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Introduction
Power transmission lines are very important in electricity power 

delivery because power stations are normally located at distance. 
Process and balance must be constantly maintained to match the power 
supply and demand. Climatic changes cause uncertainties, for instance 
stretch from wind force and temperature induced stress in our existing 
electrical transmission line performance as well as future designs. 
These uncertainties increase when longer time frames are considered. 
The electric current flowing in the lines should be correctly measured 
to avoid overloads, phase unbalance and fluctuation. Uncertainties 
concerned can be traced from line position which is depended on 
load changes, topology changes and changes in network parameters. 
Modeling uncertainties is based on two generic approaches which are 
probabilistic and unknown bounded. The first is where probability 
distributions for the uncertainties are assumed, and the second is 
where upper and lower limits on the uncertainties are assumed without 
probability distribution on the conductor [1].

Some uncertainties have impact on system reliability and power 
quality of service, which may be a losing of customers, for instance 
power quality sensitive customers. There can also be a swinging of the 
suspension points longitudinally to the power line which is likely caused 
by the variation in tension. For example, conductors between two 
transmission towers often suffer sagging and galloping phenomenon, 
which then may result in voltage sag. According to IEEE Standard 
1159-1995 Recommended Practice for Monitoring Electric Power 
Quality, the voltage sag is a decrease in RMS at the power frequency for 
durations from 0.5 cycles to 1 minute, reported as the remaining voltage 
[2]. This standard only considers the voltage and current excludes the 
conductor capacitance and slag, which could result in increasing of line 
stress and even total failure.

Conductor Catenary Approach
The effect of wind force causes a line conductor to englogate and 

to some extent vibrate. If the conductor is damaged or the initial sag 
is incorrect, the line clearance may be violated and the conductor 
may experience a serious fatigue and break [3,4]. When uncertainty is 
analyzed, vibration of transmission line needs to be considered as well. 
When differential equations are employed to view the conductor line 
motion, the following assumptions are made:

Let ( ) ( ) ( )u x, t x . t= ϕ γ  and ( ) xzx e    ∅∂ =  then following the 
motion equation;
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Assuming that ( )2
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0 when x 0 and l x  
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ϕ

= = = then one gets a 

partial resonance frequency. Where the resonance frequency 2
r  f relates 

to the vibration modes causing uncertainties and expressed as;
2 2 2( / ) / [1 ( / ) .( ) / ]r r rf r l S m r l E J S= Π + Π               (6)

This equation can be used to calculate bending stiffness of the 
transmission line. A value of this frequency could then be useful in 
line sag estimation. The future expansion of the transmission networks 
will also require analysis on bending limitations of the line. This can be 
done by looking at the lowest point of the conductor.

The estimatimated low point y(x), of the conductor defined as 
catenary curve (Figure 1).

Height of the conductor above this low point is then given by;

( )
2H w w(x )y x  cos h x 1  

w H 2H
  = − =  
  

               (7)
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The horizontal distance XL from the left support point to the low 
point in the catenary is [4]

L
S hx  1   
2 4D
 = + 
 

                  (16)

The horizontal distance, XR, from the right support point to the low 
point of the catenary is [4]:

R
S hx  1    
2 4D
 = − 
 

                 (17)

From the inclined catenary span S1 is the straight-line distance 
between supporting points, S is the horizontal distance between 
supportsh is the vertical distance between support points, D is the 
sag measured vertically from a line through the points of conductor 
support to a line tangent to the conductor [4].

The midpoint sag Dis approximately equal to the sag in a horizontal 
span equal to the length to the inclined span. Knowing the horizontal 
distance from the low point to the support point in each direction, the 
preceding equations for ( )y x ,  L,  D,  and T can be applied to each side 
of the inclined span. The total length in the inclined span is equal to the 
sum of the lengths in XR and XL sub-span sections [4,6,7].
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                 (18)

View of a position vector for conductor

When we review the position of a stretched conductor as presented 
by authors [8,9], in the form of a position vector ( ) ( ) ( )( )P l, t   X l, t ,  Y l, t  =
with corresponding tension vector

( ) ( ) ( )T l, t   T l, t  cos ,  sin ,  = ψ ψ                (19)

where ø   is the positively oriented angle between the cable tangent and 
the horizontal.

