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Abstract

In this paper, we analyse the problem of identification of the pollution term in a heat system when the dynamics
of the state is governed by a parameterized operator. In this way, we introduce a notion of average sentinel. First, we
prove the existence of such sentinels introduced by Lions by solving a problem of null average controllability given
by Zuazua. Secondly, we identify the information for pollution terms by using the average sentinel.
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Introduction

In the modelling of the evolution system type, the source terms as
well as the initial or boundary conditions may be unknown [1]. Here
we analyse the problem of identification of pollution term (the source)
in a systems governed by a heat equation depending on unknown
parameters in a deterministic manner [2]. We look for a control,
independent of the values of these parameters that need to introduce
the sentinel in an averaged sense to be made precise [3]. The notion of
averaged control for parameter-dependent family of parabolic system
is introduced by Lions [4] and the sentinel method introduced by Lions
[5,6] is adapted to the estimation of this incomplete or unknown data
in the problems governed by parabolic system in general, for example,
pollution in river or a lake. So since the introduction of the sentinel
method many authors developed several applications, such as in
environment, in ecology [3].

The notion of average sentinel, as formulated here, has not been
analysed until now, this notion is very interested in the identification
of the missing data when the system is depending on unknown
parameters [7].

By duality this leads to averaged observability problems, we prove
the null average controllability of the adjoint system with constraint on
the averaged control and we give information for the unknown source [8].

Let Q be a bounded domain in R, d > 1, with smooth boundary
I'and w be an open non-empty subset of Q [9]. Denote by Q=Q x (0;T)
the space time cylinder where the equation holds and >=I" x (0,T) for
the lateral boundary, we will assume that a parameter 6 € (0,1), and y,
(x,1)=y(x,1,0) the solution of the following system:

W—div(a(xﬁ)Vyg (x,t)) :f(x,t) in Q,
Yo =0 onz, (1)
y&(xao):yo(x) in Q.

where the diffusivity coefficients a(x,0), taken to be scalar to simplify
the study, are assumed to be bounded above and below by positive
constants, and to depend on the uncertainty parameter 6€(0,1) in a
continuous manner. However, the dynamics of the state is governed by
a parameterized operator A(6)=div(a(8)Vy,) [10].

We assume that y €L*(Q), feL*(Q) and so that eqn. (1) admits a
unique solution

¥, € C((0.7)), L ()N L (0.7, Hy (Q)), for all 6 &(0.1)
The motivation of the problem we consider is the following:

We address to the system in eqn. (1) whose initial datum and the
source term are unknown and the effective value of the parameter
being unknown [11],

f=¢+2L,

. )
Yo=g+78,

Where { and g are given. However, the terms A¢ and 7§ are
unknown functions with A, 7 are a small reals parameters [12].

We aim at choosing a control that would perform optimally in an
averaged sense, i.e., so that, rather than controlling specific realisations
of the ad joint state, the average with respect to is controlled. This
allows building a control independent of the parameter and dene the
average sentinel to obtain a good estimation of the source term which
called pollution term independly of the initial condition called missing
data [13].

The notion of sentinel permits to distinguish and to analyse two
types of incomplete data, the pollution term at which we look for
information independently of the missing term that we do not want
to identify [14].

In this paper, we study this system with incomplete initial data; we
use the average sentinel concept; which relies on the following three
objects: some state equation, some observation function and some
control function to be determined.
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Setting of the Problem

Let y(A,7,0)=y(x,1,A,7,0) be the unique solution of the problem
in eqn.(1). We denote by an observation which is a measure of the
concentration of the pollution taken on a non-empty open subset w at
the interval time (0,T).

j;y(x,t,/l,r,ﬁ)dﬁ =Y (x,t), for all(x,t) cewx (O,T), (3)

Let h be some function in L*(wx(0,T)), for any control function
u€L*(wx0,T) we introduce the functional S_(\,7) as follows:

S, ()= [ (h+u)X,[ y(x.0.2.7.0)d0dxdr. “)
where Xw is the characteristic functions for the open set w, such that:
X L)L (w).
Definition

Let S, be a real function in equation in eqn. (4) depending only on
the parameters A and 1: S_ is said an average sentinel defined by h if the
following conditions are satisfied:

=0, ©)

oS, (l, T)
2=0,7=0

and there exists a average control u € L (wx(0,T)) such that:

T

(6)

2=0,7=0 }

We consider the function ¥y which solve the problem in eqn. (1)
for A=1=0:

uH ) =min
H L‘(WX(O*T)) vel

o

s

where U = {U el’ (w>< (O,T)), such that a;’"

(4.7)

T

Average Controllability Problem

0
%(x,t) +div(a,(x,0)Vy, (x,t)=¢ inQ,

7
yo=0 onZ, @
yg(x,O)—g(x) in Q.

We denoted by
V., (x,t,ﬂ,r) = J-;y(x,t,/l,r,e)dé’.
We consider the functions Y9 and ¥, defined by
T ays
Yo = —(ﬂ,,T) >
or 2=0,7=0
and
vy, = %(/1,1) ,
or 2=0,7=0
where g is the unique solution of the problem
D (1,1)+ divla, (x. Oy (x.1) = < i
dt > > > y[,l(xa )—anQ,
V=0 onz, (8)

Y5 (x,0)=¢(x) nQ.

