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Abstract

solving nonlinear problems in science and engineering.

The aim of this work is to apply the homotopy perturbation method and homotopy analysis method to the problem
of thermal explosion in a flammable gas mixture with the addition of volatile fuel droplets. The system of equations
that describes the effects of heating, evaporation, and combustion of fuel in a polydisperse spray is simplified. Both
convective and radiative heating of droplets is taken into account in the model. The model for the radiative heating
of droplets takes into account the semitransparency of the droplets. The results of the analysis have been applied
to the modeling of the thermal explosion in diesel engines. We applied the Homotopy Perturbation Method and
the Homotopy Analysis Method to the new model and we found the region of the convergence of the considered
solutions of the relevant physical parameters. The results demonstrate that these methods are very effective for

Keywords: Homotopy perturbation method (HPM); Homotopy
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Nomenclature

« A pre-exponential rate factor (s

« B universal gas constant (Jkmol 'K ™)

« C molar concentration ( kmolm™)

o C specific heat capacity (Jkg 'K ™) )

« E activation energy ( Jkmol ™)

o FF— M refer to the model (21)-(24) with b=0

«  number of droplets

« L liquid evaporation energy (i.e., latent heat of evaporation,
Enthalpy of evaporation) (Jkg™)

em droplet mass

« 71 number of droplets per unit volume (77>)

+ O combustion energy (Jkg™)

o 4 heat flux (Wm™)

+ R radius of droplet (/)

« 7 dimensionless radius

o T temperature ( K )

oftime(S)

. trmc . characteristic reaction time (S ) defined in Equation (25)
Greek symbols

o o dimensionless volumetric phase content

« 3 dimensionless reduced initial temperature (with respect to
the so-called activation temperature £/ B )

« V dimensionless parameter that represents the reciprocal of
the final dimensionless adiabatic temperature of the thermally insulated
system after the explosion has been completed

«&; i=1,...,k dimensionless parameters defined in Equation
(25) and describes the competition between the combustion and the
evaporation processes

o &, i=1,...,k dimensionless parameters defined in Equation
(25). This parameter relates the heat released during combustion and
energy that is needed to evaporate all the fuel droplets

e &y i=1,...,k dimensionless parameters defined in Equation
(25). This parameter describes the ratio of t _ and the characteristic
droplet heating time

e, i=1,...,k dimensionless parameters defined in Equation
(25). This parameter is proportional to the ratio of radiative and con-
vective fluxes

17 dimensionless fuel concentration

« @ dimensionless temperature

o A thermal conductivity ( Wm 'K™")

« 1 molar mass ( kgkmol™")

« V dimensionless parameter defined in Equation (25)
o« P density(kgmi3 )

o o Stefan-Boltzmann constant (W m~K™*)

o 7 dimensionless time

o I/ represents the internal characteristics of the fuel (the ratio
of the specific combustion energy and the latent heat of evaporation)
defined in Equation (25) and for diesel fuel y >>1

Subscripts

« CON convection
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o d liquid fuel droplets

« f combustible gas component of the mixture
» g gas mixture

+ [ liquid phase

« P under constant pressure

e rad adiation

« () initial state

Introduction

In this paper we investigated the problem of thermal explosion in
a fuel mixture and gas. This problem, in most cases, has been studied
based on the application of computational fluid dynamics (CFD)
packages [1]. This method could take into account the complicated
geometry of the enclosure and the chemistry of the processes. Hence,
this makes it particularly attractive for engineering applications
including the modeling of combustion processes in diesel engines.
Other approaches to this problem are based on a asymptotic analysis of
equations describing the limiting cases of the processes. One of these
approaches is based on the application of the zero-order approximation
of the geometric version of the asymptotic method of integral manifolds
(MIM), developed for combustion applications in [2,3]. For example,
in [4] the method of integral manifold was applied to a specific problem
of modeling of ignition process in a diesel engines by using the P-1
model. The chemical term was presented in the Arrhenius form with
the pre-exponential factor calculated from the enthalpy equation,
using the well known Shell autoignition model. The results predicted
by the analytical solution were compared with those that predicted by
the computational fluid dynamics package VECTIS. The effects of the
thermal radiation were shown to be very significant especially at high
temperatures.

