minimal graded resolution 0 <— M < Le of M, and we define the graded Yoneda complex
by (HomY, o(Le, Le), e ), Where

HOmZI)%,O (L.7 L.) = nIZYp HOmR’O (Ln, Ln_p)

and where the differential
8p : Hom?, o (Le, Le) — Hom?%'s' (Le, Le)
is given by
p({&n},5,) = {Ono&n1 = (-1)"6nodnp}, o 1,

where the composition is given by £ o §(xz) = §(&(x)). It is straightforward to prove the following.
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Lemma 14. H"(HomY, (L, Le)) = Ext o(M, N), n > 0.

Proposition 15. Let 7 : U — V be a small morphism in £ with kernel I. Let My, € Defp; (V') correspond to the
lifting (Le @y, V,6Y) of the complex (L, 8). Then, there is a uniquely defined obstruction

o(My,7) € Exth o(M, M) ®y I,

given in terms of the 2-cocycle o € Homy, o(Le, Le) ®y, I, such that o(My,w) = 0 if and only if My may be
lifted to U. Moreover, if o(My ,m) = 0, then the set of liftings of My, to U is a principal homogenous space over
Extp o(M, M).

Proof. Since L; is free for each i, we can choose a lifting 4% making the following diagram commutative for each i:

SU

d;
Li 1 @pU<—-L; @, U

l |

L;_1 R 1% -T Li Rk V.

As 7 is small, the composition SiU o glU_l : Ly ®, U — Lj_s ®; U is induced by a unique morphism o; : L; —
L; 9 ®; I, and so

0= {oi} S Hom%:m (L.,L.) R 1.
Also, o is a cocycle, and
o(My,w) =6 € Extg o(M, M).

Another choice 67 leads to an o € Hom%o(L.7 Le)®y I differing by the image of an element in H0111}37()(L.7 Le)®y
I such that o( My, ) is independent of the choice of liftings. This also proves the “only if” part.

If o = o(My,m) = 0, then there is an element { € Hom}QVO(L., Le) ®p I such that o = —dy(€). Put 67 =
6Y + ¢;, and one finds that 67 o 6 ; = 0. Thus, it follows from Lemma 13 that My, can be lifted to U.

For the last statement, given two liftings M}, and M7 corresponding to (le ® U, 5?’1) and (le ®4 U, 5£J’2). Then
their difference induces morphisms 7; = 5iU - 6? 2. L; — L;_1 ®; I, and (for each choice of basis element in [)
n = {ni} € Hom¥ (Le, Le) is a cocycle and thus defining 77 € Ext}%’o(M , M). This gives the claimed surjection

{Liftings of My to U} x Extg o(M, M) — {Liftings of My to U'}. L

Notice that this proves that Hom% (L, Ls) is an OS-algebra as well.

We now combine the theory of Massey products and the theory of obstructions. We let Hy; = H denote the
prorepresenting hull (the local formal moduli) of Def ;. All the way we will use the notations and constructions in
Section 3.1.

Pick a basis

{a1,..., 24} € Exty o(M, M)*
and a basis
{y1,...,yr} € Exth o(M, M)".
Denote by {z; } and {y; } the corresponding dual bases. Put
So = k[u1,...,ug]/m* = k[[u]]/m*, Bi={neN:|n <1}.

We set ap = {d;} and ae; = {z],;}. Let t; and tp.s, denote the tangent spaces of H and Def ;, respectively.
A deformation F € Def g (S2) corresponding to an isomorphism ¢ ; — ¢pet,, is represented by the lifting {Le ®j,

Sa, dfz} of {Le,de} where

ds?

