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Abstract

The purpose of the article is to describe all 3-dimensional subalgebras and all corresponding reductive pairs of
Lie algebra of all 2 x 2 real matrices. This Lie algebra is 4-dimensional as a vector space, it's not simple, and it's
not solvable. The evaluation procedure utilizes the canonical bases for subspaces that were introduced. In Part |
of this article, all 3-dimensional subalgebras of the given Lie algebra g are classified. All reductive pairs {h, m} with
3-dimensional subalgebras h are found in Part Il. Surprisingly, there is only one reductive pair {h, m} with special
3-dimensional subalgebra h and 1-dimensional complement m. Finally, all reductive pairs {h, m} with 1-dimensional
subalgebras h of algebra g are classified in Part Ill of the article.
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Introduction

Reductive homogeneous spaces appeared for the first time in the
fundamental manuscript [1,2] of Katsumi Nomizu, in which the author
investigated invariant affine connections and Riemannian metrics on
them. Sagle and Winter in their article [3] analyzed algebraic structures
generated by reductive pairs of simple Lie algebras. The next problem
studied by some authors was classification of subalgebras of some
Lie algebras. For example, Patera and Winternitz have classified all
subalgebras of real Lie algebras of dimensions d=3 and d=4 in their
manuscript [4]. This classification of subalgebras of low dimensional
real Lie algebras was done by a representative of each conjugacy
class where the conjugacy was considered under the group of inner
automorphisms of Lie algebras. The articles mentioned above have
stimulated this research for all subalgebras and all reductive pairs at
Lie algebra g of all real 2 x 2 matrices. In contrast to the article [4],
this research is utilized a different method. Our method involves
canonical bases for subspaces [1] that allow us to find all 3-dimensional
subalgebras and the corresponding reductive pairs of the given Lie
algebra g. Our classification of reductive pairs is done here for the first
time. The classification of 2-dimensional subalgebras with its reductive
pairs of the same Lie algebra will be done at the separate article. New
knowledge concerning the structure of this Lie algebra is important for
Algebra, Geometry, and Physics.

We start with standard definitions for the readers’ convenience.
Definition 1

Let g be a vector space over a field F. Then g is called a Lie
algebra over F if there exists a Lie bracket operation [}ﬂ eg for any

[ax.7]=a[%.7]=[x.ay] forany acF,
[xy+z]=[xy]+[x.2].[x.5]=-[r.x] 2nd
LA L) ] -0 enr

y]

We call [ x,y | aLie product.

Definition 2

Let g be a Lie algebra. A subspace hcg is called a (Lie) subalgebra
of g, if [h, h]ch.

Definition 3

Let g be a Lie algebra, h be subalgebra of g. If there exists a subspace
m of g such that h @ m= g and [h, m]cm, then {h, m} is called a
reductive pair of g, and { g.h, m} is called a reductive triple. We say also
that subspace m is a reductive complement for h.

Lie algebra g and its standard basis:

This Lie algebra contains all 2 x 2 matrices over the field of all real
numbers. The standard basis of this algebra consists of the next four
matrices:

- |1 0| —- [0 1| — [0 O] — O O
e = ,e = ,e = , e, = .
o o0 o571 oo 1)

It is well known that the Lie multiplication operation [A, B] for
any two square matrices A and B of the same size is defined to be [4,
B] = ABBA. According this rule, the fundamental products of the basic

vectors (matrices) ¢,e,,e;,e, canbe computed:
- >\ >\ -\ 1_7 ——_—(*)
€,6, _ev €,6 |=—6,] 6,6 |=€ —¢,|e,e =6, e,e | =—€-

All other products of basic vectors are zeros.

Let h be any 3-dimensional subspace of Lie algebra
& We can describe subspace h as  j=Span{a,hcy Where
a:ala+azgz+asg+a4a’B:b|a+bzg+b3%+b4a and

c=ce +ce +ce +c,e, are 3 linearly independent vectors.
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According to the article [1], all canonical bases for 3-dimensional
subspaces of 4-dimensional vector space are:

(1) a=c +aen b +he,cme +ee

(2) a=e +aye,,b=e,+be,c=e¢, -

(3) a=¢ +a,e,,b=e,c=e, .

(@ a=e,.b=e,c=e,.
Part I. Maximal subalgebras of Lie algebra g

Now we start to determine that a 3-dimensional subspace
h= Span{Zz,I;,E} is a subalgebra of Lie algebra g when vectors c—l,l;, ¢
form one of the canonical bases (1), (2), (3), or (4) listed above. We

have to check that the condition [h, h]ch is true for each of these bases.
The necessary evaluation procedure follows.