Other asymptotic methods were proposed by [5] in 1992, known
as the homotopy analysis method (HAM) and by [6] in 1998, known
as the homotopy perturbation method (HPM), which is a special case
of HAM. The HPM and the HAM methods are mathematical tools
that are based on homotopy, a fundamental concept in topology and
differential geometry. They are analytical approaches to formulate the
series solution of linear and nonlinear partial differential equations.
We refer the reader to [7] for an enlightening comparison between
HAM and HPM.

HPM couples the homotopy technology and perturbation
method including the modified Lindstedt-Poincare method [8]. The
authors of [9] modified the Multiple Scales method by incorporating
the time transformation of Lindstedt Poincare method. In [10] the
authors contrasted two different approaches of Lindstedt-Poincare
methods using the duffing equation. The main deficiencies in applying
perturbation methods is that a small parameter is needed in the
equations.

The HPM was further developed and improved and applied to
nonlinear oscillators with discontinuities [11], nonlinear wave equations
[12], boundary value problem [13], limit cycle and bifurcation of
nonlinear problems [14] and many other subjects. In recent years, the
application of the homotopy perturbation method (HPM) in nonlinear
problems has been developed by scientists and engineers, because
this method deforms the difficult problem under study into a simple
problem which is easy to solve [15-17]. Most perturbation methods
assume a small parameter exists, but most nonlinear problems have
no small parameter at all. Unlike analytical perturbation methods, the

HPM and HAM do not depend on a small parameter which is difficult
to find.

These two methods also provide a simple way to ensure the
convergence of the series solution. Moreover, these methods provide
a large degree of freedom to choose an appropriate base functions
to approximate the linear and nonlinear problems [18]. Another
important advantage of this method is that one can construct a
continuous mapping of an initial guess approximation to the exact
solution of the given problem through an auxiliary linear operator. To
ensure the convergence of the series solution an auxiliary parameter
is used. In [19] Liao has substantiated that the HAM differs from the
other analytical methods in that it ensures the convergence of the
series solution by choosing a proper value for the convergence-control
parameter.

In this paper we have rewritten the model that was proposed by
[20] for polydisperse fuel spray and applied the HPM and HAM to the
problem of thermal explosion in a fuel mixture and gas. Based on these
two methods, we present an analytical solutions for various values of
the relevant physical parameter and we discuss the convergence of
these solutions. We also compare our results to numerical solutions.
An Introduction to the Homotopy Perturbation Method
(HPM)

To explain this method, let us consider the following equation:

Aw)—f(r)=0,

with the boundary conditions of:

ou
Blu,— |=0,
( aj @

n

reQ, (1)

where 4, B, f (7’) are a general differential operator, aboundary

operator, a known analytical function respectively. € is the domain.
Generally, the operator 4 can be decomposed into a linear part [,
and a nonlinear part N(u) . Hence, Equation (1) can be written as:

Lw)+Nu)- f(r)=0. (3)
By the
a(r, p):Qx[0,11— R which satisfies:

homotopy technique, we construct a homotopy

blueH (a(r, p), p)= (1= p) (L(a(r, p)—u,)+ p(Ala(r, p) - £(7) =0, pe[01]reQ, (4)

where pe[0,1] is an embedding parameter and «(r,p) is a
function of 7 and P, and Y, (7) denote the initial approximation of

a(r).
When p =0 we have

blueH (a(r, p), p),,- = (L(@) =, ), (5)
and when p =1 we have
blueH (a(r, p), p) = A(a(t, p)) = (). (6)

As we mention before, L denote an auxiliary linear operator. In
addition L have the property:

bluelL(g)=0 for g=0. 7)
Using (7), it is clear that for P = 0
bluea(r,0) = u,(r) (8)
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is the solution of the equation:

blueH (a(r, p), p),-o = 0. 9)
Andfor p=1
bluea(r,1)=u(r) (10)

is the solution of the equation:
blueH (a(r, p), p),-, =0. (11)

When the embedding parameter P increase from (Qtol, the

solution a(r, p) of the equation:

H(a(r,p),p)=0 (12)

depends upon the embedding parameter 7 and the varies from

the initial approximation #,(7) to the solution u(r) of equation (1).
In topology, such a kind of continuous variation is called deformation.

