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Abstract

In this work, a new class of functions over the quaternions was defined. The initial coefficient bounds for the class defined were obtained. The work was concluded by
establishing the Fekete-Szego’ functional. AMS Mathematics Subject Classification (2010): 30C45, 30G45.
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Introduction

Let a complex number z be defined as z = x + yi, where X, y e R and i?=-1.
Let the quaternion field H be defined as

H={o=x, + X,i + X + X K 1 X, X,, X,, X, € R},

where the imaginary units i,j,k ¢ R satisfy

i2= j2= k= -1, ij=-ji=k, jk=-kj=i, ki=-ik=j.

The quaternion extends the class of complex numbers. Recall that

|zl = X2 +y

Similarly,

|g| = \/xf + X5+ XD+ x;

We denote by B the open unit ball centered at the originin H, i.e.,
B={q e H:|q| <1}.

Let A be the class of functions of the form

f(q)=q+iq”am, geB

m=2

that are holomorphic in the open unit ball {B=q eH:|q| < 1} [1-4].

The theory of functions over the complex field is very rich. These functions
are very useful in the analysis of practical problems of hydrodynamics,
aerodynamics, elasticity, electrodynamics and the natural sciences. The
quaternions are four dimensional. Therefore, it is important to study the
geometric theory for quaternionic functions.

The Chebyshev polynomials of the first kind T (t), t[-1, 1] have the generating
function of the form

__72 (g€ B)

and that of second kind is :

H(g,0)=

0

1y z s1n(f1 + l)aq,,
1-2tq+q° = sina

(geB) ‘t‘<1.

Note that if t = cosa, o € (-m1/3, /3 ) then
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1 14 sin(n+Da

H(g1)= _
(.1 1-2cosag+q° =~ sina

Thus,
H(g, t)=1+U,(t)a+ U,()a*+... (qeB, te(-1, 1)),
where

sin(nar cost
U 2(—) neN

n—-1 \/ﬁ
are the Chebyshev polynomials of the second kind. Also,
U (t)=2tU_,(t)-U_, (1),
so that,

U0 = 2t U,(t)=4t-1, U ()=8t-4t, ... (12)
[5,6].

Lemma 1.1

If @(q)=h,q+b,q?+b,20 is analytic and satisfy |w(q)|<1 in the unit ball B,
then for each 0<R<1, |®' (q)|<1 and w(Re®)<1 unless w(q) = e'°q for some
real number ¢

Lemma 1.2
Let® € O={w < A:|w(q)| < a|, q < B}.

fo e Q, o= z: ¢,q" (qeB)then

<1 n=12.., [c]sl-]c| (1.3)
and
e, — aee?| < max {1, |uf} (u € ©). (L4)

The result is sharp. The functions

q+a
o@=0q, @(9)=9——= (qeB,lal<l)
l+agq

are extremal functions.

Main Results

Definition 2.1
The modified sigmoid function is defined in series form as
o0 71 m o0 7] n m
g(q)=1+(z‘ = [z—( - q”} J gl <1 7l
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Theorem 2.1

Let g(q)zH[Z::‘ (;lm)m [Z; D’ q} ]

n!

+na}

Then Re[g(q)+m]zl+ﬂ for some real o 2 0; p—_ ! {z 2
g(@ 2

Proof: By definition,

When m=1in (2.1),

a9g'(9) _,, D[ &Y L), D D
@ =1+ 2[; n!q]+2na

1 1&E) L, na
2221 n! ( 2)

na

(+2]

jRe[g(q)Jrvtqg'(q)] 1{ g+ 298D g(qﬂaﬂq)}

aqg'(q)
g(q)

agg'(@) _1 1D
gq) 2 2Z

g(q) 2 g(q) g(q)
e (B [T O]
Since q = Re,

agg'(@) |, 1,
"2

R

Where g= 7{

Definition 2.2

A function feA is said to be in the class T(b, A); 0 ¢ be C, A > 1 if the
following subordination holds.

