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Abstract

In this paper, mutivated by the recent work of samet et al. (Fixed point theorems for a-y-contractive type
mappings, Nonlinear Anal. we give some new results on existence of common fixed points for a pair of generalized
a-y-contractive self-mappings and multivalued mappings. This results extend and improve many existing results in
the literature. Some examples are given to illustrate the results.
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Introduction

Recently, some results on existing of common fixed point for a
pair of mappings or multifunctions have been given. In 2007, Zhang
[1] defined a new generalized contractive type condition for a pair of
mappings in metric spaces. Let A€(0,+e<] and F:R} —R. Denote by
I[0,A) the collection of all functions F:R’, - R satisfing the following
conditions:

(i) F(0)=0 and F(t)>0 for each te(0,A),
(ii) F is nondecreasing on R,
(iii) F is continuous.

From Zhang [1] we know that for any FeI[0,A), lim_,_F(e )=0,
(g" e]R;) implies lim ,_e =0. Denote by ¥[0,A) the family of all
functions y :RY - R which is nondecreasing and right upper semi-
continuous such that lim , ‘P(t)=0 for each te(0,A). It is easy to see
that for any ye¥[0,A) we have y(0)=0 and y(t)<t for each te(0,A).

Regarding the above notations, Zhang [1] proved the following
theorem on existing of common fixed point for a pair of mappings.

Theorem 1: Let (X,d) be a complete metric space and let
D=sup{d(x,y)|x,ye X} . Set A>D if D<eo and A=D if D=co. Suppose
that T,S:X->X are two mappings,F€I[0,A) and ye¥[0,F(A")) satisfing

F(d(Tx,8y)) <y (F(M(x,y))) foreachx,y e X
where
M (x,y)=max{d(x,y),d(x,Tx),d(y, Sy)a%(d(Txay) +d(x,5))}

Then T and S have a unique common fixed point in X. Moreover,
for each x €X, the iterated sequence {x } with x, =Tx, and x

Sx, ., converges to the common fixed point of T and S.

2042

Denoteby ¥ the family of all nondecreasing functions y:[0,+e0)>[0,+
o) such that Z:‘/’"(t) <+ for all t>0. Let (X,d) be a metric space and
a: XxX->[0,00) be a mapping. A mapping T:X->X is called a-admissible
whenever a(x,y)=1 implies a(TX,Ty)ZI. In 2011, Samet and Vetro [2]
introduced a new type of contraction to a mapping T:X-X, called a-y-
contractive mappings, that is, a(x,y)d(Tx,Ty)sw(d(x,y)) for all x,yeX
and proved the following theorem.

Theorem 2: Let (X,d) be a complete metric space, a:XxX->[0,+e0)
a function, ye¥ and T:X->X be an a-y-contractive mapping such that
the following assertions hold [2]:

(i) T is a-admissible,
(ii) There exists x X such that a(x,Tx )>1,

(iii) T is continuous or for any sequence {x } in X that a(x ,x_ )>1
for all n and x_>x, we have a(x ,x)>1 for all n.

Then, T has a fixed point in X.

This result generalized and improved many existing fixed point
results for a mapping defined on a complete metric space (X,d), in
particular the famuous Banach contraction principle. Also, the authors
proved that adding the following condition to the conditions of above
theorem, the fixed point is unique.

(H):For any x,yeX there exists zeX such that a(x,z) 2 1 and a(y;z)
>1.

Let (X,d) be a metric space and let CB(X) denote the set
of all nonempty closed bounded subsets of X. Let H be the
Hausdorff metric on CB(X) with respect to the metric d, that is,
H(A4,B)=max{sup,_d(x,B),sup d(y,A)} for all A,BeCB(X) where
d(y,A)=inf,_d(y,x) . Let T,S:X>2" be a pair of multi-valued mappings.
It is called that x is a common fixed point of T and S if xe Tx and xeSx.
In 2010, Rouhani and Moradi [3] proved the following common fixed
point result for multi-valued mappings.

Theorem 3: Let (X,d) be a complete metric space and let
T,S:X>CB(X) be two multivalued mappings such that

H(Tx,Sy) < aM(x, )
for all x,yeX where 0 < a<1 and
M (x,y) = max{d(x, y),d(x, Tx),d(y,Sy),%(d(Tx,y) +d(x,5))}
Then, T and S have a common fixed point in X.

