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Abstract

In this article, one-dimensional viscous quantum hydro dynamical model of semiconductor devices is numerically
investigated. The model treats the propagation of electrons in a semiconductor device as the flow of a charged
compressible fluid. It plays an important role in predicting the behaviour of electron flow in semiconductor devices.
The nonlinear viscous quantum hydrodynamic models contain Euler-type equations for density and current, viscous
and quantum correction terms, and a Poisson equation for electrostatic potential. Due to high nonlinearity of model
equations, numerical solution techniques are applied to obtain their solutions.. The proposed numerical scheme is a
splitting scheme based on the kinetic flux-vector splitting (KFVS) method for the hyperbolic step, and a semi-implicit
Runge-Kutta method for the relaxation step. The KFVS method is based on the direct splitting of macroscopic
flux functions of the system on the cell interfaces. The second order accuracy of the scheme is achieved by using
MUSCL-type initial reconstruction and Runge-Kutta time stepping method. Several case studies are considered. For
validation, the results of current scheme are compared with those obtained from the splitting scheme based on the
NT central scheme. The effects of various parameters such as device length, viscosities, different doping and voltage
are analyzed. The accuracy, efficiency and simplicity of the proposed KFVS scheme validates its generic applicability

to the given model equation.

Keywords: Kinetic flux vector; Semiconductor devices; Viscous
quantum hydro dynamical model

Introduction

In simulation of the semiconductor devices, the quantum effect
models becomes very important because of the very small sizes of the
characteristic device 100 nm. Schrodinger or Wigner equations of
microscopic nature model the quantum effects [1,2]. In past few years,
the development in the macroscopic quantum equations improved
and used more widely in the simulation of the quantum devices [3-
10], those have several advantages in describing the physics of such
semiconductor devices. First, the Schrodinger or Wigner equation is
computation ally quite costly, whereas efficient and accurate numerical
algorithms are available for fluid-type models. Second, it is quite
easy to locate the corresponding boundary conditions because the
bounded domains are used in the modelling of semiconductor devices.
Since 1927; such phenomena holds as existence of fluid-dynamical
formulation of the Schrodinger equation available in literature [11].

To numerically simulate the viscous quantum hydrodynamic
(VQHD) models specific semiconductor devices are used, such as
the resonant tunnel diode (RTD) [12,13]. These models are much
simpler and easier to solve as compared to the inviscid models, such
as HD models [14,15]. The two-dimensional VQHD model was
first numerically investigated by Dreher et al. [16,17]. Later on, the
exponential decay in time was also numerically studied for the one-
dimensional VQHD by Gualdani et al. [18]. Moreover, the global
existence of weak solutions the viscous model were discussed [19-22].

Viscous Quantum Hydrodynamic Model

By separating the single-state Schrodinger equation into its real
and complex parts, the density n and the current J satisfy the Madelung
equations:

a,n+lv-J:0 1
q
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q n m 6m Jn

where, V represents the space derivatives and ] & ] is the tensor having

components J, J, for i, k=1,2,..., d, where d represents the number

of dimensions. This model can also be expressed in the form of the

pressure less Euler equations [23].

The quantum hydrodynamic models are completely free from
the impurities of the semiconductor such as collisions of electrons.
Practically speaking these studies of quantum theory are in initial
stages [24-27] with the help of Fokker-Planck-type collision operator
suggested in earlier studies [28-30], the Wigner equation can be re-
written as

D D
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where, Q and T, are the cut-off frequency and the momentum
relaxation time of the reservoir oscillators. The terms D_; D and D

PP
are the constant, establish the phase-space diffusion matrix, and the
term Vk(kw)/t_ is a friction term. For more detailed discussion [29,31].
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With the help of Wigner-Fokker-Planck eqn. (3), we can derive the
moment equations [5] in closure form with O(h?) approximation of
the quantum thermal equilibrium state. In result, we get the following
equations (for derivation [31]:

on+ lvs- D,,An (4)
q
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q n m b7 o
2 2
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To be coupled to the Poisson equation
AV =q(n-C) (6)

with the permittivity €, charge q and doping density profile C. The
terms quA] and DPPAn are of second order treated as viscous terms.

