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Abstract

We study a concept of a g-connection on a left module, where ¢ is a primitive Nth root of
unity. This concept is based on a notion of a graded g-differential algebra whose differential
d satisfies d¥ = 0. We propose a notion of a graded g-differential algebra with involution
and making use of this notion we introduce and study a concept of a g-connection consistent
with a Hermitian structure of a left module. Assuming module to be a finitely generated
free module we define the components of g-connection and show that these components with
respect to different basises are related by gauge transformation. We also derive the relation
for components of a g-connection consistent with Hermitian structure of a module.
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1 Introduction

Let g be a primitive Nth root of unity, where N > 2. A concept of a g-connection and Zy-graded
g-connection on a left module F [1, 2, 3, 4] is based on a notion of a graded g¢-differential algebra
A [5, 6, 7]. The differential d of a graded g-differential algebra A satisfies the graded g-Leibniz
rule and d¥ = 0. If N = 2,q = —1 then the graded ¢-Leibniz rule takes the form of graded
Leibniz rule and d? = 0. Hence a graded ¢-differential algebra can be viewed as a generalization
of a graded differential algebra. If £ is a left module over the subalgebra A° = 2A C A of
elements of grading zero and F = A ®g £ then a g-connection on the left A-module F is a
linear operator D of grading one satisfying the graded g-Leibniz rule. It can be shown that the
Nth power of a g-connection D is the endomorphism of the left A-module F and this allows
to define the curvature of g-connection as F' = D¥. It can be proved that the curvature F of
g-connection satisfies the Bianchi identity. In this paper we continue to study the concept of a
g-connection started in [2, 3, 4] and propose a notion of a g-connection on the left module F
consistent with a Hermitian structure of the module F. A Hermitian structure on the module
F requires an involution on a graded g¢-differential algebra A, and we introduce a notion of a
graded g-differential algebra with involution proving that the differential d is consistent with
an involution. Assuming the left 2A-module F° C F to be a finitely generated free left module
we define the components of a g-connection with respect to a basis for the module and show
that the components of a g-connection with respect to different basises are related by gauge
transformation. Assuming that D is a g-connection consistent with a Hermitian structure of F
we derive the relation for the components of D. Finally we find the expressions for components
of the curvature in terms of the components of a g-connection.
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2 Modules over a graded ¢-differential algebra

The aim of this section is to remind a concept of a graded g¢-differential algebra, where ¢ is
a primitive Nth root of unity (N > 2). This algebra is a basic component in our algebraic
approach to g-generalization of connection, and it may be viewed as an analog of algebra of
differential forms with exterior differential satisfying d”¥ = 0. It should be noted that within the
framework of this analogy the subalgebra of elements of grading zero plays a role of an algebra
of functions on a base manifold. In order to have an algebraic model of differential forms with
values in a vector bundle we introduce a left module over the subalgebra of elements of grading
zero of a graded g¢-differential algebra. Assuming that this module is a finitely generated free
module we describe an algebraic analog of transition from one local trivialization of a vector
bundle to another.

Let g be a primitive Nth root of unity and A = @;.A’ be an associative unital graded algebra
over the complex numbers. Let us denote the identity element of this algebra by e and the
grading of a homogeneous element w of A by |w|. An algebra A is said to be a graded g¢-
differential algebra if it is endowed with a linear mapping d of degree one, i.e d : A" — AT,
satisfying the graded ¢-Leibniz rule

d(ww') = d(w)w' + ¢“l wd(w)

where w,w’ € A, and the N-nilpotency condition d”¥ = 0. It is easy to see that the subspace A°
of elements of grading zero is the subalgebra of an algebra 4. We will denote this subalgebra by
A ie. A= A" Obviously  is the associative unital algebra over C with the identity element e.
Given an associative unital algebra 2 we call a graded g¢-differential algebra A an N-differential
calculus over an algebra 2, if A = 2A. Let us mention that taking N = 2,q = —1 in the
definition of a graded g-differential algebra we get a graded differential algebra (with differential
d satisfying d> = 0). Thus a graded g-differential algebra can be considered as a generalization
of a graded differential algebra for any integer N > 2. It follows from the graded structure of an
algebra A that each subspace A’ C A of homogeneous elements of grading i can be considered
as the bimodule over the algebra 2l. Thus we have the following sequence of bimodules

.”_>d Ai—l _>d Az _)d AH—I _>d.”

The part d : A = A° — A! of this sequence is the first order differential calculus over the algebra
2A.