On the other hand in 2013, Beg et al. introduced common fixed
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point results for multivalued mappings defined on a metric space
endowed with a graph [4]. In this paper combining ideas of the above
mentioned literature we give some new results on common fixed points
of a-y-contractive self-mappings and multivalued mappings [5-8].

Results

Now we give the main results of this study. Firstly we give some
definitions.

Definition 1: Let (X,d) be a metric space and a:XxX-[0,0) be a
mapping. We say that o is symmetric if a(x,y) = 1 implies a(y,x) = 1.
Also, it is called that a is transitive if a(x,y) = 1 and a(y,z) = 1 implies
a(x,z) = 1.

Definition 2: Let (X,d) be a metric space and T,S:X->X be two
mappings. We say that the ordered pair (T,S) is a-admissible whenever
a(x,y) 2 1 implies a(Tx,Sy) = 1.

Theorem 4: Let (X,d) be a complete metric space and let
D=sup{d(x,y)|x,ye X} . Set A>D if D<eo and A=D if D=co. Suppose
a:XxX>[0,+e0) be a symmetric and transitive function, FeI[0,A),
ye¥[0,F(A)) and T,S:X->X are two mappings satisfing

M(x,y)= max{d(x,y),d(x,Tx)ad(y,S)’),E(d(YX,y)Jrd(x,S)’))}-
where
M(x,y)= max{d(x,y),d(x,Tx),d(y,Sy),%(d(Tx,y) +d(x,8))}
Moreover, let the following assertions hold:
(1) (T,S) is a-admissible,
(ii) There exists x €X such that a(x,Tx) > 1,

(iii) For any sequence {x } in X that a(x ;x_ ) > 1 for all n and x >x,
then a(x ,;x) > 1 for all n.
Then, T and S have a common fixed point in X.

Proof: Define an iterated sequence {x } in X with x, =Tx, and
Sx

x, ,=5%, . Now a(xo,xl)za(XO,Txo) > 1. Since (T.S) is a-admissible,
then (Xl,xz)za(Txo,le) > 1. Since a is symmetric, then (XZ,XI)ZI. So,
a(x,,x,)=a(Tx,,Sx,) > 1. Continuing this process, we see that a(x x_,,)
> 1 for all n. Now

F(d(Xy15%3,00)) S %y, %5, ) F (d (T, 8%,,,1)) (1)

(F(M(x_2n,x_2n+1))).

But we have

M(x,,,%,,,) = max{d(x,,, X, ) d (%, TX, ),d(xzm,szm),%(d(Tle,xzm)+ d(x,,,5%,.)}
=max{d (xy,, %,,.),d (X5, X301 ), d (X300, %3,2)s % (d(Xgi1s X)) +d (%, %,.0))}
d(Xy,15%5,12) > d(X,,,%,,,,1)

If we have d(x,,.,,X,,,,) > d(x,,,X,,.,) , then from (1) we will have

F(d (%5015 X,,0)) S W (F(d(Xy115%,,.0))) < F(d (%0, %5,,,))

which is a contradiction. So, we can only have the case

F(d(xy,.15%,,,,)) SW (F(d(x,,,X,,,)))- 2)
Also
F(d(x,,,,%,,)) S a(x,,, %, )F(d(Tx,,, 5x,,.,)) 3)

(F(M(x_2n,x_2n-1))).

But we have

1
=max{d(x,,, X, )sd (X3, %5, ) d (X5, X3,), by (d(X,05 %5, ) +d(xy,,X,,))}

= XA X )8 ) )5 (103, ) )

S max{d(Xy,, X, ) d(Xy,1,%,,)}

If we have d(x, ,
F(d(xy0,%0,)) S (F(d (X0, %,)) < F(d (X0, %,,))

which is a contradiction. So, we can only have the case
F(d(xy,.0,%,) SY(F(d(x,,,3,,.)) @
From (2) and (4) we see that

2X%,)>d(x, X, ), then from (3) we will have

F(d(x,,%,,) Sy (F(d(x,..x,). forallneN. 5)
From (5) we get
F(d(x,,x,.)<y"(F(d(x,),x,))), forallneN.

Tending n to oo, we obtain F(d(x x ,,))>0. Hence, d(x ,x_,)->0 as

n->eo. Since a is symmetric and transitive, hence we have a(x ,x_)>1
and a(x_,x )>1 for all n, meN which n<m. Now showing that {x } is a
cauchy sequence is comletely similar to theorem 1 in Zhang’s [1]. From
completeness of (X,d), there exists xeX such that x >x.

