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1. Introduction
It is often suggested that hand prostheses and robot grippers must

possess a kinematic structure that is similar to those of the natural 
human hand [1-4]. Such structure allows better adaptation of the gripper 
to the size and the shape of the grasped object and better cosmetic 
effect. Anthropomorphic hands with a large number of joints are highly 
dexterous, but their independent joint control requires a large number 
of actuators. While human muscles can generate very high energy per 
unit weight, the electrical motors used in the artificial hand design do 
not have high power-to-weight ratio. Therefore, the mimicking of the 
natural hand structure with presently available technology often leads to 
serious design difficulties and the designed mechanisms become large, 
heavy and less powerful. As a solution to the problem, many design 
concepts of robotic hands with fewer actuators than degree-of-freedom 
(DoF) have been introduced [5-12]. In such concepts, one actuator is 
connected with several joints and operates them simultaneously. In 
this research field such mechanisms are often called “underactuated” 
mechanisms. The idea of the underactuated gripper mechanisms is 
suggested by various studies of human hand motions which showed that 
specific human movement tasks can be performed by a small number 
of variables [13]. The underactuated grippers do not have the grasping 
dexterity of the human hand but they can replicate natural movements 
on a satisfactory way for a significant set of human movement tasks. 
Although the accuracy of the synthesized underactuated mechanisms 
is lower than the accuracy of the mechanisms with the same kinematic 
structure and independently controlled joints, the approach allows the 
synthesis of hands with simple structures that possess high functionality 
and precise motions for the named set of tasks. The underactuated 
gripper mechanisms were further improved by adding elastic elements 
or self-adaptive transmission between the output of each actuator and 
the corresponding robot hand joint [5-12]. Such a solution increases 
gripper adaptability and allows successful handling of objects with 
bigger variations in shape and size. Improvement of the functionalities 
of the underactuated robot hands have been widely studied [14-
16]. Ciocarlie et al. [14], introduced a quasistatic analytical tool for 
underactuated hands performing grasping tasks. Balasubramania et al. 
[15], studied the motion and force capabilities of a variety underactuated 
mechanisms. Prattichizzo et al. [16], explored gripper manipulability by 

introducing manipulability ellipsoids of underactuated hands.

However, developers of underactuated robotic hands usually follow 
their own specific approaches for simplification of the natural hand 
structure that are applicable only to the particular kinematic concept. 
In our previous research, we developed a systematic design method 
for simplification and synthesis of underactuated mechanisms without 
elastic components [17]. In this approach, the drive mechanism of the 
hand is presented as a composition of specific structures called linear 
dependent drives (LDD) with parameters that are calculated and 
optimized for the predefined set of movement tasks by using special 
criteria.

In the present paper we propose a systematic approach for design 
of underactuated robot hands with several elastic elements based on 
further development and adaptation of the task-based design method 
[17]. We introduce a criterion for analyzing the level of participation 
of each joint for the given tasks set and the result is used further for 
selection of the kinematic parameters and elasticity coefficients of the 
designed underactuated mechanism by minimizing the same criterion. 
We have verified the proposed method with a few numerical design 
examples and here we provide some of the key results that demonstrate 
its effectiveness.

2. Linear Dependent Drive and Underactuated Mechanism
In this study, we concentrate on mechanisms in which the number

of actuators r is smaller than the number of the joints n (n>r). The 
relationship between the angular positions of the gripper joints and the 
displacements of the actuators is described as follows: 
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In this paper, we introduce a task-based method for designing underactuated gripper mechanisms in which 

actuators are linked with the joints via elastic elements. The inclusion of elastic elements in the kinematic structure 
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elements work as convertors of the displacement of the actuators. In the proposed research we focus on the design 
of multi-joint grippers that contain fewer independent actuators than the joints and geometry dedicated for specific 
tasks. In order to minimize the complexity of the gripper mechanism while keeping its efficiency, we analyzed the 
joint motions of the mechanisms during the execution of each task and investigated the level of participation of each 
joint for every task. The results of this study can be used for systematic design of underactuated mechanisms and for 
the synthesis of dedicated underactuated mechanisms that can operate in a low dimensional task coordinate space.
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θ(t)=Zq(t)+c(t)   (1).