! A
1+1[q(f @
b f(@)

Theorem 2.2

If f (q) as defined in (1.1) belongs to the class T(b, A); 0 ¢ be C, A 2 1,
then,

1] < H(q,t)

< 2|b|¢
1T 2a-1

< |p| (2t + (4% —1)
T 3BA-D

2
[\ \K—f(ﬂf —027 1142 —3)-M(64 _““2)}

Jas] < (41 I 21-DGi-1)
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where

K =2t +2(48> 1)+ (8 —4r)
and

M =[4b’b" + (8¢ -21) ]

Proof: Suppose f € T (b, 1), then by definition

/()

L [q(f’(q»‘ B
s\ sl

Now f (0)=q + a,0%+ a,0%+ a:; +...

1+%(M—1]<H(qﬁ

1] = H(w(g,1)) (2.2)

and (f(0))*=(1 + (2a,0+3a,0%+4a,q° +...))"
Using binomial expansion,
(f'(q))l :1+/1(2a2q+3a3q2 +4a,q’ +...)+

A(A-1)
2!

AA-1)(A-2)
31

(4a§q2 +..t 12612613q3 +...)+ Baiq’ +..)+...

This implies that

q(f; ((q))y =14 (22 -Dag+(34-1)a, + 241 -44+1)a2)g* + (44 -1)a, + (64* 114+ Daya,
1
4 3 2 3
+§(/1 —92% +144-3))g* +...
Therefore,
Hl[q(f'(Q)) _lj:1+(2,1-1)a2 +((3/1—1)a3+(2,12_4,1+1))a22q2:
b\ f(9) b b
2.3
((4/1 ~Da, +(64* =111 +2)a,a, +f(,1~‘ -94* +14/1—3)]
+ 3 @ +...
b
a(f'(a))" ]
Si 1 -1|=H N
ince +b[ @ (w(q,1))
12 247D agt (3A=1)a, +(22> -4 +1)) 2
b - b
((41 ~1)a, +(64* ~114+2)a,a, +§(ﬂ“ ~92% +144 —3)]
+ 5 q3 +..=H(w(q,t))
H(q,)=1+U,(0)q+U,)q"* +U,()q’ +U,()q"* +... (2.4)

H(a(g,0) =1+ U,(0)(q) +U,(Ne(q)’ +U,()q)’ + U, ()a(g)* +...

(2.5)
a)(q) = Clq + c2q2 + c3q3 + C4q4 +... (26)
@’ (q)=c'q" +2c,c,q° +(2cc,+¢3)q + ... (2.7)
@’ (q)=c]q"* +3clc,q’ +... (2.8)

substituting (2.6),(2.7) and (2.8) in (2.4) we have

H(e(q,1)) =1+U,(0)¢,(q) + (U, () + U, (0)g +(cU, () + 26,6,U, (0 + UL (G +...
(2.9)
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Equating (2.3) and (2.9) and comparing coefficients q, g and q°, applying
equation (1.2) and Lemma 1.2 we have the result.

2.1 Fekete-Szego™ Inequality

The Fekete-Szego’ functional for the class T(b, 1);0 ¢ b e C, A 211s
given here.

Theorem 2.3 If f (q) belongs to the class T(b, A);0 ¢ b e C, A 21 then

208t (4 -1), _o
Gi-v\ 2 ) "=
i 20p[r (26¢32-1) 4 -1). B
s~ | < (31—1)[ Qi-1Y  u j #=1
2b)e (2ybt(3/1—21)_4t2—1]; 0<u<l
Gi-Dl @i-1) 2
Conclusion

The classical geometric function theory was extended to functions of
quaternionic variables in this work. A new class of function involving the
Chebyshev polynomial of the second kind was defined. The coefficient
bounds and the Fekete-Szego" functional for quaternionic functions were
established using subordination principle.
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