Scaling of parameters

Let us scale the viscous quantum hydrodynamic equations (c.f.
eqns. (4)-(6)) by introducing the characteristic density C*=sup|C|,
current density J*=C*t*qk,T /Lm and voltage V*=k T /q. Here,
t* is defined by the relation L**(t*)k,T /m? After introducing the
dimensionless parameters.

x=x/L, t=t/t*, C=C/C*, n=n/C*, J=]/]*, V=V/V*

* 2 2
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where, L, = %/21%7 is a constant value named as de Broglie length.
The viscous quantum hydrodynamic model after scaling is given by:

On+V-J=vAn (7)
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where, v>0 (viscosity-constant). We have introduced the term
external potential V_ (x) to the left hand side of eqn. (8) which models
heterogeneous semiconductor materials. For considering doping in

m?, we have assumed C*=10*m’. The scaled parameters calculated
as € >=3.893 X 10°, v=9:935 X 10, T=1.00585 and A?=3.032 X 10

Compact form of the model

In this section, we rewrite the 1D viscous quantum hydrodynamic
model in a more compact form for application of the numerical
schemes. In one space dimension, the viscous quantum hydrodynamic
model (c.f. eqns. (7) and (8)) reduces to:

Ut + A(U) =(B(U,U)), + S(U), (10)

Together with Poisson equation

ﬂan:n—C(x) (11)

The vector equation in eqn. (10) are expressed as
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Assuming L as the typical device length, the initial condition are
given below:

Where, V=V +V,

ext

and Q =

n(x,0)=C(x), u(x,0)=0, (12)
And boundary condition are:
n (0,t)=n (L,t)=0, u (0,t)=u (L,t)=0 (13)

To respect the conservation of electrons, fixed-type boundary
conditions are considered for the density (n), i.e. n(0, t)=C(0) and
n(L, t)=C(L). The potential V in the Poisson equation, with an applied
voltage V,, has the boundary conditions of the form

V (0)=0, V (L)=V, (14)

The left hand side of eqn. (10) represents a quasi-linear hyperbolic
operator, whereas, the diffusive terms give contribution in the right
hand side.

Numerical Technique

In this section, numerical method is derived to solve the one-
dimensional viscous quantum hydrodynamic model for semiconductor
devices. A one-dimensional KFVS scheme is proposed to approximate
the model equations.

In eqn. (10) left hand side contains quasilinear hyperbolic operator,
whereas, right hand side consists of relaxation and diffusion terms. The
following decomposition can be used in splitting scheme. Considering
the form of the system to be

%+6A(U1):g (15)

Ot 0,

Then, a numerical approximation U of the solution can be
achieved by solving the two consecutive steps for each time step. In
the first convection step, we have to solve the homogeneous system of
equations of the form

0A(U -
U, , 4(U) 1):0, U, =0(r) (16)
ot 0,
The second one is the relaxation step which is expressed as
%’:g, () =U, (1 + Ar) (17)

This is a simple splitting scheme which is easily understandable.
However, the scheme has only first-order accuracy in time coordinate.
In the following, we will present a more accurate scheme for the
discretization of ordinary differential equations (ODEs) in the
relaxation step.

One-dimensional KFVS method

In this sub-section, we implement KFVS scheme on the system
of eqns. (16) to numerically approximate the model equations. The
formulation of the KFVS solver for the numerical discretization of
the given model equations is carried out on the basis of the evaluation
of macroscopic flux-vector A(U) through each boundary of the mesh
cell. Flux function can be determined by the motion of particle in the
x-direction. The other quantities, such as densities, velocity, pressure
and energy have to be treated like passive scalars moving with the
particles velocity. Generally, around the average velocity the particles
are distributed randomly.
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In statistical mechanics, across coordinate directions the local A(U)=A"+A" (26)
Maxwellian distribution function f, explains the motion of moving
. M Where
particles [32]:
1 £ _ /1 0
_ ﬂ. 2 ﬂ, 2 /’L _ m* (18) A —<V >ix +<V >ix (27)
Ju(tny,)=n . eXp [_ (4 =v3) } T 2k, T Here the right interface flux vector of the cell L. is defined as
where n, m*, k; and T, denote density, effective electron mass, A,»tl =4+ A, (28)
2