where θ (t)∈Rn denotes the joint angles, q(t)∈Rr indicates the 
displacements of the actuators, t is the time, Z∈Rn×r is the constant 
matrix, and c(t)∈Rn is a vector that represents the deformations of 
the elastic elements (EC). Each joint of the mechanism is driven 
by a linear dependent drive (LDD) that transfers a linear sum of the 
actuators’ displacements to the corresponding gripper joint via the EC. 
An example of a LDD is shown in Figure 1. An example of a multi-
joint underactuated mechanism is shown in Figure 2. The mechanism 
consists of a multi-joint manipulator, a LDD system, elastic elements, 
and actuators. Each LDD is connected to the related joint via elastic 
elements with linear characteristics. The LDD system corresponds to the 
elements of matrix Z of eq. (1). In this example, the elastic elements of 
the mechanism are realized by springs with appropriate characteristics.  
The elastic connection of a manipulator joint with the LDD (position 
EC of Figure 1) can be realized in many different ways. In this paper, to 
clarify the exposition we refer to the structure shown in Figure 3, but 
the considerations provided below and the results can be transferred 
easily to other design solutions. In this example solution, the output 

of the LDD is connected to a disk 1 (position 1). The angular position 
of disk 1 is determined by the signals coming from the LDD. Disk 1 
is connected to a second disk (position 2) via two elastic elements, 
denoted as positions 3 and 4 respectively. Disk 2 is linked to the gripper 
joint and can change its angle θi(t). It is assumed that the transmission 
ratio between disk 2 and the joint is 1, i.e. disk 2 and the joint change 
with the same rotation angle. As shown in Figure 3, the finger joint 
angle θi(t) is the sum of the joint angle of disk 1 θai(t) and the joint angle 
θpi(t) caused by the deformations of the springs, i.e. 

( ) ( ) ( )i ai pit t tθ θ θ= +    (2)

For all drive systems of the gripper, the same relations can be presented 
in the following general form

(t) (t ) (t )θ θθ = +a p   (3)

where θ(t) is the vector of all joint gripper angles, and θa(t) and θp(t) are 
the joint angles of disks 1 and 2 respectively and θp(t)∈Rn. In this paper, 
for simplicity we name θa as ‘active angle’ because it is directly connected 
to the output of the LDD. We refer to θp as a ‘passive angle’. If no external 
force is applied to the joint, the joint angles of the hand θ(t)∈Rn are equal 
to the joint angles determined by the LDD, i.e. θi(t) = θai(t). In this paper, 
we call the torques generated by the deformations of the springs “passive 
joint torques”. The passive joint torques τp(t)∈Rn are given as follows:

( ) ( )t K tp pτ θ= −   (4).

Here, K=diag(k1, k2, … , kn) is a matrix of spring constants. ki (i = 1, … 
, n) have positive values.

3. Design and Optimization of the Underactuated
Mechanism

The proposed approach for synthesis of the gripper mechanism 
consists of three steps:

1. Initially, we design a fully actuated gripper structure that allows
the completion of the tasks from the intended movement set.

Figure 1: An LDD example.

Figure 2: An example of a mechanism with r actuators and n LDDs.

Figure 3: Relationship among joint angles; a/without external force; b/ with 
external force.
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2. Then, we minimize the number of the actuators by applying
Principal Component Analysis (PCA) [18,19].

3. Next, we reduce additionally the error between the finger
trajectory of the synthesized underactuated mechanism and the
finger trajectories of the fully actuated mechanism by varying
and optimizing the link lengths and the elastic coefficients of
the synthesized underactuated hand mechanism.

3.1 System structure of the gripper

In order to explain the approach for the design of a gripper with 
elastic components for a given set of joint motions, we refer to the gripper 
structure shown in Figure 4. Here, for simplicity of the presentation, we 
consider a multi-joint planar gripper with two fingers that can move 
in the two dimensional plane and which contains revolute joints with 
one degree of freedom. However, the proposed method can be applied 
easily to artificial hands that operate in the three dimensional space. The 
gripper has n joints that are actuated by r actuators via n LDD systems 
and n elastic elements (n>r). The distal phalanges are named here as 
‘endeffectors’ and on the figure they are denoted as positions 1 and 2.

