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Construction of Right Cheban Loops of Small Order
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Abstract

In this study, we give constructions of right cheban loops of order 4t, using a multiplication defined on cartesian product of (Cy X
C,) where Cy is a cyclic group of order 2t, t is a positive integer: 3,4 and 6 and C, is a cyclic group of order 2, each gives a right cheban loop of
orders 12, 16 and 24. It was found that smallest non-associative right cheban loop is of order 12 and finite examples of right cheban
loops of orders 12,16 and 24 are generated as shown in the cayley tables.

Keywords: Binary operations * Construction of loops * Right cheban loop

Preliminaries

Introduction
] ) Let Q be a non-empty set. Define a binary operation - on Q. If x - y
Right cheban loops are loops of generalized bol-moufang type. < qforallx, y € Q, then the pair (Q, ) is called a groupoid. If the
Both left cheban loops and cheban loops were introduced by cheban.  gquations:

He also showed that cheban loops are generalized moufang loops.
Phillips and Shcherbacov also carried out a study on the structural

properties of left cheban loops and cheban loops [1-3]. have unique solutions in Q for x and y respectively, then (Q, - is
The smallest Bol-loops surfaced as from order 8. This was called a quasigroup. If there exist a unique element e € Q called the
classified by Burn in [4,5]. He found six Bol-oops of order 8. Later, ~ identity element such that for all x € Q

a-x=bandy-a=b

solarin and sharma, using a different method classified Bol-loops of X - 8=€ - X=X
orders 12, 16, 32 and generally of order 3p (p>3) where p is prime. At . ] ) )
order twelve we begin to have moufang loops. The least Moufang (Q, ) is called a loop. Let x be a fixed element in a groupoid (Q, ).

loop is of order twelve and there are just three of such loops. This  The left and right translation maps of Q, L. and Ry are respectively

was classified by orin and pflugfelder in [6,7]. and osborn loops begin  defined by
to surface as from order 16 and only two examples exist at that order. yLx=x - y and yRx=y - X

This was classified by kinyon in [8,9]. Some recent studies on this . ] o . .
class of loops are by Isere Adeniran and Isere, et al, Jaiyeola, Also, a quasigroup is a groupoid in which the left and right
Jaiyeola and Adeniran. Solarin and Sharma, constructed some. franslations defined on the groupoids are bijections. Since left and

examples of bol loops in. isere in also constructed and classified finite  fight translation mappings of a loop are bijectives
non-universal osborn loops of order 4n [10-12]. then, the inverse mappings L, and R, exist. Let

In this study, we give constructions of right cheban loops of order 4,  and note that
with the cartesian product of (Cy x Cy where Cy is a cyclic group of
order 2t, t is a positive integer and C, is a cyclic group of order two (with
element 0 and 1), each gives a right cheban loop of orders 12,16 and 24.  y\y—7 <= x- z=y and xly=z <= z - y=x.

X\y=yL, 1and y/x=yR,"1

Aloop (Q, -, \./, &) is a set Q together with three binary operations
(-)(N(\) one nullary operation e such that

() x - (xly)=y, (y/x) - x=y Vx,y € Qx

\(x - y)=y, (y - X)/x=y Vx,y € Qand
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X\x=yly ore-x=xand x - e=x Vx,y € Q

I i Ny={reQlr -yz=zy-2Vy,z € @}
A tisfying the identit T o~ ; e

oop satisfying the identity N, = [y €Q|x-yz=xy - 2Vr,2 € Q}
(Z-yx)x=zx-xy (1) Ny={z€Q|x-yz=zy - 2¥r,y € @}

Is called a Right Cheban loop (RChL). left cheban loops on the

other hand are loops satisfying the mirror identity Results

X(Xy - z)=yx - Xz 2
(xy - 2)=y. @) Construction (1): Let Q (9=Cy xC, and the binary operation is
Loops that are both right and left cheban are called cheban loops.  defined as follows:

cheban loops can also be characterized as those loops that satisf
P P Y0 a2, e)=(xEL4E2, a0t

the identity
x(xy - 2)=(y - z0x  (3) then Q (°) is a right cheban loop of order 4t, where t=3,4,6.