According to the HPM, we can first use the embedding parameter
D as a “small parameter”, and assume that the solutions of Equation
(4) can be written as a power seriesin P :

iam p". (13)
m=0

Setting P =1 vyields in the approximate solution of (1) to

Zam (14)

The combination of the perturbation method and the homotopy
method is called the HPM, which eliminates the drawbacks of the
traditional perturbation methods while keeping all their advantages.
The rate of convergent of series (13) depends on the nonlinear operator

AQw)-

a=a,+opta,p’ +..=

=lim, ,a=a,+o,+a,+

Polydisperse Model-Problem Statement

The physical assumptions are as follows: The combustible gas
mixture contains evaporating ideal spherical droplets of fuel. The
liquid droplets form a polydisperse spray. The medium is assumed to
be spatially homogeneous. The variations in pressure in the enclosure,
and their influence on the combustion processes are ignored. The heat
flux from the burning gas to the droplets is assumed to consist of two
components: convection and radiation, and the form of these two
components is as follows:

A T
T, A= 2 =
d

A g

qCO}'[ =

S

Graa = O'Ralz’,. (103]‘01 _klng)(T; _Tdt )’ "

where for gm units the value of k01 and kll are:k, = 7-107

and k,=2-107 K~'. The energy that is needed for heating fuel
vapor from the droplet temperature to gas temperature is ignored.
The thermal conductivity of the liquid phase is much greater than that
of the gas phase. The volume fraction of the liquid phase is much less
than that of the gas phase. The heat transfer coefficient in the liquid-
gas mixture is assumed to be controlled by the thermal properties of
the gas phase. External heat losses are ignored. Fuel droplets are semi-
transparent. Combustion takes place in the gas phase only. Combustion
is modeled as a one-step first-order exothermic reaction with gaseous
fuel as a deficient reactant. The droplets are assumed to be stationary.

Under these assumptions, we rewrite the model as in [21], which is in
the form of monodisperse fuel spray, to a polydisperse fuel spray as
follows:

E
— k
CpePe%q dt C Qf/'l/a Ae{ " ]_4”21?:,-"(1[ (Geon + Graa)> (17)
i
ac, £
a, _d =—C,a, de +47rz +q,00)s (18)
dT,
Cdl_md d—t’: 47erl_2(qm +¢,.4) =1k, (19)
dm, 47rR2 o)
- = , i=1,...k
dt L (qcon q”zd)

In non-dimensional parameters and by applying the Frank-
Kamenetskii approximation [22], the model has the form of:

de

g —

-1
= €
dr yon

—y zghrd ©0,-0,)(1+e,0-0r"), @D

et ey Y 0,20, 1+ e, 2
T

dgdi — b+1 (23)
_g3ird.(9g _ed.) 1+84i(V—1)I’d' 5
dr i i i
3
., ©, -0, )(1+g -1y b“) (24)
1i“2i d 4i B
dr

where the following dimensionless parameters have been
introduced:

ﬂ_BTgO, T_L,V=k01103’ tmm—ﬁ’
E treact klngO 4
,= R"f = preeole Cpe gopg :% 0 :ng_TO (25)
' Rdio Q/N; 70 L ¢ B Tgo
1
n= C, o = 4720 R 11 BT o1 e[}} 3C, oK,
> li 2i
Cro AQ,C oo 1, 4”le. 1y Pq L
32,e 4ok, T* Rb” T, -T
117 g0 di g
&3 = —a &y T —_—, 0, = .
ACd pd lg() ! AT, 20
The non-dimensional initial conditions are:
at 7=0: 6,=0, Hdizé’dio, n=1, =1 (26)

For simplicity, in our numerical simulations and when applying
the HPM and the HAM we assume b =0 .

