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Abstract

This paper deals with the periodic boundary value problems

1e(0,7),
1e(0,7),

u' + plu= f(t,u(t), (),
Vo4 piv= f(tu(0),0(0),
u(0)=u(T),u' (0)=u' (T,
v(0) =w(T),v'(0) =v (T),

where 0<p, S;—;(izl,Z) is a constant and in which case the associated Greens function may changes sign. The

existence result of positive solutions is established by using the fixed point index theory of cone mapping.
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Introduction

The purpose of this paper is to establish the existence of positive
solutions to a class of periodic boundary value problems for systems of
second order nonlinear differential equations

u' + piu= f,(tu(®), (1)),
v+ piv= £t u(), (1)),
u(0) = u(T), 1 (0) = ' (T),1(0) = W(T),v (0) = v'(T),

1e(0,7),

). (5

where 0<p, 337”(,':1,2) are constants and in which case the
associated Greens function may changes sign.

Inrecent years, because of wide interests in physics and engineering,
the periodic boundary value problems have been investigated by many
authors. For example, the periodic boundary value problems

u +a(tu=f(tu),
u(0) =u(T),u (0)=u (T),

te(0,T),
(3.2)

where f is a continuous or [' — Caratheodory type function have been
extensively studied; see, for example, Atici and Guseinov [1], Nkashama
and Santannilla et al. [2] Rachunkovéa and Tvrday [3,4] Kiguradze and
Stanck [5],Torres [6], Jiang et al. [7,8,14], ORegan et al. [9], Wang [10],
Graefetal. [11], Zhang et al. [12], and the references contained therein.
In these papers, the major assumption is that their associated Greens
functions are of one sign.

Recently, in [13], the hypothesis is weakened as the Green function
G(t, s) associated with problem (3.2) is non-negative. In [15], the
author improve the result of (3.2) and prove the existence results of
at least two positive solutions under conditions weaker than sub- and
super-linearity.

More recently, In [16,17], the authors consider the boundary value
problem (3.2) and establish the existence of positive solutions in the
case where the associated Greens function may changes sign.

Inspired by the work of the above mentioned papers, we investigate
the periodic boundary value problems (3.1) in this paper, and the
associated Greens function may changes sign. The aim is to prove the
existence of positive solutions to the problem by using the fixed point
index theory of cone mapping. Our ideas mainly come from references
[7-10].

Preliminary Results

In this section, we present some notation and lemmas
that will be used in the paper. We shall consider the Banach
space E=C([0,T]xC[0,T] equipped with the standard norm

| e, v) [IFl e || + 1| v |I= maxosier | 4(2) | +maxoc<r | VE) |5 (u,v) € E -

To prove our result, we need the following fixed point index
theorem of cone mapping.

Lemma 4.1 (see [18]) Let £ be a Banach spaceand K c E bea
closed convex conein E.Let A4:K — K be a completely continuous
operator and let i(4,K,,K) denote the fixed point index of operator
A.

() If uAu#u forevery uedk, and 0<u<lI,then j4K, k=1

(i) If infucox, [| Au >0
pu>1,then j(4,K,,k)=0.

and pAu#u for every uedK, and
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Let G (¢,5)(i=1,2) denote the Green’s function of homogeneous
periodic boundary value problem:

o +plo=e(t), te(0,7), wn
o(0) = (T, (0) = @ (T), '

where 0<p, < 3—”(1‘ =1,2) and e(?) is a continuous function on

[0,7] . It is well known that the solutions of (4.1) can be expressed in
the following forms

o(t) = [ G,(t.5)e(s)ds, (42)

and G.(t,s) can be expressed as

sin p,(t —s)+sin p,(T —t+35)

, 0<t<s<T,
G.(t,5)= 2pi(1_cospiT) (4.3)
o sin p,(s —t)+sin p.(T —s+1)
! ! , 0<s<¢<T.

2,0,(1 —Cos p,T)

By direct computation, we get

. pT
_SnAT g2 G, ()
2p.(1-cospT) 7" p(1-cospT) ey '
and
G.(t,5)<0
for \tfs\<zfﬂ—T when Egp_ 33_”,and
2 2p T 2T
T 1
g.()= IO G,(t,s)ds =—,t€[0,T], (4.5)
Pi
T
jo G’ (t,5)ds 1
min 7 =
te[o,T]I G- (t,s)ds l—sin&T (4.6)
0 2

where G and G are the positive and negative parts of G,.
We denote

. pT
1 2s1np’7
o, = = > 4.7
£ max G,(t,5) O @7
t,5€[0,T]
+o0, 0<p < z,
T (4.8)
Vi = 1 T 3z
Y A <pST
1-sin 2% T 2r
2
and
o =min{o,,0,},y =max{y,,7,}. (4.9)