Next, we shall show that Tx=x and Sx=x. At first, we have

F(d(x,,,,5x)) = F(d(Tx,,,Sx)) < a(x,,,x)F(d(Tx,,,Sx)) <y (F(M(x,,,X))).
(6)

But
M (x,,,x) = max{d(x,,, x),d(x,,, %,,,),d(x, Sx),%(d(xzuﬂ,x) +d(x,,,5x))}.

Tending n to e, we obtain M (x,,,x) \, d(x,Sx) . Now tending n to oo
in (6) and using continuity of F and right upper semi-continuoty of v,
we get F(d(x,Sx)) <w(F(d(x,Sx))) which implies F(d(x,5x))=0 and so
d(x,Sx)=0. Hence, Sx=x. On the other hand,

F(d(Tx,x,,.,)) € a(x,%,,, ) F (d(Tx, 8x,,,.)) <y (F(M(x,X,,,,))- (7)
But

1
M(x,x,,,) = max{d (x,x,,,),d(Tx, x),d (X, 1, %,,., )’E (d(Tx,x,,,) +d(x,%,,,,))}

Tending n to oo, we obtain M (x, %) \ (T, X) - Tending n to e in
(7), we obtain F(d(Tx,x)) <w(F(d(Tx,x))) which implies F(d(Tx,x))=0
and so d(Tx,x)=0. Hence, Tx=x.

Example 1: Let x-= {l|n e N}u{O} with the usual metric
n 1
d(x,y)=|x~y|. Obviously (X,d) is complete and D=1. Let F(t)=¢' on
t
[0,e) and F(0)=0, then Fe3[0,A) where A=e>D. Let l//(l):E. Then,

w e Y0, e%’) . Suppose T,S:X->X be defined by

0 x=0,
Tx=A{1 x=l,1Sn§100
n
€ x:l,n>100
n+l n
and
0 y=0,
Sy =10 y=l,1£n§200,
n
L y=l,n>200.
n+1 n
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Also, define

1
a(x,y):{l x,ye{;\n>200}u{0},

0 otherwise.

Now let X,y € {l [n> 200} u{0}. If x=0 and
n

1 Loy
y= ; where n>200, then F(d(Tx,Sy)) = (f] and

+1

M(x,y>:max{1 (NS L - )}:i Hence
n

n o n n+el 2m n+l

1, 11, 1.1,
F(d(Tx,Sy)) = (—)"' =——(—)" <= (=) =p(F(M(x,y)).
n+l n+l n+l1 2n
Similarly,ify=0and , = 1 where n>200,then F(d(Tx, Sy)) = (%)M
n n+

1
and M(uy)= - and hence F((Tx$y)<2 () =y(FMx.p). 1f
n
X,y € {l |n>200} , then put )= 1 and y= 1 where n,m>200, then
n m

m
(n+1)(m+1)

[m—n|

1 1 _ m—n|
n+l1 m+lj7((n+l)(m+l)j

n+me+l m _nm_
_ |m—n| [ (\mfn\Jm mn =i
(n+1)(m+1) nm (n+1)(m+1)

< %(U(M]‘“’”‘ = W (F(d(x, ) <y (F(M (x, ).
nm

F(d(Tx, Sy)) = F[

By definition of a, we see that
a(x, y)F(d(Tx,Sy)) <y (F(M(x, ) for each x,y € X.

Also, if we put x =0, then a(x,Tx)=a(0,0)=1. Obviously, a is
symmetric and transitive, (T,S) is a-admissible and the condition (iii)
of theorem 4 holds. Hence, by the theorem we can say that T and S have
a common fixed point in X. Here T =S =0.

Note that in the above example we can not apply theorem 1. To see

1 1
- = — 1_
™ and ¥ To1 . Then, F(d(Tx,Sy))=(1)'=1 and

11 1 1 1 1 1
M (x,y) = max | ———|[==—1],| —==0[, 5| [I-—[+[—=-0|
100 101100 101 2 101 100

_ max{;,ﬂ;;(@+¢)} _9
10100 100 101 2{101 100 100
99 10

We see that F(d(Tx,Sy))=1>(==)* =F(M(x,y)>w(F(M(x,y)).
Hence we can not use theorem 1. Notéhat theorem 4 s a generalization
of theorem 1, because having the contraction condition of theorem 1 it
is sufficient to put a(x,y)=1 for each x,yeX. Then, all of the conditions
of theorem 4 are holded. So by the theorem, T and S have a common
fixed point in X. Also, the above example shows that this generalization
is real [9-11].

this, put y=

Also, we can not apply the contraction a(x,y)d(Tx,Sy)) < cM(x,y)
1

for some ce[0,1). To see this, put = and E— where n>200.