The gripper should be able to accomplish a set of manipulation tasks 
with a group of rigid bodied objects of known size and shape. During 
each task, the distal phalanges of the multi-joint manipulator need to 
touch the object and to apply pre-defined forces to it. In Figure 4, these 
forces are denoted as F1 and F2. The forces are applied in contact points 
denoted with C1 and C2. It is assumed that there is no slippage between 
the fingers and the object surface during the task execution. The set of 
tasks that need to be accomplished with the gripper is given in advance. 
The synthesis of the gripper mechanism will include the composition 
of the LDD system that will be able to actuate fingers joints in a way to 
allow the completion of the task from the given set. 

The given set of desired positions and orientations of the links and 
the preferred forces and torques are described with eq. (5).
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where u(t) is the h-dimensional vector of the positions and orientations 
of each finger segment during the execution of the tasks from the set, 
F(t) is the h-dimensional vector of the force and torque exercised by the 
endeffectors to the grasped object during the completion of the tasks, 
and t is the time. The given tasks start at time t=0 and end at t=tf. The 
dimension h depends on the type of the gripper (h=3 for a planar gripper 
and h=6 for grippers that operate in the three dimensional space). Since 
we control the position, the orientation, the force and the torque of the 
end point of an open kinematic structure with n joints, the dimension 
n of the joint coordinate space is higher than the dimension h of the 
task coordinate space. The position of the end effectors u(t) depends on 
the active angles θa(t)∈Rn, and the passive angles θp(t)∈Rn of all drive 
mechanisms of the same finger (see Figure 3) can be expressed on the 
following way:

( )(t ) f (t ), (t )a pu θ θ=   (6).

The relation between the velocities of the end effectors and the joint 
angle velocities can be presented as follows:
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  (7)

where J(θa(t), θp(t))∈Rh×2n is the Jacobian matrix. The relation between 
the joint torques and the external force acting to the same joint can be 
represented as follows:

( )T(t )
J (t ), (t ) (t )(t )

a
a p

p
F
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θ θτ

 
= 

  
			                    

             (8)

where τa(t)∈Rn are the active joint torques and τp(t)∈Rn are the 
passive joint torques. The Jacobian matrix is divided as follows: 

( ) ( ) ( )( ), ( ) ( ), ( ) ( ), ( )a pJ t t J t t J t ta p a p a pθ θ θ θ θ θ =  
		                   (9)

where Ja∈Rh×n, Jp∈Rh×n are sub matrixes of J. Considering (9), the joint 
torques can be rewritten as follows:

( )( ) ( ), ( ) ( )
T

at J t t ta a p Fτ θ θ=   (10)

( )( ) ( ), ( ) ( )
T

pt J t t tp a p Fτ θ θ= 	   (11).

We use equations (6), (7), (10) and (11) to obtain the joint angles and 
the torque values as the function of t for each point of the movement 
trajectories and thus, to build the set of the variable values during the 
execution of the tasks from the given set.

3.2 LDD design by using Principal Component Analysis

The LDD parameters of the drive systems that actuate the gripper 
with elasticity can be defined by using the PCA approach [18,19]. PCA 
is a mathematical procedure which uses an orthogonal transformation 
to convert a multivariable original data set into a set of uncorrelated 
data sets called principal components. Principal components are 
synthesis variables of the original data sets. The transformation matrix 
of PCA is calculated by eigenvalue decomposition of a covariance 
matrix of original data set. Here, we follow a procedure which is similar 
to the procedure proposed in [17] for the design of the LDD of a gripper 
without elastic elements. Initially, it is assumed that the mechanism is 
fully actuated (i.e. n=r) and each joint of the mechanism is connected 
to an independent drive system with elasticity in which the structure is 
similar to the system shown in Figure 3. From eq. (3) and eq. (4), the 
active joint angles θa(t) can be represented as follows:

1( ) ( ) ( )t t K tθ θ τ−= +a p   (12).