_ m
Le®1 Z Qme B U
meB;
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Now, put 75 : Rg = k[[u]]/m® — Sa, choose B} as in Section 3.1 and put By = By U B}. Then
o(Ez,mh) = {d 0d } = 3 ylw) @ u € Exth o ker ()
neB)
with

y(n) = E Qi © Uy i1
my+m,=n
ﬂi€§1

This is to say (z*; n) = y(n) for each n € Bj. Translating, we get
T T
o(Exmy) = > (am)@pu®=) pi®| Y vi(lmn)u™| =) yof
neB) =1 neB) =1

Following the construction in Section 3.1, for each m € Bg, we pick a 1-cochain am € Hom};w(L., L) such that

d(am) = —by =— Z Br,my(n).

neBy

Then the family {am },, B, 18 a defining system for the Massey products (z*;n), n € BY. Define d> by

_ § : oy T
Ll — Qm 4 Ku—.
meB,

a5

Then (d°?)2 = 0, and so, by Lemma 13, {Le ®, S3, dis3} corresponds to a lifting E3 € Def;(S3). We continue
by induction: given a defining system {aun } for the Massey products (z*;n), n € By 1, assume that d5v is

meBN
defined by d°~ |L,01 = ZmEEN am,; ® u™. Then it follows that
i
N
o(Bn,mni1) = Y Y BnmOm,i0am,i-1 | @ut+ Y Y@ f
nEBy,, | mtmy=m j=1
m; €BNn
For 1 < j <, letting
N+1 _ /N *
=N STy ((2tin))
neBy 4y
as in Section 3.1 gives
/ N+1
o(En,mnt1) = Zy; ® f; .
J
c g . . . _ N+1 N+1 .
Dividing out by the obstructions, that is letting Sy1 = Ry+1/(f; ..., fr '), makes the obstruction 0, that

is ZHEBEVH Bn,m(z";n) = 0 for each m € By 1, such that the next order defining system can be chosen.

Thus we have proved the following.
Proposition 16. Let R be a graded k-algebra and M a graded R-module. Let {z*} = {z7,... x5} C
Ext}%7O(M, M) =H" (Hom@, (M, M)) be a k-vector space basis. Then, the relation algebra of {™} is isomorphic
to the prorepresenting hull Hyy of Def y, that is fl{y} = fIM.

Proof. This follows directly from Schlessinger’s article [5]. (I

Proof of Proposition 5. For each small morphism 7 : U — V/, if My, is unobstructed, so is My . Thus, if there are
no relations in H y, there are none in H ;; either. O

Proposition 17. Let R be a graded k-algebra and [M)] a point in the moduli space M of Op,.;(gy-modules corre-
sponding to M. If all cup-products of M = I'x(M) are identically zero and ext}io(M, M) = ext}QPmi(R) (M, M),
then M is nonsingular in the point [M].
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Proof. We can choose all defining systems for M equal to zero so that there are no relations in H ;. The result then
follows from Proposition 5. O

4 An example of an obstructed determinantal variety in the postulation Hilbert scheme

The postulation Hilbert scheme is the scheme GradAlg parameterizing graded algebras with fixed Hilbert function.
The following example is given to me by Jan Kleppe. The theory is treated in [2, 3].
Let R = k[zg, x1, z2, 23], k = k and consider the two R-matrices

(mo xr1 To x%) (:co 1 To x%)

Gy = 3] Gi= 5]

T2 TO T1 TH T3 T T1 ThH

We let I and J be the ideals generated by the minors of G; and G, respectively. Then the graded modules
M; = R/I and M; = R/J belong to the same component in GradAlg. (This is because the irreducible variety
of fixed degree polynomials maps to an irreducible subset of GradAlg, contained in the same component.) Thus
if the dimension of the tangent space of the two modules differs, the one with the highest dimension necessarily
has to be obstructed (meaning that it corresponds to a singular point). Computing with Singular [1], we find that
eXt}?7O(MI7 M) = 24, exth)O(MJ, M j) = 22. We then know that the first is an example of an obstructed module.

Notice that a computer program (a library in Singular [1]) can be made for these computations. This will be
clear in this example. However, for large tangent space dimensions, it seems that the common computers of today
are too small.

In this section, we will cut out the tangent space by a hyperplane where the variety in question is obstructed.
This will give readable information about the relations in the point corresponding to the variety, and the example
will be possible to read.