We define a graded g-differential algebra with involution as a graded g¢-differential algebra A
which is equipped with a mapping * : A" — A’ of grading zero satisfying

(aw+ ) =aw" +™*, (W) =u*w* (dw)* =dw")

where a € C,w,w’ € A. It is easy to show that the involution is consistent with the graded
g-Leibniz rule. We have

(d(ww)* = (dww')* + 7w dw')* = gUHDIT G g 4 glolghelOF1D gy o
On the other hand,

dww')* = d(qlwllw’lw/*w*) = ¢l g w* 4 gUeFDI gy
From the above formulae and

'l

gl D — gl ol Hull|  glulle

it follows that the involution * is consistent with the graded ¢-Leibniz rule. Let £ be a left
2A-module. Considering a graded g¢-differential algebra A as the (2, 2()-bimodule we take the
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tensor product A ®g £ of modules which clearly has the structure of left 2-module. Let us
denote this left A-module by F, i.e. F = A®gy E. Obviously F inherits the graded structure of
A. Indeed for every i we have the left 2-submodule F? = A’ ®g £ of the left A-module F. It is
easy to see that the left A-module F is the direct sum of its submodules F?, i. e. F = @;F". It
is worth noting that the left 2-submodule F° of elements of grading zero is isomorphic to a left
2-module &, i. e. F¥ = &, where the isomorphism ¢ : & — F can be defined by ¢(§) = e ® €.
The left A-module F can be also considered as the left A4-module and in the next section we
will use this structure to describe a concept of g-connection. Let us mention that multiplication
by elements of A?, where i # 0, does not preserve the graded structure of the module F.

Since A is a graded algebra the tensor product F = A ®c £ of vector spaces is the graded
vector space F = @;F" over C, where F! = A’ ®c €. Hence we have the graded algebra of linear
operators of the graded vector space JF, which we denote by £(F) = ®;£{(F), where £(F) is
the subspace of homogeneous linear operators of grading i. If A : F — F is a homogeneous
linear operator then we can extend it to the linear operator L4 : £(F) — £(F) on the whole
graded algebra of linear operators £(F) by means of the graded g-commutator as follows

La(B)=[A,Bl,=A-B—¢#lBIB. 4

where B is a homogeneous linear operator and A - B is the product of two linear operators.

In order to have an algebraic analog of the local structure of a vector bundle in this approach
we assume & to be a finitely generated free left %-module. Let ¢ = {¢,}},_; be a basis for a left
module €. This basis induces the basis | = {fu}zzl, where f, = e ® ¢, for the left 2-module
FO. Taking into account that F C F and F is the left A-module we can multiply the elements
of the basis f by elements of A. It is easy to see that if w € A’ then for any u we have wf, € F°.
Consequently we can express any element of F* as a linear combination of f, with coefficients
from A’. Indeed let w ® & be an element of ! = A’ @y £. Then

wRl=(we)® (£e,) = (wel')®e, = (w'e) @e, = wE (e®@ey,) = W],

where wt = wét € A'.

Denote by 9,.(A) the vector space of r X r-matrices whose entries are the elements of an
algebra A. This vector space is a graded vector space with graded structure induced by the
graded structure of a graded g-differential algebra A. Hence M, (A) = @; M (A), where 9. (A)
is the subspace of homogeneous matrices of grading i, i.e. if Q = (w}) € ML(A) then wl € A%
The vector space M, (A) of r x r-matrices becomes the associative unital graded algebra if we
define the product of two matrices Q = (wh), Q' = (wi') by Q- Q' = (w4 w?). In the next section
we shall use the graded g-commutator of homogeneous matrices which is defined by

Q,Q],=0-9 - AL 91 o)

We extend the differential d of a graded g-differential algebra A to the algebra 9,.(A) as usual:
dQY = d(wh) = (dwb).

Let f = {ﬁt}zzl be another basis for the left A-module F° with the same number of elements
(this will always be the case if 2 is a division algebra or if 2 is commutative). Then f, = g/ f,,
where G = (gb) € MY(A), g& € A, is the transition matrix from the basis f to the basis . It is
well known [8] that in the case of finitely generated free module transition matrix is an invertible
matrix, and we denote the inverse matrix of G by G~ = (g}).

In order to define a Hermitian structure on the left A-module F we assume A to be a graded
g-differential algebra with involution *. We will call the left module F a Hermitian (left) module
if 7Y is endowed with a bilinear form A : FO x FY — 2 which satisfies h(wé,w'¢’) = wwh(€, &),
where w,w’ € A and &,& € FO. It is easy to extend a Hermitian form h to the whole left
A-module F if we put

hw® & w @E) =ww™h(E,¢)
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where w € A6 € Fllw®é € Fland w € A, ¢ € FU.w' ® ¢ € FJ. Consequently it holds
h:F'x FJ — A™J. The matrix of this Hermitian form with respect to a basis § is denoted by
H = (h,uzl) = (h(fuafz/)) € Qﬁg(A)

3 g¢-connection on module F

In this section we describe a concept of g-connection [2, 3, 4] on the left A-module F, curvature of
g-connection and Bianchi identity. Assuming that graded ¢-differential algebra A is an algebra
with involution and F is the Hermitian module over this algebra we define a g-connection
consistent with a Hermitian structure of . Then assuming the submodule 7° C F to be a
finitely generated free module we introduce the matrices of g-connection and its curvature.