Tension vector is tangent to the cable or the conductor because 
of the assumed negligible bending stiffness. Although this might not 
always be the case, we agree with the authors [2,4,9], that the conductor 
element stretched under tension is represented as 2 2(dx dy ).l    
(Figure 2).

When a small cable element is considered, dl. Due to gravity, cable 
tension, and inertial forces, this element is stretched however the mass 
remain the same. A conductor element is elongated in proportion to 
tension, according to Hooke’s law, such that [8]:

( )
1

2 2 2 1 .TdX dY dl
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 + = + Α 
 

                  (20)

According to a Newton’s law, the internal tension and the external 
gravity forces are in equilibrium with the inertial forces, such that; 
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The equation result in the limit 
yields

dl 0→ are given in [8]
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For a level span, the low point is in the center, and the line sag, D, 
is found by

2/ ( ( / 2 ) 1) ( ( )) / 8D H w cosh ws H w S H= − =                         (8)

The end of the level span, conductor tension T, is equal to the 
horizontal component plus the conductor weight per unit length, w , 
multiplied by the sag, D as shown in equation (9).

T H wD   = +                      (9)

Considering the conductor length from the low point of the 
catenary from either direction of the sag on the catenary curve can be 
obtained as follows:

 ( )
2 2

2
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w 2H 6H

   = = +   
    

                 (10)

For a level span, the conductor length corresponding to x=S/2 is the 
half of the total conductor length and the total length, L, is [4]

( )2 2

2

x w2H SwL  SINH S 1     
w 2H 24H

      = = +          
                (11)

Substituting parabolic equation of the sag one gets
28DL S   

3S
= +                        (12)

Conductor slack is the difference between the conductor length, L, 
and the span length, S. The parabolic equations for slack may be found 
by combining the preceding parabolic equations for conductor length, 
L and sag, D [4].

2
3 2
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3S24H

   − = =   
  

                  (13)

A conductor slack in a span can contribute to the changes in 
conductor sag, such that:

( )3S L S
D  

8
−

=                  (14)

For inclined spans, they may be analyzed using essentially the 
same equations that are used for equally levelled spans. The catenary 
equation for the conductor height above the low point in the span is the 
same. For the span, we consider two separate sections, on to the right 
of the low point and the other to the left of the low point. The shape of 
the catenary relative to the low point is unaffected by the difference in 
suspension point elevation. In each direction from the low point, the 
conductor elevation relative to the low point is [4,5].
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Figure 1: The catenary curve for level span.
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For the boundary and coupling conditions in Figure 3,

Where L=0 and L=NL. For a fixed support

 ( )0, 0, 0 ,X Y l= = =

At suspension string [8]:

[ ] 0,l nL

l nL
X = +

= −
=

( )22 2( ) ,X nS Y a a− + − =                   (25)

[ ]cos( ) 0.l nL

l nL
T φ ψ = +

= −
− =                 (26)

Where ϕ is the angle of the supension string.

This approach helps to understand the problem of sag more clearly 
and the behavior of the transmission line under galloping conditions. 
Hence it helps to reduce various problem parameters in to a single clear 
problem.

Dynamic simulation

Computer program application to model the time varying behaviour 
of a system or in particular a transmission line, when it is described by 
ordinary differential equations or partial differential equations is known 
to be dynamic simulation.When bounding uncertainty is considered 
in dynamic simulation, correct parameter values is unlikely known. 
It is common for the range of a parameter value to be considered. A 
statistical distribution could then be estimated or predicted.

For instance we can assume that parameters are uniformly 
distributed between some lower and upper bounds. Alternatively, 
there may be sufficient data to assume a normal distribution with 
some mean and variance [10-13]. Simulation of large data sets is not 
accurate to predict uncertainties, since parameters are mostly based on 
assumptions.