As illustrated with the structure in Figure 3, the torque on disk 1 is 
generated and controlled by the LDD that is directly connected with 
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Figure 4: Framework of the gripper mechanism.
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disk 1. Here, we name this torque as ‘active torque” and denote it as 
τa(t)∈Rn. The same torque is transmitted to disk 2 via the spring 
components. The torque transferred to disk 2 is denoted as τp(t) and we 
refer to it as ‘passive joint torque’1. Both torques have the same values:

( ) ( )a pt tτ τ=   (13).

From eq. (12) and eq. (13), the active joint angles θa(t) can be represented 
as follows:

1( ) ( ) ( )t t K tθ θ τ−= +a a   (14).

In Equation (14), the active joint angles θa(t) are the sum of the joint 
angles of the hand θ(t) and the weighted joint torques of the active 
joints τa(t). 

In order to design the LDD system of the gripper, we analyze the 
relations and contributions of the each actuator of the fully actuated 
gripper and identify the actuators that make the strongest contribution 
to the motions of the preliminary defined set of motions. For that 
purpose, we use eq. (14) to obtain the set of the values of angle θa(t) 
during the execution of the tasks from the given movement set 
and apply the PCA approach to it. PCA is a method which converts 
a multivariable data set into a set of uncorrelated variables called 
principal components by orthonormal transformation. The procedure 
for calculation of the principal components is comprised of a few steps 
as explained below. Initially, we calculate the covariance matrix V∈Rn×n 
as given by eq. (15). 

{ }{ }0 ( ) ( )ft TV t t dtθ θ θ θ= − −∫ a a0 a a0
   (15)

Here, θa0∈Rn is the average of θa(t). We assume that the tasks have been 
carried out from 0 to tf. The n sets of an eigenvalue and an eigenvector 
are obtained by use of the eigenvalue decomposition.

iiV ee λ=   (16)

Here, λi (λ1>λ2>…>λn) is the eigenvalue and ei∈Rn (i=1, … , n) is the 
eigenvector.

[ ] nnT
n RW ×∈= eee 21   (17)

where W is the translation matrix of PCA. The relation between the 
principal components p(t)∈Rn and the joint angles of active joints θa(t) 
is represented by the following equation:

(t ) W{ (t ) }θ θ= −a a0p   (18)

In order to evaluate the relationship between one principal component 
and the active joint angles, we introduce an index, named here as an 
index of contribution rate. We define the contribution rate Ci for i-th 
principal component as follows:

1

( )
i i

i n
j

j

C
Tr V

=

λ λ
= =

λ∑

  (19).

Ci indicates the proportion of the variance of the i-th principal 
component to the total variance of the joint angles. If the contribution 
rate of some principal components is significantly lower than the other 
principal components, these principal components can be excluded 
from the design of the underactuated mechanism. Depending on their 
contribution rates, all principal components can be grouped into two 

groups and the principal components can be presented as follows:
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where ph(t)∈Rr is the vector of the r principal components with higher 
contribution rates, and pl(t)∈Rn-r is the vector of the n-r principal 
components with lower contribution rates, Wh∈Rrn, Wl∈R(n-r) ×n are the 
submatrices of W. Since the matrix W is orthonormal, the active joint 
angles are determined from p(t) as follows:

1( ) ( ) ( )Tt W t W tθ θ θ−= + = +a a0 a0p p    (21).

From (20) and (21), the reconstructed joint angles can be expressed 
with ph(t) as follows:

 ( ) ( )T
ht W tθ θ= +a h a0p (22)

where  ( )tθ a ∈Rn is the reconstructed joint angles of the active joints. 
Since the relationship (22) corresponds to eq. (1), it can be used 
for the calculation of the matrix Z. In this approach, the number of 
actuators is the same as the dimension of ph(t). For the design of the 
LDD system, the principal components ph(t) with a high contribution 
rates are nominated as the actuator inputs of the system. The dimension 
of the vector ph(t) corresponds to the number of the actuators. If 
the displacements of the actuators q(t) are equal to the principal 
components ph(t), the motions for the tasks are reconstructed. From 
(20) and (22), we obtain the relation between the original joint angles
θa(t) and the reconstructed joint angles  ( )tθ a :
 { }( ) ( )T

h ht W W tθ θ θ θ= − +a a a0 a0    (23).