Let g = e +ae,b=e,+be,c= e, +ce, be the basis (1) for h.
Evauate Lie products [&,BJ,[;,EJ,[Z),EJ .

[a.8]=[e+aene, +be |=e;-ae, =xa+y bz, [ac]=[q+ae e tee]=—¢+ae

=x,a+Yy,b+7,¢, [E,Z‘}:[g-v—lya,e—)+c4a}:a—a+04e—z+b4e—3:,r321+y31_7+235

So, x,=0, y,=1-a,, z,=0, (1—a4)b4:0; x,=0, y,=0, z,=a 1, (a4—1)c4:0
and x=1y=c, 23:b4, a4+c4b4+b4c4:—1.

The system of 3 equations for a, b4, c, is: (1—a4)h4:0, (a4—1)c4:0,
a4+c4h4+b4c4:—1. We have two different solutions: b4:0, ¢,=0, a,=-1

-1
and a,=1, ¢, =—, b#0. This means that the following 1-parameter

4
set of subalgebras /1, and one special subalgebra h, exist for this case:

- —- 1= —-
hl :Span{el t+e,,e, +b494,e3 _b*e4}a hz = Span{el _64’62593} .
4

2. Let a=e¢ +aye,,b=e,+be,,c=e,, be the basis (2) for a
possible subalgebra h. Evaluate Lie products [a,f)] [ZI,E} [];,E} :

[0.5]=[ +a,55 + 0,5 ] =& -8 - (@) =i+ mb+ 5

[5,2]:[Z,+a32,2} =—a,e, = x,a+ y,b+z,0¢, [E,Z]:[ZM@,Z]:@‘Z—@Z} =xa+yb+zc,

So, we have X, =—d, ylzl, z=a, x2:0, yZ:O, 2220, x3:O, yS:l,
z,=0. Consequently, the following system of equations appears for
components a,, b3:

_a32 +by =~b;,a,=0,b==b,.

This system of equations has only one solution a,=0, b,=0. This
solution produces the following subalgebra:

hy = Spanie,,e,,e,} -
Let a=e +a,e,,b=e;, c = e, be the basis (3) for h. Evaluate Lie
products [(},B} [5,2} [5,2} for this case. We have:
[ZI,B} = [eT + azg,ej} = 723 + az(;l 72) = xIZz +y]Z; + z]E . So, x=a,
y="lLz=-a, a’=0.
[(3,2} = [eT + azg,aJ —a,e, =x,a+ y,b+z,c. S0, x,=0, y,=0,
z,=0, and a,=0.

[E,EJ = [g,g} =—e, =x,a+y,b+zc.50,x=0,y,=—1,2,=0,and 0=0.

The system of equations has only one solution a,=0. The

corresponding subalgebra is /, = Span{e, ,g,a} .

Consider the last possible basis a=e,,b=e, c=e, . Evaluate Lie

products [E,I;}, [;1,2}, [ZJ,E:| for this basis. We obtain:
[a5]=[ma]=a-7 =xa+nb+zi-

The vector g; - a doesn’t belong to the subspace j = Span{a,b,c}
at this case. So, this subspace is not subalgebra of algebra g.

The next statement describes all 3-dimensional subalgebras of Lie
algebra g.

Theorem 1: All different 3-dimensional subalgebras of Lie algebra
of all 2 x 2 real matrices are listed here:

hy = Spanie, + e,.e; +byeye, —biei} b05 Iy = Spanie — ep.en.el s
4

h3 = Span{a,;z,a}; h4 = Span{a’e—va} :

Corollary: The subalgebras above are maximal for the given Lie
algebra.

Part II. Reductive pairs with 3-dimensional subalgebras h of
Lie algebra g

How many of 3-dimensional subalgebras A form reductive
pairs {h, m} in this Lie algebra? To answer this question, we will
use the conditions from the Definition 3, i.e. [h, m]cm, g= h® m
where m is an appropriate 1-dimensional reductive complement for
a given 3-dimensional subalgebra h. The list of all 3-dimensional
subalgebras from Theorem 2 will be used to find all possible reductive
complements. Let m = Span{d =d,e, +d,e, + dse; +d,e,} be a
possible 1-dimensional complement. To simplify our evaluation, we
consider 2 possible cases for the generating vector { :

d=e +dye,+dse,+d,e, [d#0), and d=de, +de +d,e,

(d#0).
Subalgebra  h, Case 1:  Multiply  basic  vectors
Zz=a+a,5=;2+b4;4,2=;3—ia from  h, by  vector

