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Estimations of s-Numbers of an Infinite Matrix Operator on H, Spaces
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Abstract

In this paper we study conditions that an infinite matrix 7" = ( l/) i
j=

has to satisfy in order to define a linear

bounded operator from any weighted H/, with a weight sequence B={ 8} of positive numbers into itself, and give
upper and lower estimations of the approximation numbers of such an infinite matrix.
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Introduction

In [1-8] an exact estimation of approximation numbers of a
multiplication operator T = (Tl. )Z] on the space (% (1 < p < o) was

given by the formula @,(T) = sup 1an |7, |, where F is any subset

card F=r+11€F
with (r+1) elements of the set of natural numbers N, and the same
result was found true for any multiplication operator T=(,), ., defined
on the space £,(I) of bounded families of real numbers.

In [3] upper and lower estimations of the approximation numbers

of an infinite matrix 7" = (Tnk )DO ., on the space (! were given by

sup sup inf———

1
A card F=r+1 " Z‘Aﬂk

keF

<a,(T)< sup 1nf2|r

card F=r+1 k<l 4=

where, {A=(A
family {Tk:(Akj), KkeF}C/*. In [5] the same result was found true for an

.)» KEF} is a biorthogonal family of functionals to the

infinite matrix T = (‘rnk ):;1 Iil on the space /,.

The main objective of this paper is finding upper and lower

estimations of the approximation numbers of an infinite matrix
0 . 1 . .

c[)1pe6r]ator T= (Tn . )n:l o from the weighted /) space into itself

Notations and Basic Definitions

1 - By card (F) we denote the number of elements belonging to any
subset F.

2 - For any two Banach spaces X and Y we denote by L(X, Y) the
Banach space of all continuous linear operators from X into Y equipped
with the usual operator norm.

3 - For a weight sequence f$={f§} of positive numbers, we denote by
H'.H 5 the weighted spaces,

:{f(z):f(z) =§ 'Z‘? §|a,,| <oo}

{f(Z) f(2)= Zaﬂ ,sup| g, |<oo}

i

Equipped with the following norms:

HfHI(i\dJ j and ||f]] =sup| 4 | respectively.
i i

Preliminary Lemmas and Propositions

In this section we mention some terminologies and state several
auxiliary lemmas and propositions which we use.

Proposition

A map which assigns to every operator TEL(X,Y) a unique sequence
{s (D}, n=0,1,2,........ is called an s-function if the following conditions
are satisfied: (8,9)

-s  (U+V)<s (U) +s (V) for UVELXY).

-|s(U) =s(V) | <|| U=-V|| for UVELXY).
3 -5 (AU)=|A| s (U), for all real numbers A and UEL(X,Y).
4 -s (U)=s (U').If U is compact operator then s (U)=s (U").

-|ITl|=s, (T)= s, (T)2s,(T)=.....
6 -s (UTV)< ||U]| s,(T) |V]| for VEL (X,.X), TEL(X,Y),UEL(Y,Y,).
7 -5 (T)=0 if rank (T)<n for TEL(X,Y).

1 forr<n
8- 5,(I,)= .
0 forr>n

>0, for all TEL(X,Y).

Where [ is the identity operator on the Euclidean space /;. We call
s (T) the n™ s-number of the operator T.

As examples of s-numbers, we mention approximation numbers
a(T), Gelfand numbers c¢(T), Kolmogorov numbers d(T) and

Tichomirov numbers d (T) defined by:
i)  Approximation numbers of operators,

For any arbitrary normed spaces X and Y, A’(X,Y) for r=0,1,2,....
denotes the collection of all finite mappings AEL(X,Y) whose range is
at most r-dimensional. For any arbitrary operator TEL(X,Y) the r-th
approximation numbers of T is defined by
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a (T)=inf{ |[T-4] :Ae A(X,Y) } (r=0,123,..).

ii) ¢ (T)=a (J,T), where ]y is a metric injection (a metric injection is
a one to one operator with closed range and with norm equal one)from
the space Y into a higher space F*(I) for suitable index set I [7-9].

iii) d (T)= inf supinf

dimysn g vey

Tx — y" for TEL(X,Y).