Application of HPM to the Problem of the Thermal
Explosion in Polydisperse Fuel Spray

By applying the HPM method to the system of Equations (21)-(24)
we obtain the following HPM-system:
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da, d6,(0) da, | a ]
1__ ittt INENRAINE D + 7 1 1
( p)( TPl T e

k
+p(71 Zgliaéll(al - a;)(l +¢&,(v-Da, )J =0, (27)

i=1

(l_p)(a’az ~ dn(O)jer(daz +azealj
dr

dr dr

k
+p (—«//Zg“ag (o, — ag)(l +e,(v-1Da; )J =0, ©8

i=1

d a; dedi 0)
dr dr

(1-p)

dai i i i
+p[d—;—£3ia4(al —a3)(1+54,.(v—1)a4)J= 0,
1<i<k (29)

Ci((li )3 (i]b.(())
1_ 4 .t
(I-p) i s
i3
+p[d(dL4)+gﬁﬂ‘§ o) a —ai)(Hg"(V_l)ai)j_O,
T
1<i<k co

with the initial conditions:
Q= 9g(0) =0, a,,=1(0), azi,o = ad‘. (0), a;,o Ty (31)

According to HPM method the terms ¢, @, Ol; and 062 for
i =1,...,k has the form of:

a =Y, @Op", a=>a,@)p"
m=0 m=0
ay = Za;m ()p", a,= Zaj’m(r)p'” i=1,...k (3
m=0 m=0

Suppose that the solution of (27)-(30) takes the form of

5
— b m —
0, =lim, [Zal,mp j_ g+, +0, +a 5+, (33)
m=0
o0
n= llmp%l Zaz,mpm S, ta,, to,, ta, ., (34)
m=0

0, =lim,_, [Za;mpmj =ag,+as, o, o+ (i=1,,k),  (35)

m=0

r=lim,_, [Za};'mp"’ ) oty ta, ot (i=1a,k). (36)

m=0

Substituting Equations (32) with the initial conditions (31) into
Equations (27)-(30) for three different size of dropletsi.e., k = 3, using
the Taylor expansion for the exponent [23,24] and finally collecting the
terms in power of p up to order 3 we obtain:

equations  for gas temperature 0,

. -1 (37)
_ 7/ az 0 — 0’
dr ’
da _ B e
d;,z -7 1052,0051,1 -V 10‘2,1 +y lzglial,l +é&,6,(v-Day,
i1
i i _
—&,05 — &;Ey; (v- 1)“3,1 =0, (38)
day; 1 a s i
d‘ry TV O QY 00 Y Ay, tY Z‘glial,la4,l
-1

i i i i
+e,a, +6,6,(v 1) {(al,laét,l +ta, =200, - as,z}

_glia;,lail —&,0s, = 0, (39)
equations for concentration n
da
2.1 _
+a,,=0, (40)
r )

da,,

3
+ a2,0al,l + az,l - l/lzg]ial,l + &4 (V —1)0(1’]

i=1
i P
—E;0, &6y (v— 1)“3,1 =0, (41)
23

da 3 ;
T ta,,a, o0, ta,, - V/zglial,lazt,l
i=1

i i i i
+6,0,+ 51i54i(v - 1){(061,10!4!1 ta, - 20[3,10‘4,1 - as,z}
—&,00,ay — &0, =0
11431y 11%3 2 > (42)

equations  for the droplet temperature 6,

da;, .
%10, (1<i<3)
dr (43)
dal dal N
dzs"z +2 d;’l — &y {al,l tTéy (Vﬁl)(al,l 7“;,1)a;,1} =0,
(1<i<3) (44)