+1
Then, 1
a(x,y)d(Tx,Sy)) > sup (n+D)(n+2) _ 1
1 .

x,yeX M(x,y) #>200

n(n+1)
Let ¢:[0,A)>[0,0) be a Lebesgue integrable funct'}on which is
summable on each compact subset of [0,A) such that J.(:¢(t)dt >0 for

ach €€(0,A). Then, we have also the following result to integral type
version of a-y-contraction for a pair of mappings T and S.

Corollary 1: Let (X,d) be a complete metric space and let

D=sup{d(x,y)|x,ye X}. Set A>D if D<eco and A=D if D=co.
Suppose a:XxX->[0,+) be a symmetric and transitive function,
w e [0, j A¢(t)dt) and T,S:X>X are two mappings satisfing

0

M(x, y) = max{d(x, y),d(x, TX),d(y,Sy),%(d(Tx, »)+d(x5))}-
where
M(x,y)= maX{d(x,y),d(x,TX),d(y,Sy)%(d(Tx,y) +d(x,59))}.
Moreover, let the following assertions hold:
(i) (T,S) is a-admissible,
(ii) There exists x X such that a(x,Tx )>1,

(iii) For any sequence {x } in X that a(x_,x_ )>1 for all n and x >x,
then a(x ,x)=1 for all n.

Then, T and S have a common fixed point in X.

In what follows, we introduce the common fixed point results for a
pair of multivalued mappings.

Definition 3: Let (X,d) be a metric space, a:XxX->[0,+c0) be a
function and T,S:XCB(X) are two multivalued mappings. We say that
the ordered pair (T,S) is a-admissible whenever a(x,y)>1 implies
a(u,v)=1 for each ueTx,veSy.

Theorem 5: Let (X,d) be a complete metric space and yeV¥ be a
strictly increasing and right upper semi-continuous function. Suppose
a:XxX>[0,+e0) be a symmetric function and T,S:X->CB(X) are two
multivalued mappings satisfing

a(x, y)H(Tx,Sy) Ly (M (x,y)), for each x,y e X
where
M (x,y) = max{d(x, y),d(x, Tx),d(y,Sy),%(d(Tx,y) +d(x,59)}
Moreover, let the following assertions hold:
(i) (T,S) is a-admissible,
(ii) There exists X,EX and x,eTx, such that a(xo,xl)zl,

(iii) For any sequence {x } in X that a(x
then a(x, ,x)=1 for all n.

,xn+1)21 for all n and X X,

n

Then, T and S have a common fixed point in X.

Proof. Obviously, M(x,y)=0 if and only if x=y is a common
fixed point of T and S. Hence, we may assume that M(xo,xl)>0. Now
a(x;,x,)>1 implies

d(x,,8%) S a(xg, %) H (Txy, Sx,) Sy (M (x,%,)) < M (xy,x,)- (8)

But

1

M(xy,x)= max{d(xwxl)ad(xo’Txo)ad(xl’le)’E(d(Txosxl) +d(xy,5x,))}

<max{d(x,,x,),d(x,,8x)}.

If d(x,Sx,)>d(xx,), then from (8), we get d(x,,5x,)<d(x,Sx,) which
is a contradiction. Hence, we have only d(xx,)>d(x,Sx,) and so from
(8), we have d(x,,5x,)<d(x,x ). Hence, there exists x,Sx, such that
d(x,,x,)<d(x,x,). Since (T,S) is a-admissible, hence (x,x,)>1 and since
a is symmetric, then a(x,,x,)>1. Now

d(szsx2) < a(xz’xl)H(sz’le) < V/(M(xz’xl))' (9)
But
M(x,,x)= max{d(xz,xl),d(sz’xz),d(xprl)%(d(sz,xl)+d(xz,le))}
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<max{d(x,,x),d(Tx,,x,)}.