A'loop (Q, -) is called a right inverse property loop if it satisfies the
right inverse property (RIP) given by:

Proof. Showing that Q (°) satisfies right cheban identity below,
(MNP )P=MP PN

(a) M=(xP,e); N=(xP2 e); P=(xP3,e), then by direct computations we

(yx)xP=y have
Aloop (Q, ) is called a Right Alternative Property Loop (RAPL) if it
satisfies right alternative property (RAP): yx - x=y - Xx NP _ (g 8 ¢ j
Aloop (Q, -) is called a left alternative property loop (LAPL) if it M-NP = (zPi+f+8s_g)
satisfies left alternative property (LAP): ~ xx - y=x - xy ’ : - v o siai v
. ) W NP = (pfTAz+if g
A loop (Q, *) is called an alternative property loop (APL) if it is (M- NP)P \z €)
a RAPL and a LAPL. Also,
Aloop (Q, ) is called a flexible loop if it satisfies the identity MP = (zMF €
Xy * X=X * yX PN = (x5 ¢)
forallx,y € Q. MP.PN = (gPrti+i5h )
Aloop (Q, -) is commutative if L(a)=R(a) V a € Q and associative
if .. (M-NP)P=MP - PN

In the above computation (Q, ) = Cyx C, and the binary operation
is defined as follows: (xPL, a<t)(xP2, e) = (xP1+2, qal)

(b) M = (xP1, e): N = (xP2, e); P = (xP3, a) then

R(a, b)=R(@)R(b) a, b € Q
A loop Q satisfying the identity
(xy-z)y=xyz-y) (4)
is a Right Bol loop.
NP = (zP2+Ps_q)
M-NP = (zf+i+8: g)
(M-NP)P = |:Ir,..:l':|+.'.l:—2.:l'1_'r.}

If it satisfies the identity it is called a left bol loop.
X(y - xz)=(x - yx)z  (5)
A Loop (Q, -) is moufang if it satisfies the identities 4 and 5

called the right and left Bol Loops respectively. Also, .
) . o MP = (TP a)
Aloop I() is called an oshorn loop [13-22], if it obeys the identity: B} A
PN =[x )
(X)\\y) - ZX=X(yZ * X) MP-PN = |:.i"'ﬁ+'33_2'f‘. e)
vxy,zel . (M-NP)P=MP-PN
A Loop (Q, *) is power associative if and only if each
element generates an associative subloop. (c) M=(xPL, e); N=(xP2, a); P=(x?3, e) then

A Loop (Q, -) is diassociative if and only if pair of
elements generates associative subloop.

Bruck defined the left nucleus N,, the middle nucleus N, and the
right nucleus N of a loop (Q, -) as follows:
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NP = (% q)
M-NP = (zhthrths g)
(M-NP)P = (zh+i42s q)
Also,
MP = (z*h e)
PN =(z%q)
MP.PN = (gh+5:4%h q)

..(M-NP)P=MP-PN

(d) M = (z,€); N = (z,a); P = (™,q) then

NP = (g% ¢)
M-NP = (cftbeths ¢)
(M-NP)P = (zhA+2 g)
Also,
MP = (ghth q)
PN = (2Pt ¢)

MP-PN = (zh+ht2h q)

S AM-NP)P=MP-PN
(e): M = (™, a); N = (z%,¢); P = (2™, ¢) then

NP = (g% ¢)
M-NP = (zfthth q)
(M-NP)P = (gt g)
Also,
MP = (ghth q)
PN = (zPh ¢)

MP.PN = (i.-3|+.."':+2..ijl-_ﬂ1ll

(M-NP)P=MP-PN
(f) M = (z*,a); N = (z™,¢); P = (z™,a) then
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NP = (P q)
M-NP = (_l..h+.fg+.3:4_ (.‘]
{.1.! . ._\'.'13].() — {i..3|+.i-)+2_f:l_ (.!}

Also,
MP = (P )
PN — (Ir.iz+.3:i . !I]

MP-PN = (zh+st2m q)