The difference ∆(t)∈Rn between the original joint angles θa(t) and the 
reconstructed joint angles  ( )tθ a  can be defined as follows: 

 { }( ) ( ) ( ) ( ) ( )T
h h nt t t W W I t∆ θ θ θ θ= − = − −a a a a0    (24).

4. Design of the Kinematic Parameters and the Elastic
Coefficients of the Underactuated Mechanism

The position, the orientations, and the external forces of the 
endeffectors of the gripper are determined by the active joint angles of 
each drive system and by the kinematic parameters of the gripper, e.g. 
its link lengths and elastic coefficients of each drive system. 

In order to further reduce the error between the finger trajectories 
of the synthesized underactuated mechanism and the finger trajectories 
of the fully actuated mechanism, we vary the link lengths and the elastic 
coefficients of the synthesized underactuated hand mechanism. The 
optimisation process includes an iteration simulation procedure where 
we vary some gripper parameters (e.g. link lengths or spring constants), 
execute the motion tasks from the given set for each combination 
of parameters, and compare the performance of the hand for each 
combination, until we achieve an optimal result. That allows further 
optimisation of the synthesized mechanism. Note that the kinematic 
parameters are not changed during the task execution. In this paper 
we assume that the given tasks are formulated with the trajectories and 
the external force of the endeffectors of the gripper. In order to evaluate 
the errors in joint coordinate space we define an index Ψ as following: 

2
0 ( ( ), )ft

t dtΨ θ ξ∆= ∫ a   (25).

Here, ξ = (ξ1, ξ2, … , ξm) is the set of coefficients of the kinematic 
parameters and elastic coefficients of the synthesized gripper and m 

1When an external force is applied to the controlled joint, that causes additional 
joint torque on disk 2, which results to changing the passive angle θpi(t). In the 
absence of external force, the passive joint torque on disk 2 is equal to the active 
joint torque on disk 1.
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is the number of the parameters that are varied during the iterative 
process. Optimisation of the performance of the synthesized gripper 
can be achieved by minimization of index Ψ:

 )(min ξ
ξ

Ψ 	   (26).

In order to verify the algorithm for optimization of the kinematic 
parameters, we used the sequential quadratic programming (SQP) 
iterative method for nonlinear optimization on Matlab. The procedure 
for optimisation of the kinematic parameters is illustrated with the 
diagram on Figure 5. 

As shown in the figure, the procedure includes the following main steps: 

Step 0: Select the set of motion task, the constraints and the initial 
value of the parameters (link lengths and orientation angle of the 
endeffector of each finger).

Step 1: From the motion task, obtain appropriate joint angles of the 
active joints θa by referring to equations (4), (6) and (8) that represent 
the relationship between the given motions and the associated joint 
angles of the active joints θa.

Step 2: Calculate the n dimensional principal components p by 
applying the method introduced in 3.2 to the active joint angles. The 
principal components are obtained by the linear transformation defined 
with eq. (18).

Step 3: From the set of principal components obtained with the 
previous step, select r principal components with the higher contribution 
rates ph, and truncate the remaining n-r principal components with 
lower contribution rates pl. The selected principal components and the 
truncated ones are represented with equation (20).

Step 4: Obtain the reconstructed joint angles aθ  of the gripper for 
the selected principal components. Use equation (22) to find the linear 
relationship between the reconstructed joint angles of the active joints 
and the selected principal components.

Step 5: Calculate the error Ψ between the original joint angles and 
the reconstructed joint angles by using equation (25).

Step 6: Reduce the error Ψ. Vary the parameters of the synthesized 
gripper and perform a new cycle from Step 1 to Step 5. Calculate the 
error Ψ. If the error is high repeat the cycle from Step 1 to Step 5 until 
the evaluation value Ψi converges below a given value ε.