Ifd(Tx,,x,)>d(x,x,), then from (9), we obtain d(Tx,,x,)<y(d(Tx,,x,))
which isa contradiction (note that d(Tx,,x,)>d(x,,x,)>0). Hence, we have
only d(x,,x,)>d(Tx,,x,) and so from (9), d(Tx,.x,)<y(d(x,,x,)) <y (d(x,x,)).
Hence, there exists x,e Tx, such that d(x,x,)<y(d(x,,x,)). Since (T,S) is
a-admissible, so (x,,x,)>1 and since a is symmetric, hence a(x,x,)>1.
Continuing this process, we obtain a sequence {x } in X such that

-1
Xyt €%, %5, € 8%y, 0(X,, X)) 2 Ld(x,, X)) <y" (d(x,,x,))

for all neN. From triangle inequality, we conclude that
d(x,,x,) < E 2y (d(x,, %)) >0 as m>n->eo. Hence, {x } is a cauchy
sequence. From completeness of (X,d), there exists xe X such that X >X.

Now we shall show that xe Tx and xeSx. At first, we have
M 3) S X0t 0.y 5y ) 503 (01 3) SO (10)

But

M) < 0y 30 5y 5 o 55905 (), SO

Tending n to oo, we obtain M (x,,,x) \, d(x,Sx) . Now tending
n to oo in (10) and using right upper semi-continuoty of y, we get
d(x,Sx)<y(d(x,Sx)) which implies d(x,Sx)=0. Hence, xeSx. On the
other hand,

d(Tx,%,,.,) < o(x, %, VH(Tx,8%,,,) Sy (M (x,X,,,,,))- (11)
But

1
M(x,x,,,) < max{d(x,x,,,),d(Tx, X)>d(xzm’x2n+2)a5(d(Tx’x2m+l) +d(x,%,,,,))}

Tending n to oo, we obtain d(x,y)=|x~-y|. Also tending n to
in (11), we obtain d(Tx,x)<y(d(Tx,x)) which implies d(Tx,x)=0 and so
d(Tx,x)=0. Hence, xeTx.

Example 2: Let X=[0,00) with the usual metric d(x,y)=[x—y|.
Obviously, (X,d) is complete. Let l//(t):i and suppose T,S:X->CB(X)
be defined by 2

X
Iy = {[O’Z] x€[0,1],

21 x>1
Y

Sy:{{4} y€[0,1],
{31 y>1.

Also define

a(x,y):{l x,yel0,1],

and

0 otherwise.

Obviously, a is symmetric. If x,y€[0,1], then

(5,59 = 0.2, = maxt 2L 2 < Dt x- y 1 =2 <y 015,00

Hence by definition of a, we have (x,y)H(Tx,Sy)<y(M(x,y)) for
all x,yeX. It is easy to check that all of other conditions of theorem
5 hold. Hence by the theorem, T and S have a common fixed point in

X. In fact, 0T, and 0S,. Note that in the above example we can not
apply theorem in Rouhani’s [3]. To see this, put x=2 and y=1. Then,

H(Tx,$9) = H(2}, 1) =2~ = and

1,1 1 11
M(x,y)=max{|2-1],0,|l-—|,=(|2-1|+|2-=|)} =—.
(o) =max{[2=1},0,[1=— |, (2= 1[+[2= 2} 3

We see that H(Tx,Sy))= % > % =M(x,y)> (M(x,y).

Note that theorem 5 is a generalization in Rouhani’s [3] because
having the contraction condition in Rouhani’s [8] it is sufficient to put

a(x,y)=1 for each x,yeX. Then, we will have all of the conditions of
theorem 5 holded. So, by the theorem the multivalued mappings T
and S have a common fixed point in X. Also, example 2 shows that this
generalization is real.

Also, note that we can not use theorem 4 in Beg and Butt [4] for

example 2. Since if we get E(G)={(x,y)|x,y<€[0,1]} and choose x:%
and y=1, then

3.1 1.1 3 1

H(Tx,Sy)) = H([0,—],{~}) = max{—,|——— |} =—

(Tx, Sy)) ([’16]{}) max{4\4 16‘} 1

and
3.1
d(x,y)=[1->|=—.
) ===
We see that H(Tx,Sy))=l:d(x,y)>cd(x,y) for any 0<c<l. On

the other hand, theorem 2.3 ¥ a generalization of theorem 4 in Beg
and Butt [1] because having the contraction condition of theorem 4 in
Beg and Butt [1] it is sufficient to define a(x,y)=1 if (x,y)€E(G) and 0
otherwise. Example 2 shows that this generalization is real.
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