We put

2 2 2
§1 =1 — TOT2, S2 =TTl — T2, S3=T(— T1T2,
4 3 3 3 3 3
S4 = T3 — I1T3, S5 = T1x2 — LT3, S6 = LOL2 — L2L3-
Then I = (s1,...,s6) and M = M; = R/I are given by the minimal resolution

04— M +— R R(-2)® ® R(—4)* <~ R(—-2)® @ R(~5)% <2 R(~6)® «— 0

with

do = (s1 s2 53 s4 55 S6) ,

Ty —xo azg 0 0 x% 0
—x1 9 O x% 0 O x%
4y — zo —x1 0 0 :U% 0 0 x% 7
0 0 x1 =z 0 =z =z O
0 0 —220 0 =z —21 0 o
0 0 0 —z0—21 0 —x1 —x¢

3 3

a73 mg 0
0 —a3 3
—To —x2
dy = 1 xo
—T9 —x1
0 —xzp 22
0 x1 —z

0 —z2 11
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To compute a basis for Ext}%’O(M , M), we apply the functor Hompg, o(—, M), resulting in the sequence

dg dy dy
M =% M(2)° & M(4)* =5 M(2)2 & M(5)° =25 M(6)> — 0.
We then notice that di’ = 0 and so Ext}{’O(M, M) = (kerd?).
Programming in Singular’s work [1], a basis for Ext}37O(M , M) is given by the columns in the following 6 x 24-
matrix:

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
xomg :IZU:EQZ% xom%xg :vozcg xoxlxg TOT1T2T3 xoxlmg mox%x;;
xgxg x%x% x%xg LL‘% xlxgxg :le%xg 1:13;3 33%.T2$3
xlx?), xlxgxg) xlxgxg xlmg m%m% x%mgxg w%m% mzf:cg
0 —20T1 —x% —T1T2  —T1T3  TOT2 xr1x2 m%
0 fxg —xoTr1 —ToT2 —XQIL3 0 0 0
0 0 0 0 0 —x% —xor1 —xQx2
x%w% :z:ga:g wlmg a:ga:g x% 0 0 0
momgxg 0 0 0 0 moac§ wlmg xg:cg’
Toz1Th 0 0 0 0 0 0 0
Tox3 0 —20T3 r1T3 0 —Z2T3 roT3 r1T3
0 Tox3 — —T2X3 0 123 —x173 0 ro0T3
—0T3 T1x3 0 —X2T3  TOx3 0 —x173 0
0 0 T3x3 0 0  zz3zs 0 0
ng 0 0 x%xg 0 0 xlx%xg x%mg
0 :r% 0 0 l‘%l‘?, 0 0 1 x%mg

Following the algorithm and notation given in Section 3.1, we compute cup-products. Of the 300 computed,
79 are identically zero in the meaning that

0=ay, ooy, +ay oa,: R(-3)? & R(-5)° — R.

Of the remaining 221, 205 are zero in cohomology, giving in total 16 nonzero cup-products. With respect to a basis
{§:}32, for Ext%;z’O(M , M), these products can be expressed by

V13023 = Y1, V13024 = Y2, V17V22 = —Y1, UVl7U24 = Y3, VI18V22 = —Y2, V18V23 = —Y3,
V19U22 = —Y2, V19V23 = —¥3, V20023 = Y1, V2024 = Y2, V21022 = —Y1, V21024 = Y3,
3y = y1, V22023 = Y2, Uaav24 = —y3, V33 = ys.

Letting

2
f1 = v13v23 — v17v22 + V20U23 — V21V22 + V22,
f2 = v13v24 — V18V22 — V19V22 + V20V24 + V22023,
_ 2
f3 = v17v24 — V18V23 — V19V23 + V21V24 — U22V24 + V33,
we may conclude from Proposition 16 the following.

Proposition 18. The determinantal scheme given by the minors of the matrix G has first-order relations given by
its second-order local formal moduli

H/m® = k[[v1,...,v24] ]/ ((f1, fo, f3) + m®).

From [3] it follows that the obstruction space for M = R/I is H(M, M, R), where M is considered as a graded
R-algebra. This k-vector space has dimension 3, and so we may conclude the following.
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Corollary 19. The determinantal scheme given by the minors of the matrix G is maximally obstructed.