The well know Monte-Carlo and Simulink technique is mostly 
used to quantify the uncertainty in a trajectory [14-16].When 
other transmission equipment is taken into consideration, such as 
transformers, the load time constant TP and the transformer tapping 
delay Ttap should be carefully looked after. This method results in errors 
occur due to uncertainties.

Interval mathematical approach

 Interval mathematics use interval numbers instead of ordinary 
single point numbers. This interval number is defined as an ordered 
pair of real numbers representing the lower and upper bounds of the 
parameter range [17-19]. If the interval numbers are given as [a, b] and 
[c, d] then the following laws can be adapted for calculation;

[ ] [ ] [ ]a,b c,d a b,b d  + = + +                  (27)

[ ] [ ] [ ]a, b c,d a d,  b c  − = − −                   (28)

[ ] [ ] ( ) ( )a, b * c,d min ac,  ad,  bc,  ad ,  max ac,  ad,  bc,  bd   =        (29)

[ ] [ ] [ ] [ ]* 1 1a,b c,d a,b , , where 0 c,d  
d c
 ÷ = ∉  

               (30)

Traditionally power transmission is performed using two or more 
conductors for single-phase or multiphase systems. A problem appears 
in three-phase lines as a result of distribution of the phases over the 
length of the line [17].

Positions of phase a, b, and c lines change in a cycle that puts 
each phase in three possible positions over the line span. This cycle 
is to ensure that each phase experiences an equivalent amount of flux 
linkage. Thus, the average inductance of each of the phases will be equal.

If all three conductors have the same radius r, they will have the 
same inductance L:

( ) ( )12 23 31  2 1 0 7   / 3    ( / )L x ln D D D r H m′= −                   (31)

Where 12 23 13 , , ,  'D D D and r  are defined as follows:

D12 is the distance in meters between phase conductors 1 and 2,

D23 is the distance in meters between phase conductors 2 and 3,

and D13 is the distance in meters between phase conductors 1 and 3.

12 1/ 4r re= −  which is the radius in meters the accounts for 
internal inductance [18].

Although the calculations of uncertainties can be performed 
with interval mathematics, the variation of conductor length during 
temperature changes and loads from rain, snow or ice needs to be taken 
into consideration; however it is hard to be known especially in the real 
time base.

Synchronized-phasor measurements

The network, Figure 4 represents line parameter estimation for 
sending and receiving end voltages and currents.

Where,
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Figure 2: Conductor under tension stretch.
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Figure 3: Boundary conditions.
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( )Vs 1 ZY Vr ZIr  = + +                    (32)

( ) ( )2
sI 2Y ZY Vr 1 ZY Ir   = + + +                   (33)

Where Vs and Vr are the sending and receiving end voltages 
respectively. Is and Ir are sending and receiving end currents. Z and 
Yare impedance and admittance of the network.

Therefore,
2 2
s r

s r s r

V V
Z    

I V V I
−

=
+

                    (34)

s r

s r

I I
Y   

V V
−

=
−

                   (35)

Synchronization angle δ is used to synchronize the voltage phasors 
at both the terminals. Using the synchronization angle δ, the phasors at 
the bus i with respect to global positioning system (GPS) reference can 
be defined as

( )Vs Vs   Vs cos   j sin∠= δ = δ + δ                  (36)

( ) ( ) ( )( )s sVI I   s     Is cos   s   j sin   s   ∠= δ − ϕ = δ − ϕ + δ − ϕ  (37)

Where φs is the power factor angle. Using a specified maximum 
measurement uncertainty, bounds of the line parameters can be 
calculated [19,20]. Using the values of the maximum measurement 
uncertainties, the standard uncertainties in the measurements can be 
calculated as;

( )( ) ( )q k
u q k      

3
=                   (38)

Where, uq(k) is the maximum specified uncertainty specified by 
the manufacturer in the measurement of the parameter q(k).

The standard uncertainties in the power factor angle φs and the 
synchronization angle δ can be calculated: [20,21].