Define the cone K in E by

K ={(u,v)e E:u(t)=0,v(t) > O,LT(u(s) +v(s)ds 2o || w,v)|}. (4.10)

It is well known that the system (1.1) is equivalent to the equation

WO0) = (]G, /545N, [[G09) fo(5,u(s),v(5)ds). - (4:11)

Define two operators 4, : E — C[0,T] as

A0 = [[ G5 f(su(s),v(sNds,i=1,2, (412)
and define an operator A: E = E as
A(U,V) = (Al (U,V), Az(u, V)) (U,V) ek (4.13)

It is clear that the existence of a positive solution to problem (1.1) is
equivalent to the existence of a fixed point of 4 in K.

We also make the following assumptions:

(H1) £(i=1,2):[0.T]x[0,40)x[0, +50) [0, +0) is continuous;
(HZ) 0 < m,’ = inf(t,u,v)e[O,T]x[0,+w)x[0,+w)f; (ta u, V) and

M, =SUP 0. 10sm0.1my S 1 (o Uy V) S 00,5 i=1,25

(H3)

M
— =400, here
m

M
—<y, when m=0 we define
m

m= mini{mi}aM = rnax,-{M,-} .

Lemma 4.3 Assume that (H1), (H2) and (H3) holds, then
A: E — E is completely continuous and A(K) <= K .

Proof. Let (u,v) € K ,thenin case of 7; = +90,since G,(t,5)>0,we
have 4,(u,v)#)20 on [0,7],i=1,2;in case of ¥, <+o0,i=1,2,
forany (£,s) €[0,T]x[0,T], we have

A (u,v)()= J‘OTGi (t,9) f,(s,u(s),v(s))ds
= J‘OT(Gl.* (t,5) =G, (1,9)) f,(s,u(s),v(s))ds
> [1(G/ (t.5)m =G (t.5)M)ds
=m jOT(G; (t,5) —%G,. (t,s))ds
> m jOT(G; (t,5)— 7,G(t,5))ds
>0, i=1,2.
On the other hand,
[ )0+ Ay v
= [1([ G5 £,(5,u(s),v(s))ds + [ G 2,9) £ (s, (5), v(5))ds)er
= [1[06,.9) fi(s.u(s). v(s)dsdr + [ [[ G, (1,5) £, (s.u(s). (s))dsds

_ (7 r T T
- J‘O Si(s,u(s),v(s)) jo G,(t,s)dtds + J’O £,(5,u(s),v(s)) JO G, (t,5)dtds
1 ¢r 1 ¢r
z2— _[O Si(s,u(s),v(s))ds +— IO S, (s, u(s),v(s))ds,
P P
and
A, (u,v)() = IOTGi (t,9) fi(s,u(s),v(s))ds < /mgﬁ@(hs)fjﬁ(&u(s),v(s))ds

for re[0,7]. Thus,
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r 4 (u,v)(@) 4,(u,v)(@)
'[0 (VXY A (it > o m[ao);]Gl (t.s) p; m[ao);]Gz (t,5)

20,4, (u,v)(t)+ 0,4, (u,v)(t)

> o (A4, (u,v)(t) + 4, (u,v)(1)),

hence, [ (4,0 + A, (uv)O)di 2 o | AVl Therefore,
AK)c K. A standard argument can be used to show that
A:E — E is completely continuous.

Existence Results

In the section we discuss the existence of at least one solution to
the system (1.1). To be convenience, we introduce the notations:

(t,u,v . ; t,u,v
ﬂoz lim M’ﬂwz lim M’
u+v—>0 U+V u-+v

U+v—>0

and suppose that f39» fi, €[0,+0], i=1,2.
Theorem 5.1 Assumethat (/1) , (#2) and (3) hold. Furthermore,
S
272
case of y = 400.Then problem (1.1) has at least one positive solution.
Proof. By fio > p, we can choose £ >0 such that fj, Zp+¢.

suppose that f,, > p=max{p.,p;} and f, <o=min{ in
Then there exists # >0 such that

Situ,v) 2 (p+e)(u+v),

and Q, ={(u,v)eK||(u,v)||<r}, then for

every (u,v)€dQ,, wehave | (u,v)|=r,andso

Sforall u+ve[0,r]. (5.1)