iv) d'(T)=d (J,T) for TEL(XY).
Lemma 1

Let T=(z,) . be an infinite matrix. If Sulef,,k| < then

the expression 7(f(z))= z z (t,a, );_n,

n

V f(z) e H} defines a linear

continuous operator T: H; — H with "T " =

Proof

For any element f(z)€ H; we get,

[rr@)=|2 5 e

ﬁn

o0
Z Tnk ak
k=1

=sup
n

Ssuplakl.sup
k n

©
> Ty
f

o0
Therefore, "T” <sup > |z'nk| .
n k=l

On the other hand, noting that f =(sign 7 sign 7 ,,...) is an element

belonging to H ; we get,

Lemma 2

H
———72  Hence

Let T=(Tnk):jl . be aninfinite matrix. If SUpZ|T |'<00

n

then the expression T(f(z))= Z Z (Tnkak) , V f(2) € H) defines
n=lk=1

n

a linear continuous operator T: H} - H; with "T" =sup i|rnk| .
K s
Proof l

[r(e) = Hz TEPREd P
n=lk=1 N =

nkak|

0 00 00 o0
= Z|ak|.2 T, < Z|ak|.sup Z|rnk|
k=1 n=1 k=1 k n=1

Therefore,

On the other hand writing ﬁ_11=(ﬁ;1; and noting that the point
J

\

..)E Hzo_l with Hf”HHOO

fn:(sign T, sign T, T we get,
HT:H1 =Ir* e H HT anHOO >3l
p-1
Lemma 3

For f =(a,)€ Hy we get

s inf |a, |= inf s
cardll;lpnﬂ ieF |a | card F=n iuP ‘ a |

Main Theorems
Theorem 1

Let I'= (T,,k )n:l, 1 beaninfinite matrix with linearly independent
rows and columns satisfying the conditions of Lemmas (1), (2), (3) and
considering T as an operator such that:

T:H,——>H, then we get the following inequality

sup inf

cardF=r+1 "

< ar(T) < sup inf Z ‘Tnk‘
> cardF=r+1k€F n=1
P Yk

Where F is any subset of natural numbers with (r+1) elements and
(7, )i sis the biortogonal function to (7, ), -

Proof

For any set E of indices with card E=r we define an operator
Ay :Hy,——H, with rank (A,) < r by:

4 =(a)) 0 ,keFE
=(a ,a”
E nk kT M,keE

From the definition of approximation numbers and using Lemmas
(1),(2),(3) we get

0% Al
< wpinf 3 [l

cardE=r+1k€E n=1

To prove the other side, let F:{nl, n,,..., nm} c N be a set of indices

with (r+1)-elements and define a projection P, eL(HW,HW) as
follows :

fi(2),ieF

P (f(2) =y y,~={0 i¢F

Clearly the range of P, is the subspace
Y ={(f(2)) : f(z2)=0VigF}.
The set {7, =(T,lk ):O:] GH;,

independent elements in H }; then using Hahn-Banach Theorem there

neF} is a subset of linearly

exist linear continuous functionals [10] g, = ( Vo )n  €H\;, kEF
satisfying, 8x(7,) = ;Tm'}/ik =0y .
Let us construct the operator

S —<5 )30 - eL(Y H) )suchthat& 0 Jef
FT )i, g VB v Vi » JEF
Therefore we get the following diagram

Sp o T o Pr
YF - Hl/ﬂ Hl/ﬂ - YF

Since P.T°S.=1, is the identity on the (r+1)-dimensional
subspace Y, thenl a(IYF) o (P.T'S )<a (T)]|S,]-

-1
> [supilyﬂkl] = sup inf !
" " = cardF=r+1 " Zlyﬂl

): . t , beaninfinite matrix with linearly independent

Hence, o, (T) > a,(T") >

Theorem 2

Let T = (
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rows and columns satisfying the conditions of Lemmas (1),(2),(3) and
considering T as an operator such that

T:H},—)H}; whose dual T*:H;,. —>H;,. we get

. 1 £ o0
sup inf| ——|< a’,(T )S sup inf 3 |z
cardF=r+1 K cardF=r+1neF k=1

nk
n=l1

Where F is any subset of natural numbers with (r+1) elements and
(7,)r1is the biortogonal functional to (7)., -

Proof:

The proof of the theorem is similar to theorem 1.
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