4
d=e +dye,+de +d,e, - We have:

La+b4aaa+dz‘z+dzgs+d4aj:_‘3_2+d3(;1_5_4)+d4;:_b4dze_z+h4d3;3:y3 (it)S
an identity),
Lg+bAZ’a+dza+d3g+d4€‘4“ :7€-z+d3 (a’a)+d4@‘z*b4dza+b4dsa:yg

o At S
|:e3 —b—4e4, e +d,e, +d,e, +d4€4} =e,—d, (e1 —64)—d4€‘3 +b—4d262 +b—j23
=-d,e’ +£ez' +|1-d, _4 e’ +dye = zd.

b, b,
From the vector equalities above, we obtain the following system
of conditions for the components d,, d,, d, and coefficients y, z: y=d,,

yd=1td b, ydbd, yd=d; z=d, d,=Lzd,=1-d, -2,
4

472 473
4
zd,=d,. These equalities produce the system of 6 equations for d,, d,, d,;:
dd=—1+d-bd, d’=bd,, dd=d, 4 -4 —dydy=1-d, - -
b, b,
ddz=d,
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From the equations d,d,=—d,, —d,d,=d, we receive d =-1, d #0,
d.#0 or d =0,

1
—;, and d3=b4. The first

4

d=0, and d,=1. If d=—1 the d,=

solution is the vector 4= e’ _iez' +he —e, > and the subspace

4
PR S a . .
m = Span{d =e, e +b,e;” —e,} is a possible reductive complement
4
for k. Unfortunately, the condition g= h,@ m is not satisfied because

d=a _lB + bAE ,and m is a subspace ofhl, mchl. So, m is not reductive
b4

+e complement for k.

If dZ:O, d3:0, and d =1 then vector 4 = e—l + 24 is the consequential
result. In this case, mch, again. This means that a reductive complement
for subalgebra ki, doesn’t exist for this case.

Subalgebra h, Case 2: Multiply basic vectors from h, by vector
d= afze?2 + d3;3 + d4;4 . We have:

[g thedye, +dye + d}j} —dy(e —e)+d,e,—bde +bd,e, = yd
(an identity),

[a+b45>dzg+dsg+d4;7:| =d3(;_g)+d4a_b4dzg+b4dsg = yZl; >

R |- -8) -
4 ) 4

=—d,e + %ez' + (1 -d, - 213]63' +d,e, = zd.

4 4

From the vector equalities above, we obtain the following system of
equations for the components dz, d3, d A and coeflicients y, z:

d, d,
4,20, yd,=d,~b,d,, yd=b,d, yd=~d; d,=0, xd, =", =1-d, =L,

472 1473
A
zd,=d,. The last system of equations has just the zero solution for d2,
d,, d;:d,=0, d,=0, d,=0. The zero vectors d =0 is the only solution for
the system. This means that a nonzero reductive complement for k,
doesn’t exist.

Subalgebrah,. Case 1: Multiply basicvectors a=e, —e¢,, b=e,, c =¢,

from h, by vector d= eT + dze; + dg; + d4ej . We have:
La + a;’dza + dz‘; + dAEz;J = dze-z 7d3;'3’ + dzg - d}% - Zdza 72d3g.; =xd >
‘fza‘*dzgz+dsa+d4;4J:_g+d3(a_a)+dAZz :d3g1+(d4 _l)gz_dzej :yg
L;za+dzej+dzej+d4€J = e:"'dz(e—lfe—z:)*dzze—s = dze—l +(l ’d4)e~37dze~4 =zd.
From the last system of vector equalities, we obtain a system of
equations for dz, d3, d4 that has just one solution dZ:O, d3:0, d4:1. The
subspace m = Spanfe, +e,} generated by vector d= ei + e: satisfies the
conditions |_h2, mlcm and g=h®m, so {h, m} is a reductive pair for this
case where A, = Span{a - a,g,a}, m = Span{e, +e,} .

Subalgebra h,. Case 2: Multiply basic vectors of h, by vector

d=d,e,+d,e, +d,e, - Wehave:

Le-l_a’dzg*'dza"'dztaJ:dza_d3;3+dza_dae—3_2dze—z_2d3e—3 =xd>

Le—z:dzf?—z+d3a+d4e—4j=d3(€—1—€—4)+d45=d3€—1+d4e—z—dsa=y3 >

Lg’dzg+dsa+d4;J=_d2 (a—a)—d4a =_dza_d4a+dza=22 .