da;,z 2 dazi,z i i i i
dr + dr — & 0!1)10!4,1 +0(1,2 +a3,1a4,1 _5350‘3,2

i i i i —
TE564 (-1 {061’,0{4’1 T, - 2a3,1a4,1 - a},z} =0,

(1<i<3) 45)
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. . where
equations  for the radius r,
; -~ 1 0"®(,1; p)
da,, 0. (1<i<3 u,(Fot) = —————1, (53)
=0, (1<i<3) (46) op
. ' If the auxiliary linear operator, the initial guess, the auxiliary
da, da, . . ili i
d4,z %% {0‘1,1 fe (v _1)(0{1’1 —aﬁ,l)—aé,l}‘ -0, pﬁramete.r, and the aux111ary: funCth}Ill are so properly chosen that the
T dr above series converges at p=1, one has
(1<i<3) (47) - - >
®(r9t;p)=u0(r’t)+zun(rat): (54)
. . n=l1
da‘llﬁ da‘l‘,z i i i i . . P .
d—+ p — &6, (al o, o, toga, o 2) which must be one of the solutions of the original nonlinear
T T T ’ T ’

i i i i\
+&,,€,8, (V —1){051‘1614,] + al,2 _2a3,1a4,1 - as,z} - Oa

(1<i<3) (48)

We derived a system of (24) ordinary differential equation with 24
with unknown functions: &, |, &,,, &3, &, %n, %, a, N as,
> ail ;0{32,2, a3273,a§,] > Ol;p Ol;y azlt,w azlx,z) a}"}, ail > aiz) a:,s’ 0!;1’ aiz
, ajy}. The initial conditions are:

a ;=

S

@, =0 (1<i<3),
al,(0)=0, al,(0)=1 (1<i,j<3). (49)

Application of HAM: The -Curve and the Valid Region
of Convergence of the Solutions

In this section, we discuss the convergence of the HAM solutions.
The convergence depends on the so-called convergence- control
parameter 1, and so, we plot the #-curve for 6,(0), 7(0), 6,(0), and
7,0). The interval of convergence is determined by the flat portion of
the 7% -curve. In order to plot the # -curve we applied the HAM as given
in [24] to our new model (21)-(24).

An introduction to Homotopy Analysis Method (HAM)
Consider the following differential equation:
N(u(7,t))=0. (50)

where N isanonlinear operator, 7 isavector of spatial variables,
t denotes time and ¥ is an unknown function.

Zero order deformation of HAM: By means of generalizing the
traditional concept of homotopy, Liao [24] constructs the so-called
zero-order deformation equation:

(l—p)f[d)(F,t;p) —uO(F,t)] =hH7,t)N(D(7,t; p)), (51)

where # is a non-zero auxiliary parameter, H is an auxiliary
function, ¢ is an auxiliary linear operator, u,()) is an initial guess of
u(); @ is a unknown function. The degree of freedom is to choose the
initial guess, the auxiliary linear operator, the auxiliary parameter, and
the auxiliary function H . Expanding & in Taylor series with respect to
the embedding parameter p, one has

OF 1 p) = uy(F1) + S, (F1) (52)

n=l1

equation, as proved in [24]. If the same initial guess and the same
auxiliary linear operator are chosen, the approximations given by the
homotopy perturbation method are exactly a special case of those given

by the homotopy analysis method when s =—1 and H =1 . The
series (54) itself is in principle a kind of Taylor series (at p = 1). Hence,

mathematically, homotopy perturbation method itself is also a kind of
generalized Taylor technique.

mth-order deformation: Define the vector:
u,(r,0) = {u, (¥, 0),u, (7, 1),...,u, (7, 0)}. (55)

Differentiating Equation (51) 71 -times with respect to the

embedding parameter £ and then setting P =0 and finally dividing
the terms by m! , we obtain the 71 th-order deformation equation in
the form of:

u, (7,0)= x,u, ,(F,0)]=hH (F,OR, (4, (F,1)), (56)
where,

1 "'N@®F,t; p))
(m—=1)! op™!