Boltzmann constant and lattice temperature, respectively. The
movement of particles contributes in transporting of flow quantity.
Thus, in one space dimension, the distribution function fM in eqn. (18)
is used to divided particles into two main groups. The first group of
particles have the positive velocity (u >0) in the right direction and the
second group of particles have the negative velocity (u <0) in the left
direction. Let us define the following zeroth and first order moments
which are suffcient for splitting the fluxes across cell interfaces:

(== (2 e @

1
<V1>ﬁ =u, = [i)z vﬁefl(u,; i) dvﬁ (20)
S\

The zeroth order moment in eqn. (19) and first order moment in
eqn. (20) both are used for splitting scalars and vectors, respectively. In
more simplified notation, let us define

1

<v"> +n= jl (iji e ) dv, = %erfc(—ﬁuﬁ) 21

T

b
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In the above equations, the motion of the particles in the right
direction is represented by the positive sign and the motion of the
particles in the left direction is represented by the negative sign.
Furthermore, the error function appearing in eqns. (21) and (22) is
expressed as

©

erfc= 2 e’ dt (25)
Vi

Now the eqn. (16) can be solved by KFVS scheme by considering

the above explained technique. Before implementing the finite volume

scheme, we sub-divide the domain into N sub domains. We define the

cell I by N sub domains. We define the cell I by the interval {x X }
i ito

2 2

for i=1....,N. Hence, Ax=x X indicate the uniform cell width,

2 2

X =X + A% represent the cell faces and x,=iAx denotes cell center.

“2

We start with the initial cell averaged data U] at time step t" and

compute updated cell averaged solution U!*' on the similar cell for

next time step t**

With the help of above procedure, the flux function in eqn. (16),
spilt as

Similarly, the left interface flux vector of the cell I, can be defined.
The integration of eqn. (16) on the cell [x-1/2,x+1/2] gives the semi-
discrete kinetic upwind scheme as follows

4 17 4 1
av, _ "3 3 (29)

dt Ax
The cell averaged values U, are defined as

1
5t

U, ::Ui(t):i I U (t,x)dx (30)

The above scheme has first order accuracy. However, high order
accuracy can be achieved by applying the initial reconstruction
procedure to interpolate the cell averaged variables U.. In this article,
MUSCL-type initial reconstruction strategy is used. Let us define U, as
the piecewise constant solution and U* as the slope vector (differences)
in the x-direction. The boundary extrapolated values are given as

vt=u-Lur, vr-u -Lu (31)
2 2

A possible computation of these slopes is given by a family of
discrete derivatives parameterized with 1 <0 < 2, for example

U;:MM{HAU_ I,z[AU L +AU lJ,QAU 1} (32)
!—E 1—5

i+ i+
Where the parameter 6 € [1,2],
AU | =U,, -U, (33)

i+—

2
where, A denotes the central differencing. Here, MM denotes the min-
mod non-linear limiter

min{x,} if x >0Vi,
MM {x,,x,,..; =4 max{x,} i, <OV, (34)
0  elsewhere

Considering the above mentioned reconstruction procedure, a
semi-discrete high resolution kinetic solver follows as

du Ai+%(U‘ﬁl’U[R)_ Aifé(U’L’Uflil)

i

(35)

dt Ax

To maintain the accuracy of order 2 in time, a TVD RK-scheme of
order 2 is applied to solve eqn. (35). Let us denote the right side of eqn.
(35) as L(U) and update U through the following two stages [28]:

UO=U+ALL(U?) (36)
vt _ L o) 0]
U I—E(U +U A (U )) (37)

Here, u” being the solution at previous time step and u™"' denotes
the updated value at next time step. Moreover, At denotes the time step.