Page 2 of 4
Remark
The condition in eqn. (5) holds if and only if:
[ (h+u) 2, y; (x.)dvde =0 ©)
Q

In order to realize equation in eqn. (9), we introduce the classical
adjoint system in eqn. (8):

—w +div(a(x,0)Vgq, (x,l)) = (h + u)Xw in Q,
q,(x,)=0 ony, (10)
q,(x,T)=0 inQ.

with g, (x,t)=q (x,£,0).
Theorem

Let q, the solution to the backward problem in eqn. (10), then
the existence of an average sentinel insensitive to the missing data is
equivalent to the average null-controllability problem

4, (.0)= [ 4, (x.0)d0 =0 (11)
Proof

Multiplying the first equation in eqn. (10) by ¥; the solution in the
eqn. (8), and integrating by parts over Q x (0,1) we find

‘i [0 (x.0)7; (0) 0 + S[fol g, (. T)y; (T)d6dx

- Jol L’I (h+u)X, s (x.1)dxdido,

Then ’

[['a(x.0.0)g(x)dx -] [(h+u)x, [ v;(x.)dOdxdr =0

@ )

Since &(x)is independent of 8, then if (9) is verified we will have

[l4(x.0.6)d0=0

Thus, condition in eqn. (4) holds if and only if we have in eqn. (11)
which is a average null controllability problem.

Characterization of Optimal Control

Theorem

Solving a problem of the average null-controllability is equivalent
to finding a control u so that the solution of eqn. (10) satisfies eqn. (11)
such that

1
u(x,t)z—J.Opy (x,t)X,d6 (12)
where p, is the solution of in eqn. (16).
Proof
To satisfy in eqn. (10), we separate the two component of in eqn. (10)
q(x.1,0)=q,(x1,0)+q,(x.1,0)
we denote
qw(x,t) =q, (x,t,ﬁ),
@,0(x.0)=q,(x,2,0),

which are the solutions of the following system
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0O i 0)9g, (1)) = i 0

- on %, (43
qw(x,T):O inQ

And
an,H(x,l‘) j '

_T+dzv(a(xa‘9)qu,9(x’t)):uXwm 0

49=0 " o
‘b,e(x’T):O "

so, we have a control u, such that
1 1
J.Oqzyg(x,t)dﬁ=7J‘0q]yg(x,t)d9 (15)

Of course, in the present situation, the solution of the adjoint
system in eqn. (16) of eqn.(14) depends also on the parameter 6 :

%tx’l)+div(a(x,9)Vp9(x,t))=0 in Q
p, =0 on Y (16)
pg(x,O) =P, (x) in Q

with p (x) is a unknown term independent of 6.
We want find p, such that the averaged control u is given by:
ul (x.2) JpgxthH 17)
We assume that q, , is independant of 8 at time zero.

Then using eqn.(16) in (13), we find:

_%(tx’t)+div(a(x 0)Vq,,(x.t)) JP@ (x,2)X,d6 in Q onXin Q

Gr0=0 (18)
G0 (x,T) =0

Then, for given p (x), the first equation in (16) have unique solution.
To find p, such that the solution in eqn. (16) satisfied in eqn. (19)

1 1
[ @20 (x,0)d0+ [ g,,(x,0)d0 =0 (19)
we define an linear operator A by

A(po I 920 x,())d0

We must therefore solve in a suitable functional space F, the
equation

A(py(x) j q,,(x,0)d6 (20)
For reahze this , we multiply in eqn. (18) by £ where A is the

solution in eqn. (16) correspondent to A, who is independent of ® and
if we integrated by part over (0,T), we obtain

_<ﬁe(T)’qz.9 (T)>,_2(g) + </39 (O),qw(O)),}(g) = </60,—J:P9X”d'9> )

Q)

if we integrate for 0 over (0,1), we will have

[1{2022,.,(0))d0 = jorjjol< bl pHde9>d0dxdt,

1
we denote Ap, = —fo 4,,(0)d0 then

(hoo)= [ ([, v a0)ao

If Ay P then

T 1
<,00,A,00> = _L _M‘o p,dO | dxdt,
We then introduce, in a natural way, the norm defined by

Iy llp= jj(j (x.1,0 dH) dxdt, 1)

by the result of Mizohata [9]
Il 2o llr=0= p=00n wx(0,T)

The space L*(Q2) is not complete for the norm in eqn.(21), then we
introduce F as a Hilbert space completed of L*(Q2), we note F’ the dual
space of F, then the linear operator A

A:F>F (22)
is an isomorphism, hence the result.
Identification of the Pollution Term

To show how the average sentinel permits to estimate the pollution
term, we consider y , be the measured state of the system on the
observatory w during the interval [0,T], then the measured sentinel
associate to y , is given by:

Sun (A7) =[] [ (b +10z )y (v.1. 2.7 )dxdid

Qx10,7[
Theorem

The pollution term is identified as follows
[ j q(h)¢dQ =

Proof

S, (4,7)=5(0,0)

We have

obs (ﬂ“ T)
With
oS
61
And

oS

’15(“)\“,?0 =S, (4,7)-5(0,0),

Hence

JuJath

where y, is the solution of the following system

6y;(x,t)

oS

S(0,0)+A— +0(4,7)

A=0,7=0

(2,7) IJh+wadxdt

{dQ S, (4,7)—5(0,0)

o —div(a(x,H)Vy;”(x,t)):QQ, in Q
y; =0 on X
y5(x,0)=0 in Q
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Conclusion

In this work, we have introduced the problem of identification of

the pollution term in a heat system when the dynamics of the state is
governed by a parameterized operator; we have introduced a notion of
average sentinel to obtain information about the pollution term.
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