Transforming this system of vector equalities into a system of
equations for the components d2 d3, d4 and solving the system, the
only zero solution dZ:O, d3:0, d =01is obtained. So, a nonzero reductive
complement for h, doesn’t exist for this case.

Subalgebras h, and h, don’t produce any reductive pair. The details
are similar for the cases of subalgebras h, and h,, therefore they are
omitted.

The total analysis conducted in this Part III establishes the following
statement.

Theorem 2: The only one reductive pair with 3-dimensional
subalgebra exists for Lie algebra g of all real 2 x 2 matrices; it is {h, m}

where, h, = Spanfe, —e,,e,,e;}, m = Spanfe, +e,} -

Corollary: The subspace m=Spanfe, +¢,} is a 1-dimensional

ideal of Lie algebra g. Moreover, the subalgebra /= Spanie, —e,,e,,e;}
is a 3-dimensional ideal of Lie algebra g.

Part III. Reductive pairs {h, m} with 1-dimensional subalge-
bras h of Lie algebra g

It is well known that each 1-dimensional subspace h of algebra g is
an abelian subalgebra of g. The corresponding reductive complements
m for each h should be 3-dimensional subspaces m such that Lhz,chm
and g= h®m. Therefore, the canonical bases for 3-dimensional
subspaces that are found in the Part I can be utilized for m. The list of
all canonical bases contains the next 4 bases:

1) a=e +ase,b=e,+be,c=e,+c,e, -
2) a=e +ase;,,b=e,+be,c=¢,.

3) z;zgl+azgz,l;=e3,c=a.

Haceboc iz

Let h==Span{d,e, +d,e, +d,e; +d,e,;} be 1-dimensional subalgebra
in algebra g. We will consider two cases for the generating vector 4 :

(a) d =¢ +d,e, +d,e, +d,e, ,ifd#0;(b) d =d,e, +d,e, +d,e, , if
d =0.

To determine if a subalgebra h forms a reductive pair with some
complement m, we will check that the conditions Lhz,chm, g=h®m
are satisfied.

1a. Consider the basis (1) for a complement m and case (a) for 4 .
Multiply vectors @ .b,c by vector d . We have:

La,dJ =Lel +a,e,,e +d,e, +dse +d4e4J =
d,e, —d,e; —a,d,e, +a,d;e; =xa+yb+zc
=x,6+ye+ze+(xa,+yb,+zc,)e,

So, x,=0, y1=d2—a d zl=a4d3—d3, (dz—a4d2)b4+(a4d3—d3)c4=0.

Wy
LB’QJ :L;1+b4aaa+d2;2+dsa+d4aj :_g+d3
(E_a)+d4g_b4dzg +b4d3;3 = sz’ +y25 "'ZzE

=X, + 1,6+, +(x2a4 +y,b, +ch4)e4
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So,x,=d,, y=—1+d~-bd,z=bd,, d.a+(-1+d,~bd)b+bd c=—d..
=% ), 4 Vgl 570,05 G50y 4 Vg VT 5ty 3 we have 1+b4d2—d3(a4b+1+C4):1+c4d3—d2(a4+1+b4), and
- = — — = — — —|_ = c
LC,dJ=Le3+C4e4,el+d262+d3e3+d4e4J:e3—d2 a,+1 a, +1 ¢ 4
- — _ _ _ . L d,( +2b,) =d,( +2¢,).
(61—64)—01463—c4dzez+c4d3e3=x3a+y3b+z3c G b,

=Xx,e + )58, + ;e +(x3a4 + y3b, +z304)e4

So, x3:—d2, yS:—c4dz, :/:3=1—d3 + c4d3, —d2a4—c4d2b4+(1—d4+c4d3):d2.

The conditions found above produce the following system of 3
equations for components d,, d,, d,;:

(d-ad)b+(ad—~d)c=0,da+(1+d—-bd)b+bdc=d,

—-da—cdb+(1d+cd)c=d,

The unknown variables are components dz, d3, d " All other
components are supposed to be done. Solve the system starting with
the first equation. We have:

d,(1-a,)b,+d,(a,~1)c,=0, and (1-a )(d,b,~d c,)=0.

Two solutions are possible: a,=1 and d,b,=d.c,.