A g-connection on the left A-module F is a linear operator D : F — F of degree one satisfying
the condition

D(w§) = dwé + ¢*'w D¢ (3.1)

where w € A, € € F, and d is the differential of a graded g¢-differential algebra A. If the left
A-module F is the Hermitian left module with Hermitian form h a g-connection D on F is said
to be consistent with a Hermitian structure of F if it satisfies

dh(¢,€&') = h(DE, &) + h(€, DE')
where &, ¢ € FO.

It can be shown that the N-th power of any g-connection D is the endomorphism of degree
N of the left A-module F. This allows us to define the curvature of a g-connection D as
the endomorphism F' = DY of degree N of the left A-module F. The curvature F of any
g-connection D on F satisfies the Bianchi identity Lp(F) = 0 [3], where Lp : £(F) — £(F) is
the extention of D to the algebra of linear operators of F.

Let F° be a finitely generated free module with a basis f = {futhz1, and & = &My, € FO,
where ¢# € 2. Obviously D¢ € F!. The coefficients of a g-connection D with respect to a basis
f are defined by Df, = 6/ f,. The matrix © = (6,) € ML(A) is called the matrix of g-connection
D with respect to f. Using (3.1) we obtain

D¢ = D(§"fy) = d&" §,. + € D, = (dg" +£707) §, = (V€. (3-2)

where (VE# = d¢t + €0,. Let { = {f},}},—1 be another basis for the left -module FO
and ), = gif,, where G = (g;) € MI(A) is a transition matrix. If we denote by 0" the
coefficients of D with respect to basis § and g/ are the entries of the inverse matrix G~! then
01 = dg5gh + g207 3", and this clearly shows that the components of D with respect to different
basises of module F° are related by the gauge transformation. Let A be a graded g¢-differential
algebra with involution * : A — A, F be a Hermitian module with a Hermitian form h, and D
be a g-connection on F consistent with a Hermitian structure of F. Then the components 6.
of D obey the relation

0% hoy + 057 hyr = dhy,

Our next aim is to express the components of the curvature F' of a g-connection D in terms
of the coefficients of a g-connection D. We define the components of curvature F' with respect
to a basis f by F(f,) = ¥y, fv and denote the matrix of curvature by ¥ = (11). Straightforward
computation gives for different k = 1,2,..., N the polynomial

k
DF¢ =" Cylk, 1) d* ey

=0
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where Cy(k,1) are g-binomial coefficients, ¢}, = w,iv’l’ and ¢y = oy, . From this polynomial we
get the recursion formula for the components of curvature

v _ —1,v -1, l-1,0 pv
7 *dwlu, +q wp, 00’

This recursion formula gives the following expressions for the first three values of k:
G =0, nt = do;+q070,, vt = d*0;+(q+q%) 070, +q7 05, doy +¢° 07,0705 (3.3)
Let us consider the expressions for curvature in two cases when N = 2 and N = 3. If
N =2,q = —1 then a graded g¢-differential algebra A is a differential superalgebra (Zq-graded),
and we have for the components of curvature ¢, = wi’y = db;, — 0]0;. Assuming A to be a
super-commutative algebra we can put the expression for components of curvature into the form
Yy, = db), + 0707 or by means of matrices ¥ = dO© + O - © in which we recognize the classical
expression for the curvature.
If N =3thenqg = exp(%) is the cubic root of unity satisfying the relations ¢3 = 1, 14+q¢+¢> =
0. This is the first non-classical case of a g-connection, and we have for components

v _ 12pv 2 o nv 2 no jnv 3nTnoppr _ 2V o v 2 no jpv T N0 NV
WY = d260 + (q + q°) d630% + q% 65, d6Y + ¢ 07,026, = d>0%, — 636" + ¢* 67, d6Y + 67,676
= d*0}, — (d656% — ¢* 67 dbY) + 07,676

p’tVo

Finally we derive the form of Bianchi identity in terms of the components of a g-connection
and its curvature. The curvature F' of a g-connection satisfies the Bianchi identity Lp(F') =
[D, F|, =0. If 6,9 are the components of a g-connection D and its curvature F' with respect
to a basis f for the module F then the Bianchi identity takes on the form

dipy, = 0] vy — 4 05
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