Central finite different scheme

In this sub-section, we briefy explain the Nessyahu and Tadmor's
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(NT) central scheme [29]. The scheme is a predictor and corrector
type method. In the first step, the cell-averaged piecewise linear
reconstructions is used to predict the mid-point values. While, in the
second step, mid-point and staggered averaging values from the first
step, have to be used to get the updated cell averaged solution. In result,
the scheme is expressed as

1
Predictor: U2 =" —%A” (ur) (38)

Corrector:
Wl 1 el ol Wl wl ol
v ;=5(U:'+U:1.)+§(U,”—U,'z.)—g[A_f—A, f]w[&f—& f]w[s,.f—s, j (39)
At 1, .
Where, g:E' Furthermore, EA (U,)stand for the approximate

numerical derivatives of the flux A*(x,t) which will be calculated as

i+— i+— i+ i——
2 2 2 2

A;‘:MM{HAA I,Q[AA LA 1],0AA 1} (40)
This completes the derivation of NT scheme.

Relaxation step

For the relaxation step a semi-implicit Runge Kutta (RK) scheme
is proposed which avoids the stability restriction on the time step ¢t.
Let, (U"E") are known at time t* to evaluate at next time step, the
procedure given in a study [30] follow as:

U,=U,-R(U,,E",At), U, =C,U;, (41)
U,=U,-R(U,.E".At), U, =C,U,, (42)
E™ = P(U4), fo+] =U4 _R[UHH’EMH’%j (43)

where R represents the numerical operator corresponding to relaxation
step, C,, represents the numerical convection operator corresponding
to two steps of KFVS scheme, and P(U) denotes the solution of
Poisson's equation. Moreover, the discretization of Poisson eqn. (11)
can be done with the central difference scheme

& (Vi =20+V.,)=a(n-C)(Ax), (44)
The above tridaigonal system is solved to obtain electric potential V.
Numerical Case Studies

In this section, three test problems are considered to validate the
accuracy and performance of the proposed scheme. For comparison
and validation of results, the NT-central scheme is also applied to the
same model equations. Physical parameters used in the numerical
test problems are listed in Table 1. For calculating doping in m’, it is
assumed that C*=10*m?>. The values of scaled parameters are given as
€2=3.893 X 10, v=9.935 X 10* T=1.00585 and A?>=3.032 X 10*.

Case 1: Different doping

In this test problem, a semiconductor of length L=125 nm is

considered. The device is divided into three regions namely, source,
channel and drain regions. The source and drain regions are of lengths
[0 nm, 50 nm] and [75 nm, 125 nm] respectively, and the channel
region is of length [50 nm, 75 nm]. The doping density profile is given as

C(x)=[1.0+0.4599(tanh(10 x -750)-tanh(10 x -500)] X 1024, XE[0

nm,125 nm], (45)
And V__ is defined as

N {0.209V, xe (50nm,75nm), (46)
ext 0

We consider a GaAs diode of length L=125 nm kept at T;=77 K. The
applied voltage is V,=1.5 V. The numerical results for physical variables
on 200 grid points are displayed in Figure 1. From the Figure 1, the
steady state behavior of electron density can be observed in source and
drain regions [31,32]. With application of external potential Vext and
applied voltage V|, perturbation in channel region can be seen. Similar,
patterns can also be seen in current, velocity and potential profiles.
Results obtained from KFVS are compared with the NT central scheme
[33]. This was concluded that KFVS scheme shows better results in
capturing peaks and in resolving oscillations/discontinuities.

Case 2: Convergence study of schemes

The viscous quantum hydrodynamic models has also widely been
used in study of the GaAs ballistic n*-n-n* devices. Here, n* is the
source region equipped with the heavy doping, # is the channel region
equipped with the light doping, and at the end #n* is the drain region.

In this test problem, we consider a GaAs diode of length L=0.6 um
with a source region of 0.1 um, channel length of 0.4 um, and drain
region of 0.1 um (Figure 2). The applied voltage is V,=0.3 V and T,=77
K. The doping density profile is:

21 -3
C(x): 2x10"'m 2,3xe}(O.l,um,O.S,um) (47)
5x107m™, otherwise,

And V__is given as
ext

v~ {0.2091/, x€(0.1um,0.2m) U (0.3m,0.4m), (48)

0,otherwise

The numerical results for physical variables on 200 grid points are
displayed in Figure 3. It can be seen in Figure 3 that KFVS scheme
shows better results in resolving the sharp discontinuities and peaks.
Similar results were also obtained by other researchers in the literature
[31] and references therein.