1) If a,=1 then from the second and third equations we obtain
d+(-1+d,~b,d,)b+bdc=d,, ~d—cdb+(1-cdb+(1-d+cd)c,=d,

47374 47274 47274
The last two equations produce two expressions for d,:

2
d4:1+b4d2—d3(b£+c4),and d, =1+ed,~dy(+b).
4 4
Comparing these two equalities for d,, we obtain b,c=-1 or

c4d3:b4d2. Using these conditions, we obtain for this case a=1 the

following solutions:

d=e +dye, +dye, +(1+bd, —bid3)a,and
4

- - b - 2 -
d=e +dye, +-de +(1-=d,))e, >0
¢, ¢,

These solutions produce the following two reductive pairs:

h = Spante, + d,e, +d,e, + (1+ b,d, —bidz)a},
4

,b4¢0;
= Spante, + .65 + ey e, -
4
— — b, — 2
h=Spanie +d,e, +—d,e, + (1-—d,)e,},
c c #0.

4 4 > by
m = Spanie +e,,e, +b,e,e; +c,e,}

These two reductive pairs are particular cases of the pairs {h, m,},
{h,, m,} obtained in the next step 2.

1. Ifb,d,=cd, we can suppose that a, is any real number. Now,
like in the previous step 1, we obtain the following system of three
equations:

db=dc, ad+(-1+d,-bd)b+bcd=—d, —ad+(1-d+cd)c—
bdc=d,

From the 2* and 3 equations above, we can find the 4* component d,:

d,=1+bd, —d3(a“T+l+C4), d,=1+c,d,—d,(

4 4

1+a,

+b,)-

Comparing the last two equalities for the same component d,,

The last equality produces two results: d, = b—“d2 (c0), or

G
a4+1+2b4c4=0. Compute the component d4 in terms ofa4, b4, Cp d2 when
d, :ﬁd2 . We have d,=1-

C,
Cy 4

a,+1

d, . So, we obtain the following

reductive pair:

a,+1

- b - — - -
/'L,:Span{el+dzez+c—“dzel+(l— d,)e,}, m, = Spanie, +a,e, e, +bye, e, +c,e,},
4

04
¢, #0.

For the condition a,+1+2b,¢,=0, we have d,=1+b,d,+c,d,, and the
corresponding reductive pair is:

hy = Spanie,+ dye, +dse, + (1+bd, +c,d))e.}, my = Spanfe, - (1+2b,¢,)e, e, +b,e,, e, +c,e} -
Consider the special case when ¢,=0. Then we have the following
system of equations for dz, d3, d4: b4d2=0, d3(a4+1)=b4(1—d4+b4d2),
b,
a, +1
the result, the following new reductive pair is obtained:
b4
a,+1

dz(a4+1):O. If a1, then d2:0, and d,=

(1-d,),withanyb,. As

hy = Span{e, +—*—(1—d,)e, +d,e,}, m, = Spanie, + a,e,.e, + bye, e} » if

a4¢—1.

Ifa =1, then b 4612:0, b 4(d 4—1):0, and we obtain the following new
reductive pairs:

hy = Spanie, + dye; +e,}, m, = Spanie, —e,.e, + b,e,,e,} » DH0;

hy = Spane, + d,e, +d,e, +d,e,}, ms = Spanie, —e,.e,,¢;} -

1b. Consider the basis (1) for a complement m and the case (b) for
vector d =d, e, +dye, +d,e, .

Multiply vectors a,b,c by vector d . We have:

[0.d |=]a+ae, de,+die;+d,e, |=dre; —dye,—adye, +adye, =xa+yb+zc-

So, x,=0, y,=d,~a,d,, z=a,d,~d , d,(1-a)b,+d,(a~1)c,=0.

[5,3]:[g+b4a,d25+d3?,+d4a] =dy(e,—e;)+d,e, —bd,e, +b,dye, = x,a+ y,b+z,c.

So, xzzd3, yZ:d4—b d 22:b d

47 473

da+(d~bd)b+b,dc=d,
[c:d]=[e+eiepdie, +dies +d,e; | =—dy(e — &)~ d,e; —c,dse, + e =xa+ yb+ 2,6 -
So, x,=—d,, y,=—cd,, z,=c,d,~d,~a,d~b.cd+(cd~d)c=d,

In this case, the following system of 3 equations for unknown

components d,, d,, d, is obtained d,(1-a )b +d,(a,~1)c,=0, d,a+(d~
b,d)b+bdc=d,-ad—cbd+(cd~d)c=d,.