(M- NPYP = MP-PN
(g) M = (%, a); N = (r%. a); P=(x%_¢) then
NP — (.r'i"*'":‘.tl]

M- NP = (_l..h+.fe+.3:4_ (.‘]
(M- NPYP = (of+8:+25 g

Also,
MP — (Ir.il+JH_!I]
PN — (Ir.3-1+J:i R !I]

MP.PN = (.r.f1+.31—2.13_ lJ

M -NP)P =MP-FPN

(h) M = (z™,a); N = (#™,a); P = (™, a) then

NP = (z%th ¢)
M-NP =(zhthth g)
(M-NP)P = (xftft2is g)
Also,
MP = (z%h+5 )
PN = (2% )

MP.-PN = (f+5+25 g

S (M-NP)P=MP-PN

Also, (e, e) is the two sided identity.

If A=(xP, e), then A-2=(x"F, e)

If A=(x®, a), then

A-1=(xB, a) if B=even

=(x-5P, a) if B=o0dd therefore, the inverses are defined.

Also, for non-associativity, let M=(xPL, a); N=(x2, a); P= (x®, e)
where 2 and 33

are odd integers, then
MN-P=(xP1+5P2+583, a) and
M-NP=(xP1+5P24+25P3, a)
MN-P=M:NP

thus the construction is non-associative except when t=2 which
gives the group C, x C,

hence, it is a right Cheban loop of order 4t, t=3, 4, 6.
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Since (zyx)x=zx xy holds in cases whenever 251 (mod 2t), that is NP = (£f+8 a) if B, = even
t=3, 4, 6 hence, the construction is a right cheban loops of order 4t NP B {r:.,.j_‘, s r-:] if B = odd
where t=3, 4, 6 see solarin and sharma [23-25]. g B 2
(M- NP) = (zH+32+82 g) if By = even
Construction (2): Let Q(9)=C XC and the binary operation is (M- NP) = (g% +582+Ps g) if By = odd
defined as follows: (M-NP)P = (82 g) if fy = even
(XBl, a4l )(Xﬁz, a)= (XBl+Bz, aal+l)if fo = 0 (mod 2) (M- NP)P = (xP0+504000 0 5f 3, = odd, 3, = odd
=(x5PL+P2 aal+1) if B, = 1 (mod 2) then Also,
o ) MP = (£t ) if f2 = even
Q (°) is a Right Cheban loop of order 4t, where t=3, 4, 6. MP = (& o) if fy = odd
Proof to show that the LHS and RHS of right cheban identity PN = (%P2 a) if [y = even
are satisfied, we proceed, by considering different possible PN = (zf+5% q) if B3 = odd
situations, as follows MP-. PN = (zB+5+25 g) if B, = even
. . PN — (25512502 4+104; CEoid _
M=(xEL, e); N=(x2, e); P=(xF3, e) then by direct computations we MP- PN = (eB0e55%, a) if By = odd, B3 = odd
have, (M-NP\P =MP-PNif [fs=even
(M-NP\P =MP- PN if fs=odd, [3=odd
NP = (" )
M- NP = (gh+P5 g (d)M=(xPL, e); N=(xP2, a); P=(x"3, a) then
|:_U -NP)P = (-I”h_'j!-l-z'j'g-f-'\] NP = (z%t8 ¢) if Fa = even, F3 = even
Also, NP = {.i."""‘""'j-‘.::] if by = odd, 35 = odd
MP = {.i‘."‘{'_--ia*_‘,_.:] (M-NP) = lr.a"j‘+'ji_"{-‘.t-_‘.l if B2 = even, G5 = even
PN = pBa+Ba l":l (M-NP) = (o¥+50+8 o) if 3, = odd, 3, = odd
N Jj'_j +2'j' (M-NP)P = (xf+84285 o) if B, = even, By = even
MP - PN = (g5 ) FEVE = (25851425824 104, Fo _
(M- NP)P = (z¥h 2 Pa)if B = odd, Gy = odd
(M-NP)P =MP-PN. Also.
MP = I:.r'j’_d“_u\] if s = even, 33 = even
(b)M=(xPL, e); N=(xP2, e); P=(x", a) then MP = (&5 g) if B, = odd
- o PN = (xftP2 ) if [, = even, B3 = even
NP (i fee o PN = (@¥%,a) if 8= odd, by = odd
(M-NP) = (ot g) if JI’;; — cven MP.-PN = (x"58%2% g)if By = even, By = even
(M- NP) = (a¥h+3040 q) if By = odd MP. PN = (pPhABhT08 ) i f 3 = odd
(M-NP)P = (222 g) if B3 = even (M- NP)P — MP- PN if By = even, By = even
(M- NP)P = (25h+38:45)0455 o) if 8y = odd, f2 = odd ' T ’
(M- NP)P (2581258041080 (M-NP)P =MP- PN if = odd, 33 = odd
Also,
MP = (eB+ q) if B5 = even (e) M=(x BL, a); N=(x P2, e); P=(x P3, e) then
PN = (zfsthe, a) if [z =even 2,03
MP = (@5 ) if fy = odd NP=(x2+%, )
PN = (2455 q) if B = odd, 3 = odd M - NP:(XBI+[32+B3 a)
MP.-PN = (gM+B+20 o) if [, = even '
MP.PN = (£504250+19 o) if ‘B, = odd, b = odd (M - NP )P=(xPL48242B3 3)
(M-NP)P = MP- PN if 3= even
(M-NP)P =MP- PN if 35 = odd, B> = odd Also,
P =(xP1482, a)
(c) M = (2™, ¢); N = (z™, a); P = (x™,¢) then PN=(xPZ+83, ¢) MP