To quantitatively analyze the accuracy of proposed scheme, the
L'-errors at different grid points are calculated and given in Table 2.
The reference solution was obtained at 1600 mesh points. It can be
concluded that KFVS scheme produces less errors in the solutions.
Moreover, Figure 4 shows the plots of L'-errors which justify the results
of Table 2.

Parameter Physical meaning Numerical values
m* Electron mass 2:371 kg
! Low field mobility 10" m?v it
q Elementary charge 1:6 x 101" C
" Semiconductor permittivity 1:04 x 10" Fmi"
; Intrinsic electron concentration 1:4 x 10" m®
kg Boltzman constant 1:38 x 10/ JKi!
Vs Saturation velocity 1:03 x 10° ms''
T, Lattice temperature 300 K

Table 1: Physical parameters.
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Figure 1: Case 1: Comparative study of the numerical schemes.
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Figure 2: n*-n-n* Diode with length 0.75 ypm and V,=1.5 V.

Case 3: Different external potential V_,

Again in this test problem, we consider a GaAs diode of length
L=0:6 pm. The applied voltage is V,=0:8 V and T =77 K. The doping
density profile is similar as in previous case. We have tested the effects
of different V_ on current density solution. The solutions for the
different values of V_ are displayed in Figure 5. In the top left figure

the V_=-2:09 X 10"V, x € (0.1 um, 0.4 um), in the top right figure
V,_=-2:09 X 10"V, X € (0.1 um, 0.4 pm), in the bottom left figure
V, =-2:09 X 102V, X € (0.1 pm; 0.4 pm) and in last bottom right figure
V,=-2.09 X 10°V, X € (0.1 um, 0.4 pm). It can be seen from the Figure
5, that on decreasing the external potential the flow of the current in
the device increases. Such results were also reported in a study [12] and
references therein.
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Methods N=100 N=200 N=400 N=800 CPU(s)
n J n J n J n J N=200
KFVS 0.91 0.80 0.61 0.56 0.42 0.45 0.19 0.13 0.22
Central 0.99 0.92 0.72 0.69 0.52 0.49 0.25 0.22 0.31
Table 2: Comparison of L'-errors and CPU time.
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Figure 5: Case 3: Different external potential V_.

Case 4: The effect of different viscosities

In this test problem the effects of physical parameters like viscosity
is analyzed. We re-simulated the second test problem for different
viscosities constant, such as v=v,/y for v,=4.267 x 104, for y=1, 2, 4,
8. The results of particle densities for various viscosities obtained from
KFVS scheme are displayed in Figure 6. The smooth transition can be
shown for a quite large viscosities. It is more obvious to say that the
particles travel from left to right around the junction at x=1 enter the
supersonic region. Thus, the solution of viscous and inviscid models
are similar to each others for small viscosity v=vo/8 = 5.0 X 10~ [12].

Similarly, the results of current density for various viscosities obtained
from KFVS scheme are displayed in Figure 7. Analogously, in case of
the current density J, it can be concluded that the solution of viscous
and inviscid models coincides for small viscosity. As the current
density J varies in present model and the term J-d n representing the
effective current is constant. Hence, we expect the constant current
of the inviscid model and the variable ] should coincides. Moreover,
peaks are sharper for small viscosity and diffuse out on increasing the
viscosity factor. The figures show that the proposed numerical scheme
has well captured all profiles in the given viscosity range.
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Figure 6: Effects of viscosities on density using KFVS method.
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Conclusions

A second order accurate splitting scheme based on the KFVS
method was presented to solve the one dimensional viscous quantum
hydro dynamical model describing charge transport in semiconductor
devices. The nonlinear transport processes, high gradients and
still relaxation parameters in the model were the main sources of
instabilities for a numerical scheme. For comparison and validation,
a splitting scheme based on the NT central scheme was also applied
to the same model. It was found that the suggested KFVS method
has capability to capture narrow peaks and steep gradients in the
solution profiles. Further, the solutions of proposed scheme were free
of oscillations. This was demonstrated by considering the case studies
of several one-dimensional n*-n-n* diodes. Moreover, the numerical
solution obtained with different viscosities, mobilities and voltages
further validated the robustness and efficiency of the current method.
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