5. A Gripper Design Example
In this example, we consider a planar gripper with two fingers and

six links, as shown in Figure 6. Here, l11, l12, l13, l21, l22, l23 are the link 
lengths; θa1, θa2, θa3, θa4, θa5, θa6 are the active joint angles, and θp1, θp2, θp3, 
θp4, θp5, θp6 are the passive joint angles.

5.1 Given tasks

We set the goal of synthesizing a planar gripper with two fingers 
able to accomplish two movement tasks, as shown in Figure 7. In the 
first task that needs to be completed with the designed gripper, a small 
square object needs to be pinched with the tips of both endeffectors and 
a force of magnitude 0.5 N needs to be applied to each side of the object. 
The force direction should be perpendicular to each side, as shown 
in Figure 7 (a). In the second movement task, the endeffectors of the 
gripper need to apply preliminary defined force in preliminary defined 

Figure 5: Procedure for design of the kinematic parameters and elastic 
coefficients.

Figure 6: Prototype manipulator.

Figure 7: Procedures of the two tasks.
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directions to the upper edges of an object located between gripper 
fingers whose position is fixed in advance. The task is illustrated with 
Figure 7 (b). In the figure, the initial orientation angles of the finger 
tips are denoted as φ11, φ12, φ21, and φ22. The forces applied by gripper 
fingers to the object are shown as dashed line arrows. In this example, 
the parameters of the fully actuated gripper have the following values:

Lengths of the finger phalanges (lij): 

11 12 13

21 22 23

18.0[ ], 18.0[ ], 12.0[ ]
18.0[ ], 18.0[ ], 12.0[ ]

l mm l mm l mm
l mm l mm l mm

= = =
= = =

   (27)

Initial orientation angles of the end effectors (φij): 

11 12

21 22

40.0[deg], 40.0[deg]

45.0[deg], 45.0[deg]

= =

= =

φ φ

φ φ
  (28).

The spring constants of the drive system of each joint ki (i = 1, … ,6, 
j = 1, 2) are defined as follows: 

]m/radN[0800.0],m/radN[0800.0
]m/radN[0800.0],m/radN[0800.0
]m/radN[0800.0],m/radN[0800.0

65
43
21

⋅=⋅=
⋅=⋅=
⋅=⋅=

kk
kk
kk

 

(29).

During the completion of the movement tasks, the gripper tips need to 
move on a straight line to the contact points with the object. It is also 
required that the trajectory error and the force error between the fully 
actuated gripper and the synthesized underactuated gripper should not 
exceed 10%.

5.2 Gripper synthesis

Initially, we consider the case in which all joints of the manipulator 
from Figure 6 are independently actuated. We design the manipulator 
and its initial position by using the values as defined in (27), (28), 
(29) and calculate the joint angles changes when the fingers of the
endeffectors are moving toward the object on a straight line. The
contribution rates of the principal components during the execution of
both tasks are shown in Table 1. We apply PCA to the active joint angles.
As shown in Table 1, the integral contribution rate of the first 3 principal
components is higher than 99%, which indicate that the movement task
can be performed successfully if the designed mechanism has three
actuators that actuate all six joints. Therefore, we design the gripper
mechanism with 3 actuators only.

As the next step, we design the gripper by selecting the initial value 
of the link lengths, the initial endeffectors orientations and the spring 
constants as defined in (27), (28), and (29). We name this gripper as 
‘synthesized initial robot hand’. 

The synthesized initial robot hand can be optimised additionally 
by an interactive procedure of varying the link lengths and the elastic 
coefficients of the synthesized underactuated hand mechanism, which 
is done by following the procedure in section 4. As explained there, 
such approach allows the selection of an optimal size of the links that 
build the fingers and reduces the error between finger trajectories of 

the synthesized underactuated mechanism and finger trajectories of the 
fully actuated mechanism.

The imposed constraints to the link lengths and the initial 
orientations of the endeffectors are defined by considering the relations 
expressed with equations (30) to (32), (i = 1, 2, j= 1, …, 6).