PN=(xP14824263 3)
(M- NP )P=MP - PN
(f) M=(xPL, a); N=(xP2, e); P=(x*, a)
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NP = (2%+5_q) if By = even Also, (g, e) is the two sided identity. If A=(x?, ), then A-1=(xP, e) If
NP = (2%, a) if By = odd A=, a), then
(M- NP) = (ghtPatha g) A-1=(xB, a) if B=even
(M- NP) = (g e) =(x~%8, a) if B=odd therefore, the inverses are defined.
(M-NPYP = (2f+%2+2% 4} if 3, = even, [, = even
(M-NP\P = (pB0+550+105 o) if g, = odd, 3, = odd Also, fqr non-assopiativity, let M = (xPL, a); N = (xP2, a); P = (x3, e)
Also. where 2 is an even integer and 3 is an odd integer, then
MP = (x5 g) if By = even MN - P=(xP4+5P%5F3 a) and
MpP = («*1%% e) if By = odd M - NP=(xP45P% 2503 a)
PN = (%1% _q) if Ay = even, [, = even
PN = (£*8+5 a) if 33 = odd, 5 = odd MN-P=M-NP
MP.-PN = (2545425 0} if By = even. [ = even Thus the construction is non-associative except when t=2 which gives
MP.PN = (255+38+108 o) if G = odd, B, = odd the group C, xC, hence, it is a right cheban loop of order 4t, t=3, 4, 6.
(M-NP)P =MP- PN if ;= even, 5, = even Cayley of non-associative right cheban loops of orders 12, 16 and
(M- NP)P = MP PN if 34 =odd, 5= odd 24.
(8) M=(xBL, a); N=(xB2, a); P=(x®3, ¢) These are non-associgtive right cheban loops of order 12, 16 and
24. From the constructions, it was found that the smallest non
NP _ (P8 q) if By = even assogiative right chgban loops is of order_ 12 and using Grpup
) . T Algorithm Programmings Software (GAPS), it was shown that right
NP = (z*%7%,a) if By = odd cheban loops are right inverse property loops, right conjugacy closed,
(M-NP) = (af+iti e) power associative, right bol loops, right alternative and non-moufang
(M- NF) = (p¥H 3t g) loop, non-oshorn loop, not diassociative loop and does not satisfy
(M-NP)P = (P55 g) if 8 = even, (2 = even flexibility law and commutativity law.
(M-NP)P = (pP0+238:+108 o) if 3. = odd, (33 = odd
Also,
MP = (x®+% q) if 8, = even, B = even
MP = (2" + o) if By =odd, F = odd References
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