We are now going to put most (21) of the variables above to zero. That is, we choose the most interesting of
the 24 variables above; t1 = wvag2, to = va23, t3 = va4, all others are put to zero. We follow the algorithm given in
Section 3.1 and we work in the Yoneda complex Hom® (L, Le ), Where Le denotes the R-free resolution of M given
above.

Notice that for o« = {a;} € Hom! (L, Ls), it is always sufficient to have the two leading morphisms a1 : L; —
Lo, ag : Ly — L. Also, it is known that finding these by the methods below, they can always be extended to the
full complex; see [7].

We find

2
e, 1 = (—wox3 —z123 0 217523 0 0),

—23 0 —22z3 0 0 0 00

0 z3 O —x%xg 0 —13%123 00

0 0 0 0 0 0 00
Qey 2 = 5

0 0 0 —x3 0 0 00

0 0 0 0 0 0 00

0 0 —x3 0 0 0 00

2
Qey,1 = (x0x3 0 —z123 0 212573 0)7

0 —23 00 0 232300

0 0 00—22z3 0 00
|-z 0 00 o0 0 00
227 0 0 00 —23 0 00]
0 0 z30 0 0 00
0 0 00 O 0 00
Qey 1 = (xlxg xox3 00 mg’xg xlxgmg) ,
0 0 0 0 z2230ax3z3 0
00 00 0 0 0 x3ax3
{o-z300 0 0 0 o0
Y2710 0 230 0 0 0 0
00 0Oz3 0 0 0 O
00 00 0 0 O0 0

This given, it is an easy match to compute the cup products (or the first order generalized Massey products). These
are

<Q*; (2,0, 0)> = ey 1 Oy 2 = x%(xg, fml,xg,0,0,xlxg,0,0),

<y*; (1,1, 0)> = ey, 1 g2 + Qey,1 - Qep 2 = m?),( — xg, T2, —a:ox%,O, 0, —m%, 0,0),

(v5(1,0,1)) = ey 1+ Qey 2 + Qey 1 Qe 2 = 23 ( — 21, 20, —T125, —T0a5, — T, —T0a5, —T, —2123),
<y*; (0,270)> = Qley,1 " Oley,2 = x%(ml, —Io,wlm%,0,0,$0$%,0,0)7

<y*; (0,1, 1)> = Qg1 - Oleg,2 + ey, 1 - Cley 2 = z3 (07 0,75, 7123, 0, 7123, T0T3, O),

<2*7 (0, 07 2)> = Qeg,1 " Uez,2 = x% (07 07 07 1’%, .’L‘liE%, O, .’El.’lf%, 17055%)
As classes in cohomology, we find (as we already knew)

(©"5(2,0,0)) = w1, (v"5(1,1,0)) =y2, (v";(1,0,1)) = —y3,
(©":(0,2,0)) = w3, (25(0,1,1)) =0, (v";(0,0,2)) = 0.
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We put

=48, fB=tts, f5=1—tt
and the restricted local formal moduli to the second order is

iy /m® = k[[t1,t2,13]]/ (f1, f5, £3)-
We follow the algorithm given in Section 3.1 further. We choose a basis B for

m?/(m® + (1, /2, f3)).
for example,
By = {(0,2,0),(0,1,1),(0,0,2) }

and choose a third-order defining system. Notice that by (v*;n) we mean a representative of the cohomology class

b(0,270) = <y*7 (07 23 0)> + <y*v (17 05 1)> = l'% (07 03 07 —(L'Ql'%, _ng, 07 _Igv —ZL‘L’E%)

Similarly,
b(071,1) = :c% (O,O7 :c%, mlxg, mlx% 0, xmc%,xoa:% 0),
b(070,2) = 1:;% (0,0, 0, x%,a}lx%, O,Jclx%, xom%).
Writing up why these are cocycles, we find what o, to choose for d(aw,) = —bn:

(02,01 = (00000 —zoz273) ,
0000 0 O O 0

0000 —z222 0 —z022 0
0000 0 0 0 —xa}

« = ,

02027165000 0 0 0 0
0000 0 0 0 0
0000 0 0 0 0

a(,1,1),1 = (000 —zoz2x3 00),

00 0 0 0 0 00
00xzxz3 0 0 0 00

00 O m2x§0m2x§00

o = ,
OLD27 01650 0 0 0 0 00

00 0 0 0 0 00
00 0 0 0 0 00
(0,021 = (00000 z3a3),
®(0,0,2),2 = 0-

Again, following the algorithm given in Section 3.1, we choose a monomial basis B, = {(0,2,1),(0,1,2),
(0,0,3)} for m®/m* + m® Nm(fZ, f2, f2), and can compute the Massey products (notice again that the next to last
expression is the representative in the Yoneda complex of its cohomology class):

(©"5(0,2,1)) = (g,2,0) U ey + (0,1,1) U ey + (0,0,2) U e,

= (O, 0, —x%x%, —J:lxgx%, 0, —xlxgsrg, —xomgxg, O) =0,
<y*; (0,1, 2)> = a(g,1,1) U Qes + (0,0,2) U e, =0,
<y*; (0,0, 3)> = a(g,0,2) U ey = 0.
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We now put
fi=r/ £=f =
and so
H' fm* = k[[tr,ta,t3]]/ (7, £3, f3) + m".

We put B3 = B} = {(0,2,1),(0,1,2),(0,0,3)}, and the next order defining system is easy to find, only one of the
representations of the elements by, is different from zero:

bo,2,1) = zoa (0,0, =1, —x0,0, —x0, —72,0) + (070,I§52,I§53,07I§53707 0).

We choose

00 0 00 0 00
00—z3 0 0 0 00

00 0 —250—-2300
20211 = (0002023 00), a@21)2=

00 0 0 0 0 0O
00 0 0 0 0 00O
00 0 0 0 0 00

The rest of the elements in the defining system are chosen identically zero, and we put B} = {(0,2,2), (0, 1, 3),
(0,0,4)} and compute the fourth-order Massey products:

(175(0,2,2)) = ag,1,2) U ey +(0,2,1) U ey + @(0,2,0) U ¥(0,0,2) + @(0,1,1) Y x(0,1,1) + (0,0,3) U er =0,
(v75(0,1,3)) = ag,1,2) U tes + (0,0,3) U e + (0,1,1) U (0,0,2) = 0,
(v"5(0,0,4)) = a(y,3) U ey + (0,0,2) Y @0,0,2 = 0.
Now, put f# = f2, i = 1,2,3. Because these then are homogenous of degree two, the next order defining
systems involves only fourth-order Massey products, and these can all be chosen identically zero. Then, the fifth-
order Massey products involve am, U aum, Wwith at least one of |m;| = 3. We see that a2, 1) U am = 0 for all m

with [m| = 2, and so all fifth-order Massey products are zero. Noting also that (g 5 1) U c(g,2,1) = 0, we are ready
to conclude the following proposition.

Proposition 20. Let f1 = t%, fo = tito, f3 = t% — t1ts. Then, there exists an open subset of the component
of GradAlg, the moduli scheme of graded R-algebras, containing the determinantal scheme corresponding to the
matrix G such that its intersection with the hyperplane ty = - - - = to4 = 0 is isomorphic to

k[t17t27t3]/(f17f27f3)
with the versal family
My, t0.t5) = k[0, w1, 22, 23] /1 ((t1,t2,13))
forte Z(f17f27f3) with

I(t17t27 t3) = (81 — w2x3t1 + xow3te + x10313, 52 — w123t1 + ToX3t3,
s3 — 2123, $4 + T1T3T3t) — To2TRLats + TOTFLELs,
S5 + xlxgxgtz + x%xgtg, S6 + x1x§x3t3 — xmpx%t% + x%x%t%)
Remark 21. When the local formal moduli with its formal family is algebraizable in this way, we get an open subset

of the moduli (at least étale). Thus, we get a lot more than just the local formal information. The conditions for when
H )y is algebraizable is an interesting question.
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