( ) ( ) ( )
3

2 2s
s

k 1

u ] u(p k )]   
p k
∅

∅
=

 ∂
=  

∂  
∑                    (39)

( ) ( ) ( )( )
7

2 2

k 1

u / Q k ] u q k ]  
=

 δ = ∂δ ∂ ∑                  (40)

Where φs, is the power factor which is determined using the 
reactive power Qs . P(k) is the phase current. The lagging and leading 
power factor can be differentiated by the sign of Qs. The power factor is 
lagging if the sign of Qs is –ve and it is leading if Qs is +ve.

The standard uncertainty in the power factor angle φs and the 
synchronization angle δ can be calculated by [22] classical uncertainty 
propagation theory.

Global positioning system

This is piloted based on a constellation of 24 satellites, which uses 
the Navigation satellite Timing and Ranging (NAVSTAR) developed, 
launched, and maintained by the United States government [23-29]. 
This method relies on accurate time-pulsed radio signals in the order 
of nanoseconds from high altitude Earth orbiting satellites of about 11 
000 nautical miles, with the satellites acting as precise reference points. 
These signals are transmitted on two carrier frequencies known as 
the L1 and L2 frequencies. The L1 carrier is 1.5754GHz and carries a 
pseudo-random code (PRC) and the status message of the satellites.

There is a potential in this technology, although there are some 
errors contributing to estimates. The differential GPS is generally used 
in order to decrease the selective availability errors. The accuracy of 
the direct instrumentation of overhead power line conductor sag 
measurement is about 19.6 cm range and 70% of the time [30-35].

This technique is promising, however the challenge such as 
electromagnetic interference (EMI) from the phase conductors is 
questionable [36,37].

Detection via image processing

There are some optimized edge detectors in image processing, such 
as canny edge detectors and infinite symmetric exponential filter. These 
detectors follow different algorithms such as for canny edge detection, 
it is represented as follows [38,39]:

1. Read the image I.

2. Convolve a 1D Gaussian mask with I.

3. Create a 1D mask for the first derivative of the Gaussian in 
the x and y directions.

4. Convolve I with G along the rows to obtain Ix, and down the 
columns to obtain Iy.

5. Convolve Ix with Gx to have Ix’, and Iy with Gy to have Iy’.

6. Find the magnitude of the result at each pixel
' 2 ' 2( , ) ( , ) ( , )x yM x y I x y I x y= +                   (41)

The Infinite Symmetric Exponential Filter uses another 
optimization function to find the edge in an image this function can 
be written as [39]:

2 '2

2 0 0
4

4 ( ) . ( )

(0)N

f x dx f x dx
C

f

∞ ∞

=
∫ ∫                     (42)

The function CN is minimized with an optimal smoothing filter for 
an edge detector, which results in an infinite symmetric exponential 
filter, as follows [39]:

( )( ) , ( , ) .
2

p x yp xpf x e f x y a e− +−= =                  (43)

The filter in the infinite symmetric exponential filter edge detector 
is presented as one dimensional recursive filter. P is the probabilitic 
transition , x and y are horizontal and vertical deravetieves By presuming 
the 2D-filter function real continuous, it is given by [39];

[ ] ( )1
,

1

x yb b
f i j

b

+−
=

+
                 (44)

In some instances, image processing techniques use automatic image 
analysis technique for extracting information from the line insulators. 
No uncertanty predictions can be evident with this technique.
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Figure 4: Line parameter estimation for sending and receiving end voltages 
and currents.
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Conclusion
The current power system is ideally exposed to different 

environmental factors which result in uncertainty problems. The 
methods discussed in this paper mostly do the determination of line 
parameters by means of calculations. Even though calculations are 
somehow accurate, errors do occur in the life of existing lines due to 
unpredicted temperature boundaries, wind forces, load from snow or 
ice, etc. The challenge still remains to develop a technique for real-time 
uncertainty modeling tool, which can be used to detect live transmission 
line conductor directly, for further accurate measurements and studies. 
GPS could be more valuable in future if the EMI challenge is conquered. 
The advancement in research for other technologies based on electro-
magnetic field theory is needed to address these limitations. Interval 
mathematics is more versatile compared to other methods such as 
synch phasor technique. The unknown variable can be stretched while 
bounded and it has shown to be faster than Monte Carlo methods in 
solving alternating current network problems.
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