R, (u, (7,0) = =05 (57)

and X, is the unit step function. Applying the inverse operator
0 (-yon both side of Equation (56), we get

w (7o) = zou, (F0)+ ROOTHFE DR, (u, (7, 0)]. (58)

In this way, it is easy to obtain U,, for m>1 ,at m th-order and
finally get the solution as:

uﬁﬁ=im@& (59)

n=0

In our model we choose the initial guess to be 6,(0)=0, 7(0) =1

» 6,(0)=0, and 7,(0)=1 which satisfied the initial conditions. The
linear operator will be:

d
0=—(),
-0 ®

with the property ¢(c,+c¢,)=0 ,where C; and C, are constants

of integration. According to the system (21)-(24) and the terms as in
Equation (32) the nonlinear operators will be defined as follows:

de,
dr

-1 2
—V Ohe

Ny, (&,(z. p)) =
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< _ : ) m-l .
ry zg“a4 (a] B aS)(] * 54i(v _])a4)’ (61) _831' z(aéll nal m-l-n aélt na; mflfn) (67)
i=1 > > > >
n=0
N, (a,(z, —+a
( 2( p)) dr )€ +531‘941 ZO!4m 1- nzal J 4n 1
i i i n=0
_V/Zglia4(al —ay)(1+&,(v-1)aj). (62) . )
i=1 i ; ;
da +53ig4i (za4,m—1—n za3,ja4,n—j)’
aas
N, (063(1 p)= . =0 =0
o ,- 1<i<k
—&,a,(a, — a3)(1 +é&, (v —1)0:4),
. d m—=1 ) n . .
1<i<k (63) R, =— Za; i Za; e
rdi dT n=0 ’ Jj=0 | ’
i d(e,)’
N, (e p) == = o
b , , —&1;&y; Z(a4,nal,m—l—n O, iy, ) (68)
+&,6,0,(a, —ag)(l +&,(v-Da, ) n=0
1<i<k (64) 'S
+£1182184t (Za4 m—1-n zal ja4 n—j )
By substituting the series (32) into Equations (61)-(65) correspondingly n=0 j=0

we get the terms for R~ accordingly to Equation (57) as follows:

da,
0 _}/ dT _aZm_nZ:(:)

m—1 . n
1
_O'Szalmflfn Zal,jal,nfj
n=0 =0
m—=1
+Z(zgll(a4nal m—1-n a4na3m 1- n)j

i=1

k
+Z gltg4t(za4m 1- nzal]a4n _]

=1 n=0

YR,

(65)

m=1

k
_z £,€4,( Za4m - nza31a4n / >

=1 n=0

-1
— daz,mfl X

m'] dT + aZ,mfl + ;alnal,mflfn

+0. SZaZm " nZaljaln iy
n=0

i i
l// ( a4 nal m—1-n a4,na3,m—1—n) (66)

R

i=1

k
V/Z[ghg4l(za4m 1- nzal /a4n / J

k
+l//z 811841 (Za4 m—1- nza3 /a4 n— ] ’

i=1

1
daS,m—l
dr

R

m-l n ) )
i i i
+glig2i€4i (Za4,m717n Za3,ja4,n7j)

=0 =0
1<i<k.

Now, the solution of the m th-order deformation can be expressed
according to Equation (58) which can be solved by symbolic software
such as Mathematica 8.0, Maple, Matlab and so on. We obtain a family
of solutions that depends on the auxiliary parameter . So, regarding
#1 as independent variable, it is easy to plot the 7 -curves. For example,
we can plot the curves:

Ly =u(F )y e0r Ty =u'(F 0 cgs0r Ty =u" (P (69)

The curves l"i (i=1,2,3) are a function of % and thus can be
plotted by a curve " = /. According to [20] there exists a horizontal
line segment (flat portion of the 7 -curve) in the figure of ' # /i and
called the valid region of h which corresponds to a region of
convergent of the solutions. Thus, if we choose any value in the valid
region of /i we are sure that the corresponding solutions series are
convergent. For given initial approximation u,(7,?), the auxiliary
linear operator /, and the auxiliary function H(#,f), the valid region
of 7 for different special quantities are often nearly the same for a given
problem. Hence, the so-called 7 -curve provides us a convenient way
to show the influence of 7 on the convergence region of the solutions
series.