Let re (O,ro)
1 ¢r
4,60 [ — | A )0
- %J‘OTJ‘OTGf (t,5) f;(s,u(s), v(s))dsdt

- %J.Orﬂ (s,u(s), v(s))fOTGi (¢,s)dtds

1 T
> T jo £.(s,u(s),v(s))ds
> ”T ;f jOT(u(s)w(s))ds
o+
> ol (u,v
7 | (u,v) ||
(p+e)or ~0.i=12
Tp b b

Hence, inf (e, || 4 (u,v)|[» 0, i=1,2,and so

inf IIA(u,V)IIZ( inf (14 Ga,v) [+ 1 Ay G, v [y

(u,v)eaﬂr

2 inf || A1(M:V) || + inf || AQ(H,V) ||> 0.
(u,v)edQ, (u,v)e0Q,

Next, we show that pA(u,v)#(u,v) for any (u,v)€0Q, and
u>1. In fact, if there exist (Uy,v)) €0, and H 21 such that
oAy, vy) = (g, vy), eyt A (g, V) =ty and oAy (g, vy) = vy,
then (u,,v,) satisfies

te(0,7),
te(0,7), (5.2)

Uy + Pty =ty £, (8,145 (0), v (1)),
Vo + 3V = o S (111 (), v (1)),
1y (0) = 1y (T, 14y (0) = 11, (T), v, (0) = v, (T, v, (0) = v, (T,

Integrating the first equation in (5.2) from 0 to 7 and using the
periodicity of u, (t) and (5.1), we get

P, (0dr 2 ot [y (o)

A NARORAG)

> (p+ &), (1) +vy())dr

>(p+é) jOTuo (t)dt.

Similarly, we have PLTVO (Bdt=(p+ E)LTVO (tdt, thus we get

pJ.OT(uo(t) +v, (1)t = (p+ g)jor(uo(t)dt +v,(1))dt.

Since [y (1) +v,(0)dt 2 & ||y, vy) || o7 >0 and we see that

p = p+e¢,whichis a contradiction. Hence, by Lemma 4.1, we have

i(4,9Q,,K)=0. (5.3)

On the other hand, because f,, <@, there exist &€ (0,) and
R, > 0 such that

fitu,v)<(o—¢&)u+v),

Let MRo = maxoguwgkof(l‘,u"’) , then it is clear that

Sforallu+v>R,. (5.4)

Jit,uv) S (@=&)u+v)+M, , forall u+v=0. (5.5)

Ifthereexist (uy,v,) €0Q, ,and 0< #, <1 suchthat £, A(u,,vy) = Uy, v,)

,then (5.2) is valid. Integrating again the first equation in (5.2) from
0to T,andfrom (5.5), we have

of uy(t)dt < %lzjoruo (t)dt
_H (T
=2 [ A 0, v 0)de

- % J-OT((w = &)ty (1) + vy (1) + M )t

T.
w—¢& T Ry
<= jo(uo(t)+v0(t))dt+ (5.6)
Similarly, we have
r w-¢ (T ™
wjovo(t)dts > jo(uo(z)+v0(t))dz+ 2R° (5.7)

From (5.6) and (5.7), we get
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ijT(uO (0) +v, ()t < (@ g)jor(uO (O)+ vy (O)dt +TM .

Therefore, we obtain that

MR0

T Ti
& || g ) < |, (o () + v (0)dt <

™w, and Q, = {(u,v) € K || w,v)||< R}, then
o€

MRo.

Jie.|| (uy,vy) |I<

We choose R > max{s,
uA(u,v) # (u,v)for any (u,v)€0Q, and 0<u<1. Therefore, by

Lemma 4.1, we get
i(4,Q,,K)=1.
From (5.3) and (5.8) it follows that
i(A,Q,\Q, K) = i(4,Q,,K)—i(4,Q,,K)=1.

(5.8)

Therefore, A has a fixed poind in Q,\Q,, which is the positive
solution of BVP (1.1). The proof is completed.

An Example
As an example, we consider the existence
of positive solutions for the following system
z z 2sin £
u'+ pu=1+hE = p)u+v) +(1-hE—p, ))72Tarctan(u +v), te(0,T),
r r 7(=sin£5)
6.1
z x 2sin 2T ( )
Vit piv=1+h(=— p)u+v) +(1—h(=—p, ))72Tarctan(u +v), 1e(0,7),
r r 7(=sin 25

1(0) = u(T),u' (0) = ' (T),1(0) = W(T), ¥ (0) = v/(T"),
Let pe(0,1), 0<p, < 2—;[(1' =1,2), h be the function:

I, x>0,
h(x)=<0, x<0,

By the direct calculation, we get 7, =1 and M, =y,,and fiy =
and f; =0 incaseof y=+oo.lItis clear the conditions of Theorem
3.1 hold for the problem (6.1) and therefore, (6.1) have at least one
positive solution from Theorem 3.1.
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