Solve the system of equations starting with the first equation.
We have the equality d,(1-a,)b,=d,(1-a,)c, which produces a,=1 or

d, :b;*dz (c,#0).
C4
1. If a=1, then we obtain (d~bd)b+bcd=-2d,
b,c,d,+(c,d,~d,)c=2d, from the 2™ and 3" equations. Find d, from

47472
these two equalities:

2 2
d,=bd,-d(c, +;)’ d,=c,d,—d,(b, "';)

4 4
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Comparing two different expressions for the same component d,,

2 .
we find 4 =b4d »and d, =——d, ¢#0 or we obtain b,c,=-1, and
3 2
c, Cy
d, = 4 this means that two new reductive pairs are found:
Cy

- b - 2 — - - N —
h=Span{d,e, + —+d,e;, ——d,e,}, m=Spanie, +e,,e, +b,e,,e; +c,e,},
[ ¢,
ch;
— — d, — - 1= —
h=Span{d,e, +d,e, + (c,d; ——)e,}, m= Span{e, +e,,e, ——e,,e; +c,e,},
(A Cy

c#0.

However, this pairs are particular cases of the reductive pair {h,,
m} that will be found in the next subcase.
Suppose now that b,d,=c,d by

4, and equivalently g4, =

d, if ¢#0.

c
Utilizing this equality at the second and third equalities, we have the
same result for d, from both of them:

a,+1

d, =—ﬁ(a4 +b,c, +1)+c,d, =—£a4 -bd, —£+b4d2 =— d,-
c c c

4 4 4 [N
This produces the new reductive pair:

a, +1

— b, — — - -
hy = Span{d, e, -%—c—"dze3 - dye,},mg = Spanie, + a,e,,e, +b,e,, e, +c,e,},

¢, #0.

2. If ¢,=0, then the corresponding system of equations for d,, d, d,
is: (a,~1)b,d =0, d (a,+1)+(d,~b,d))b,=0, (a,+1)d,=0.

If a,=—1 then b,d,=0, b,d,=0, and b,=0 or d,=d,=0. In the 1* case we
obtain a reductive pair:

hy = Span{d, e, +d,e, +d,e,}, m, = Span{e, — e, e,.e.} .

If d=d=0 then we obtain a nonreductive pair

h = Spanie;},m = Spante, - e,,e, + b,e,. e} -

If a4#-1, then d,=0, d; =———
a,

d,, and a new reductive pair is

by = Spant——L4—d e + d o2 my = Spante, + a,e;,2 + byey,er} » 4,1

a, +1
2a. Consider the basis (2) for the complement 1 and the case (a) for

vector d = a + dze: + d3;3 + d4a . Multiply vectors @ ,b,c by vector
d - We have:
[5,3} = [Zl +a,e,,e +d,e, +dye, +d4e—4J =
d,e, —d,e, + aye, —ayd, (e, —e,) —ad,e, = x,a+ yb+ z,c
So,x=-ad,y=d,z=ad,xa+yb=a-d—-ad,
[5,3} = [Z +bye,,e, +dye, +d,e, + d4aJ =
¢, +dy(e, —e,) +d,e, +be,—bydy (e —e,) ~bd,e, =
=x,a++y,b+z,c.
So, x,=d~b,d, y,=—1d, z,=—d,+b,d,, x,a.+y,b.=b~b.d,.
[Eﬁ} :[a,a +d22+d3e?+d4ejJ = —a’ze~2 +al3;3 :x321+y35+z32 :
So, x,=0, y,=—d,, z,=0, x,a,+y,b.=d..

These conditions generate the following system of equations for
unknown components dz, d3, d .

—a’d, +bd, =a,(1-d,)~d,, a,d-bd)+b(d-1)=b(1-d), -
b,d,=d,

From the last equation, we have dS:—bsdz. Substitute this value of d3
into the first and the second equations: 0

a32d2 —ay(1-d,) abd=b(1-d).

If a0, b3¢0 then d =1 d2=0, d3=0, and the following reductive pair
is obtained hy = Span{e—l + a} , my = Spanie, + a;e;,e, + bey,e,}, a0.

If a,=0, b3=0 then d3=0, and the following pair is obtained
h=Spanie, +d,e, +d, e,y » ™= Spanie,.e,e;} .

This pair is not reductive because hcm.

If az0, b=0 then d=0, d=1-ad, and the following
reductive pair is obtained %, = Span{e, +d,e, + (1—a,d,)e,} ,
myy = Spa”{e—l + aze—w g,a} » a#0.

If a,=0, b3¢0 then dS:—bSdz, d4:1, and the following reductive pair

is obtained 4, = Span{e, + d,e, — bd, e, +¢,} » my, = Spanie,,e, + bye,,e,} » b,70.