1 2

3

15[mm] 20[mm], 15[mm] 20[mm]
12[mm] 15[mm]

i i

i

l l
l

≤ ≤ ≤ ≤
≤ ≤

(30)

1 2i30[deg] 45[deg], 45[deg] 60[deg]i≤ ≤ ≤ ≤φ φ    (31)

0.05[N m / rad] 0.2[N m / rad]jk⋅ ≤ ≤ ⋅   (32)

Non-equations (30) define the constraint to the link lengths and allow 
the discarding of unacceptable solutions for the robot hand size. Non-
equation (31) sets constraint that keeps the finger tips toward the 
target object. Non-equation (32) defines the constraints to the spring 
constants.

After applying the procedure in Section 4, we obtain the following 
values for the parameters of the optimised underactuated gripper: 

11 12 13

21 22 23

11 12

21 22

1 2

3 4

20.0[ ], 18.4[ ], 15.0[ ]
20.0[ ], 20.0[ ], 12.0[ ]
45.0[deg], 45.0[deg]

56.8[deg], 45.0[deg]
0.0566[N m/rad], 0.200[N m/rad]
0.200[N m/rad], 0.137[N m/rad

l mm l mm l mm
l mm l mm l mm

k k
k k

= = =
= = =
= =

= =
= ⋅ = ⋅
= ⋅ = ⋅

φ φ

φ φ

5 6

]
0.0565[N m/rad], 0.104[N m/rad]k k= ⋅ = ⋅

   (33).

Figure 8: Designed mechanism with three actuators.

Principal component Contribution rate [%]
1 73.5
2 24.5
3 1.82
4 1.22×10-1

5 1.05×10-2

6 5.71×10-4

Table 1: Contribution rate of the joint angles of two tasks.
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The underactuated gripper synthesized by using the parameters from 
eq. (33) is called here the ‘synthesized optimal robot hand’. 

As a next step, we compare the motions of the synthesized initial 
robot hand and the synthesized optimal robot hand for the completion 
of the movement tasks defined in 5.1. Figure 8 shows the initial and the 
end positions of the initial robot hand and the designed robot hand 
during the completion of the tasks. In this figure, the given forces are 
shown as dashed line arrows. The straight line arrows indicate the forces 
that the synthesized optimal robot hand will apply to the target object.

In order to evaluate the error between the given force and the force 
that the underactuated robot hand applies to the object, we use force 
evaluation indexes for the left and the right finger, noted here as El and 
Er respectively and expressed as follow: 

100[%]

100[%]

l

r

E

E

−
= ×

−
= ×

gl al

gl

gr ar

gr

f f

f

f f

f

  (34).

Here, fgl is the given force of the left finger, fal is the actual force of the left 
finger, fgr is the given force of the right finger, and far is the actual force 
of the right finger. In Table 2 and Table 3 we show the values of El and Er 
for each task. The result shows that the applied optimization procedure 
reduced significantly the force error index of the synthesized optimal 
robot hand. The Er of task 2 is about 8%, which is a quite acceptable 
tolerance for numerous applications of powered underactuated robot 
hands. For grasping tasks that require higher accuracy, the error 
of forces can be reduced additionally by increasing the number of 
principal components of the designed underactuated mechanisms.

6. Conclusion
We introduced a task-based method for the design of underactuated 

gripper mechanisms with elastic elements between the actuators and 
the joints. The given tasks are defined in the task coordinate space by 
the trajectories of the links and by the contact forces applied to the 
object. At the beginning of the optimization process, it is assumed 
that the given tasks are performed by fully actuated mechanisms and 
the information about the joint motions during the completion of 
each task by the fully-actuated mechanism is used for the synthesis 
of the dedicated underactuated mechanisms that have fewer actuators 
than joints. It is introduced a procedure for further optimization of 
the initially synthesized mechanism which reduces significantly the 
force and trajectory errors. The presented approach is illustrated by a 
numerical design example. 
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El [%] Er [%]

Synthesized initial robot hand 18.7 37.7
Synthesized optimal robot hand 0.948 0.691

Table 2: Force error for Task 1.

El [%] Er [%]

Synthesized initial robot hand 12.4 17.8
Synthesized optimal robot hand 0.844 8.04

Table 3: Force error for Task 2.
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