Discussion and Conclusions

We compared the system dynamics of the models (21)-(24) and
(37)-(48) with and without the impact of the thermal radiation. The
results are based on the following diesel engines parameter values:

Diesel — engines

¢, =1120 (J kg'K'); p,=238 (kg m’);

k, =0.08; k, =028 o=567x10"Wm>");
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u, =170 (kg kmol™);
0,=4310" (J kg, E=126-10° (Jkg™);

Ao =0.061 (Wm™'K™); a,=1 (dimensionless); (70)

R, =5x107" (m);10x107*  (m);15x107*  (m);
n,=8x10" (m);12x10” (m);16x10"*  (m);
A=3x10° (s7"); T,=300 (K);
L=3.610" (J kg'); T,=900 (K);

y=2.184x10", =9.84x10", w=1.19x10%;
g,=3.7x10", &,=4.73x10", &,=5.73x10";
£, =6.9x10', &,=7.1x10", &, =7.5%10";
g, =3.71x10", &,=4.1x10", &,=4.8x10";

£, =2.5x107, ¢g,=3x107, ¢£,=3.5x10"

We studied the problem of the the effect of fuel spray polydispersity
on the ignition process in a fuel cloud by applying numerical simulation,
the homotopy perturbation method and the homotopy analysis method
for 30th order deformation. We compared between the homotopy
perturbation method and by solving the full system of the model i.e.,
the system of Equations: (21)-(24) for the solution profiles of the of
the gas temperature, droplet temperature, radius and concentration
numerically. Although we take into account only three different size
of droplets, our results show that the homotopy perturbation method
provides an excellent approximation of the solutions of the system with
high accuracy (Figures 1-4).

The gas temperature trajectory, figure 1, for all models with and

L L L L L L L T
00 0.1 02 03 04 05 06 07

Figure 1: Solution profiles of the gas temperature 9, —7; 1: Full model solved
numerically with the impact of the thermal radiation, 2: HPM model with the im-
pact of the thermal radiation for the % =—1, (2): HAM model with the impact of
the thermal radiation for the #=0.04, 3: Full model solved numerically without
the impact of the thermal radiation, 4: HPM model without the impact of the
thermal radiation, (4): HAM model without the impact of the thermal radiation
for 71=0.04.

s— — =

~
— —
—

0.0 0.1 0.2 03 04 05 06 0.7

Figure 2: Solution profiles of the droplet temperature Hd —7; 1: Full model
solved numerically with the impact of the thermal radiation, 2: HPM model
with the impact of the thermal radiation for the % =-1, (2): HAM model with
the impact of the thermal radiation for the 7 =0.04, 3: Full model solved
numerically without the impact of the thermal radiation, 4: HPM model without
the impact of the thermal radiation, (4): HAM model without the impact of the
thermal radiation for 7 = 0.04 .

Figure 3: Solution profiles of the radius » — 7 ; 1: Full model solved nu-
merically with the impact of the thermal radiation, 2: HPM model with the im-
pact of the thermal radiation for the 71 = -1 , (2): HAM model with the impact
of the thermal radiation for the # = (.04, 3: Full model solved numerically
without the impact of the thermal radiation, 4: HPM model without the impact
of the thermal radiation, (4): HAM model without the impact of the thermal
radiation for 7= 0.04.

without the impact of the thermal radiation, starts with a fast increase in
the temperature until # ~ (.15 then the temperature decreases from
Hg ~ (.15, which means cooling before ignition, until Hg ~0.1. This
continuous process of cooling before ignition is summarized in table 1
and corresponding in figures 1-4. This dimensionless time, 7, refers to
the ignition time and it is compatible for all the solution profiles for the
gas and droplets temperature, radius and concentration. According to
these results, the F —M has the smallest ignition time with and without
the impact of the thermal radiation when comparing to HPM and
HAM. The HPM results are closer to the F—as than the HAM results
with and without the impact of the thermal radiation.

The presence of the small parameter 7 in the gas temperature
equations, such that Equations (37)-(39) form a singularly perturbed
system, enables one to exploit the geometrical version of the method
of the integral manifold and hence to separate the model into fast and
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Figure 4: Solution profiles of the concentration 77 —7 ; 1: Full model solved
numerically with the impact of the thermal radiation, 2: HPM model with the
impact of the thermal radiation for the 7 =—1, (2): HAM model with the im-
pact of the thermal radiation for the 7 =0.04, 3: Full model solved numerically
without the impact of the thermal radiation, 4: HPM model without the impact
of the thermal radiation, (4): HAM model without the impact of the thermal
radiation for 7=0.04.