2b. Consider the basis (2) for the complement m and the case (b)
forvector d = d, e, +d,e, +d, e, . Multiply vectors a ,b,c by vector d . We
have:

[;,3:’ = [gl +a1€»‘]zg +d3€: *%Z} = dzgfdsej*azdz(gfa)fasl’hz = xl; +y15+ le .

So, x,=—a d

3 2,y1=d2, z=a d X,a,ty, 3:_d3_a3d4'

372

[B’EJ = [e—z +b3;3’dze—z + dze—s + d4;4j| =

d3(g1 _e‘;) + d4g - b3dz(a - a) _b3d4a = xzZZ + J’2l; + Zzz"
So, x,=d~bd, y,=d, z,=—d +b.d, x,a,+y,b=—bd,

2’ 372

[E,BJ = [Z,dz(e—z +de; + d4e—4} =—d,e, +d,e;=x,a+ y,b+z,c-

SO, xS:O) y3:_d2’ Z3:0, x3a3+y3b3:d3.

These conditions generate the next system of equations for
unknown components d2> d3, d .

-a’d, +bd, =—ad, - d,, a,d,~bd)+bd=-bd,~bd=d,.
Simplifying this system of equations, we obtain d,=—b,d
a’d,=ad, abd=bd,
If a,#0, b3¢0 then d3:—b3d2, d4:a3d2, and the following

2

reductive pair is obtained h, = Span{d,e, — bd,e, +ad,e,} ,

my = Sp‘m{gl + %;3,2 +b3;3>;4} :
If a,=0, b3:0 then a nonreductive pair {h, m} is obtained because

hcm. Similarly, if a#0, bS:O then a nonreductive pair {h, m} is obtained
because ham.

If a,=0, b0 then the following reductive pair is obtained
h = Span{d,e, —b,d,e,} > m= Spanie,,e, + b,e;,e,} but this pair is a
particular case of the pair {h,,, m ,}.

3a. Consider the basis (3) and the case (a) for the vector
Eizei-ﬁ-%%-ﬁ-&e?-&—%ej . Multiply vectors a,b,c by vector 4. We

have:
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[Zz,ﬂ=[e7+azg,e7+d2e:+d3e:+d42J=d22—d3e:—. obtained /, = Spanfe, +d,e,}, m,, = Spanie,,e,,e,} -

4b. Consider the basis (4) and the case (b) for vector

a,e, + a,d, (e, —e,) + a,d,e, = x,a+ y,b+z,c
d= dzg + d3;3 + a’ﬁj . Multiply vectors a ,b,c by vector 4 . We have:

So, x,=a,d,, y=—d,z=—a,d,and a,’d; =d, —a, +a,d,.
[b.d]=[erc +dye, +die; +dye, | =€, ~dy(e, —e) ~d,e; = vya+ y,b+ 2, - [a.d]=[e,d,e, +die,+dye, | =dy(e —e) +dye, =x,a+yh+zc-

So, xz:_dz’ yzzl—d4, Zzzdz’ _azdzz()' So, xl=d4, 7,=0, Zl=—d3, and d3=0.

[c,d} :[eét,el +d,e, +d,e, +d424J =-d,e,+d,e; =x;a+y;b+zc- [5,3} =[e—3,d2€+d36—3+d45} _ —dz(e—l—a)—d.&—; =xzz—1+y21;+222"

So, x,=0, y3:d3, z,=0 and dZ:O. So, x,=0, yzz—d4, zlzdz, and dZ:O.

-, . a’d, =a,(d, -1 - = - - — — — — - .-
These conditions imply d=0, 245 = y(dy =) - If a0 [c,d} = [64,a'2e2 +d,e, + d4e4J =—d,e, +d,e; = x;a+ y;b+z;c -
then d=1+a,d, and the following reductive pair is obtained
hy, = Spanie, + dye, + (1+ a,dy)e,} » My = Spanie, + a,e,,e,,¢,} a,20. S0, x,=~d,, y,=d,, 2,0, and 0=0.

These equalities imply d,=0, d,=0. So, the following pair is obtained

If a.=0 then the following pair appears: /; = Span{e. +d.e. +d,e.} . —_——
2 gp PP panie, 3 s€sd h = Span{e,} m = Spanie,,e;,e,} -

m = Spanie, ,e.,e,} - This pair is not reductive because hcm.
panie,es e} But this pair is not reductive because hcm.

3b. Consider the basis (3) and the case (b) for the vector
d= dzZ + d3g3‘ + d@ . Multiply vectors @,b,c by vector d . We have

Next statement describes all results that are found in the Part III.

Theorem 3: All different reductive pairs {h, m} with 1-dimensional
o . o _ . . sub algebras h and 3-dimensiomal complements m of Lie algebra of all
[a,d} = [el +a,e,,d,e, +d,e, +d4e4J =d,e, — 2 x 2 real matrices are:

a,+1.  —
L), e}

I, = Span{e, + d,e, +b—"dze—3+(1—
Cy 4

die; +a,d,(e, —e,) +a,d,e, =xa+yb+zc

m, = Spanie, +a,e,,e, +b,e,e; +c,e,t > C4 F 0;

So, x,=a,d,, y=—d,, z=—a,d,, and a22d3 =d,+a,d, .

273 273

[5.d]=[endoe; +des+dye, | =dy(e )~ dye; = x,a+ y,b+ zy¢ - by = Spanie +d,or +doer +(1+ b, + c.dy)er)

So,x=—d ,y,=—d, z=d,and —a d =0. — R I _
? 2> v 22 m, = Spanf{e, —(1+2b,c,)e,,e, + b,e,,e; +c,e,} 5

b4
a, +1

[E,ﬂ = |:e—4,dze—2 +de; + d4e—4J =—d,e, +d,e,=x,a+ y,b+z,c -

h, =Span{;+ (1_d4);3+d42}’
So, x,=0, y3:d3, z,=0, and —dZ:O.

These conditions imply d,=0, 022d3 =a,d, . If a,0 and d,=0 then the my = Spanie, + a,e,¢, +byeg.e) > a, # -1

pair h=Span{d,e, +a,d,e,}, m=Spanie, +a,e,,e,,e,} is obtained h, = Span{e, + dye, + e} » m, = Spanfe, —e,,e, +b,e, e,} » b, # 05

but it is not reductive because hcm. h, = Spanie, + d,e, +d,e. +d,e,} » ms = Spanie, — e;.,¢,,,} » d, #-15

If a,=0 and d,=0, then we have a nonreductive pair a,+1

— b — _ — — R _
hy =Span{e2+c—4e3 - e} > m,=Spanie, +a,e, e, +b,e, e, +c e > €4 =0 -

h= Sparz{c@g3 + d4;4} , m= Span{e?,ej,ej} because hm. 4 ¢

4a. Consider the basis (4) and the case (a) for vector h, = Span{d,e, + de; +d,e,} » m; = Spanie, —e,,e,,e;} > d, # 0

- - — — — . — - - = b — -
d=e +d,e,+die,td,e, - Multiply vectors a,b,c by vector d. We hy = Span{— :1e3 +e,} > mg=Span{e +a,e,e, +be e} a, #—15
a

have: 4

. N — — — h, = Span{e, + e,} » my = Spanie, + a,e,,e, + bye,,e,} » 4, # 05
[a,d}=[ez,el+dzez+d3e3+d4e4J= P

— - — — - - e m., =3 an{e +a,e,,e e}, mlozsl;an{a+a3e3,ez,e4},a3¢();
—e, +d;(e,—e,)+d,e, =xa+yb+zc 10 = OPAME + d;6,,€5,€,

So, x,=d,~1, =0, z=—d,, and d =0. hy, = Spanfe, + d,e, —byd, e, +e,} » my, = Spanie e, +bye; e, > by # 05

I:l;’a:l :[a’a +dze‘z.+d3;3.+d46‘z;:| :a_dz(a_a) _d4g3. = x221+y25+222 .
So, x,=0, y,=1-d,, z,=d,, and d,=0.
[E,ﬂ = [;4";1 + dzg + d3;3 + dan = —a’zc;2 + d31?3 = xﬁ +y3l5 + 235 .

So, x3:—d2, y3:d3, z,=0, and 0=0 (it’s an identity).

These equalities imply d,=0, d,=0. So, the following reductive pair is

hy, = Spanie, ~b.e, + ae;} > my, = Spanie, + ase;.e, +byes.e,» by # 05
hyy =Span{a+d3;3+(l+a2d3)a} > My :Span{a-#aze:,g},a} > a, #0;

by = Span{a+ d@} > my, = Spanie,,e;,e,} -

Remark

It's unknown what reductive pairs among {h, m}- {h, m }
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are equivalent with respect to inner automorphisms of the given Lie 2. Cusack P (2017) Convergence of Mathematics: The Universal Torus.
algebra. 3. Cusack P (2016) What is the Value of the SQRT (-1). Research and Reviews:

Mathematics and Mathematical Sciences.
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