30th order approximation
10— T T
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Figure 5: Plot curve for the 30th order approximation.
Model radiation no-radiation
1: Full-model =0.446306 =0.562209
2: HPM =0.482483 =0.585683
3: HAM =0.625222 =0.726507

Table 1: The process of cooling before the ignition time for the different models.
F — M refer to the full-model, HPM with /i = —1 and HAM with 7 =0.04 .

Parameter

1: _rad"=0.04=|_HAM"=0.04-_F-M| 0.17891
2: _rad*=-1=|_HPM*=-1-_F-M| 0.03617
3: _no-rad*=0.04=|_HAM*=0.04-_F-M| 0.16429
4: _no-rad*=-1=_HPM"=-1-_F-M| 0.02347

Table 2: The impact of the convergence-control parameter 7 on the solutions
profiles with and without the impact of the thermal radiation comparing to the nu-
merical simulations.

slow subsystems. According to this method, the above results are also
sustained with MIM [25].

In order to clarify the influence of the thermal radiation on
the dimensionless time before the final explosion of the system we
introduce the term impact of the thermal radiation as given in [26]

Page 8 of 9
which is measured in percent and defined as:
|de _Tno—rad |
S _1FMm F-M
A, (%) = EM_—EM L), 71)
F-M
rad no—rad
Tt ~ Thesr | (72)
0/\ — | HPM HPM
A, (%) = HE_—HEV 1)),
HPM
|de _Tno—rad | ( )
0/\ — | “HAM HAM 73
A (%) =AM 110,
HAM

where the subscript F—-M refers to the full model solved
numerically, 7 is the ignition time, and the superscript rad and
no—rad refer to the model with and without the impact of the thermal
radiation respectively. We also defined the parameters |A, =4, ]
, |A —=As], and |A,-A;| which show the difference between the
different models in percent. The results are as follows: A; =25.969%,
A, =21.389%,A, =16.199% and|A, —A, [=4.58% ,|A - A [=9.77%
, and |A,—A;|=5.19%. As we can see from these results, the HPM
model is closer to the model solved with numerical simulations than
the HAM model (the comparison between the F— s and the HPM
model based on the value of 7 as equal to —1, and the comparison
between the F —M and the HAM model based on the value of 7 as
equal to 0.04).

As we mentioned in the previous section, the convergence depends
on the convergence-control-parameter 7, and so we plot the 7 -curve
for 6,(0),6,(0),7(0) and 7, (0) as shown in figure 5
Equation (59) i.e. 30th order approximation. According to figure 5

for m=30 in

, the interval of convergence that agrees for all of the corresponding
solutions is # [-1.87,0.05]. In order to emphasize the impact of the
convergence-control parameter 7 on the solutions profiles we defined

9

the terms:
d = | st~ e (74)
Zila:d_l - ‘TZH; —Tr ! 5
e T v
el = ‘TZ;;} —T, (77)

which point out the difference (in dimensionless-time) between
the profiles solutions of the HPM and HAM methods for different 7
with the impact of the thermal radiation and without the impact of the
thermal radiation respectively from the numerical results, and 7 refer
to the ignition time. The results are summarized in table 2. According
to these results, the HPM and the HAM methods are closed to the
numerical results for both with and without the impact of the thermal
radiation.

We have shown the the solutions obtained by HPM and HAM are
convergent and that they extremely well with numerical simulations. It
has also been shown that the homotopy perturbation method, which is
a special case of the homotopy analysis method when 7 = —1 , yields
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convergent solutions for all of the cases considered. These results
demonstrate that HPM and HAM are very effective analytical methods
for solving nonlinear problems in science and engineering.

Our next step in this direction is to apply the HPM to the continuous

model as in our previous work [27,28].
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