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Abstract

are represented graphically.

In this work, we are compared between the theory of thermoelasticity with two relaxation times and the theory of
thermoelasticity without energy dissipation. To a half-space overlaid by a thick layer of a different material. The upper
surface of the layer is taken to be traction free and is subjected to a constant thermal shock. We are used Laplace
transform to eliminate the time variable t. The inverses Laplace transforms are obtained by using a numerical
method based on Fourier expansion techniques comparison between the predictions of both theories are discussed.
Numerical results are computed for the temperature, displacement and stress distributions. The numerical results

Keywords: GL theory; GN theory; Laplace transform; Half-space;
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Introduction

Thermoelasticity’s importance is due to its many applications in
diverse fields such as geophysics, plasma physics and related topics,
especially in the design of nuclear reactors.

Lord and Shulman [1] introduced the theory of generalized
thermoelasticity with one relaxation time for the special case of an
isotropic body. In this theory, the new equation of heat was obtained
by using a new law of heat conduction instead of Fourier’s law. The heat
equation associated with this theory is hyperbolic and hence eliminates
the above mentioned defect. The equation of motion is the same as that
of the coupled theory of thermoelasticity. Sherief and Anwar [2] solved a
generalized thermoelasticity problem for a plate subjected to moving heat
sources on both sides. Sherief and Khader [3] discussed the propagation
of discontinuities in electromagneto generalized thermoelasticity in
cylindrical regions. Chen et al. [4] studied the Transient thermal stresses
in a multilayered anisotropic medium. Sharma et al. [5] discussed the
Reflection of generalized thermoelastic waves from the boundary of a
half-space. Elhagary [6] solved the problem of a two-dimensional problem
for two media in the generalized theory of thermoelasticity. Abd El-Latief
and Khader [7] studied the fractional model of thermoelasticity for a
half-space overlaid by a thick layer. Sherief and El-Maghraby [8] solved
the problem of a thick plate in the theory of generalized thermoelastic
diffusion.

Green and Lindsay [9] introduced two different lag times in the
stress- strain relations and the entropy expression. This theory is known
as the theory of thermoelasticity with two relaxation times. In this theory
both the equations of motion and of heat conduction are hyperbolic. The
equation of motion differs from that of the coupled thermoelasticity theory.
Sinha and Elsibai [10] discussed the reflection of thermoelastic waves at a
solid half-space with two thermal relaxation times. Sherief [11,12] solved
a state space approach to thermoelasticity with two relaxation times and
the fundamental solution for thermoelasticity with two relaxation times
and a thermo-mechanical shock problem for thermoelasticity with two
relaxation times. Anwar and Sherief [13] studied the boundary integral
equation formulation for thermoelasticity with two relaxation times.
Song et al. [14] solved the transient disturbance in a half space under
thermoelasticity with two relaxation times due to moving internal heat
source.

The theory of thermoelasticity without energy dissipation (GN

theory) was proposed by Green and Naghdi [15]. The most important
aspect of this theory, which is not present in other thermoelasticity
theories, is that this theory does not accommodate dissipation
of thermal energy. Abd El-Latief and Khader [16] obtained the exact
solution of thermoelastic problem for a one-dimensional bar without
energy Dissipation. Quintanilla [17,18] discussed the spatial behavior in
thermoelasticity without energy dissipation and existence in thermoelasticity
without energy dissipation. Iesan [19] discussed the theory of
thermoelasticity without energy dissipation. Verma and Hasebe [20]
solved the dispersion of thermoelastic waves in a plate with and without
energy dissipation. Marin and Baleanu [21] discussed the vibrations in
thermoelasticity without energy dissipation for micropolar bodies.

Formulation of the Problem

We consider a problem for a half-space overlaid by a thick layer of
a different material within the context of the theory of thermoelasticity
with two relaxation times and the theory of thermoelasticity without
energy dissipation. The x-axis is taken perpendicular to the surfaces of
the half-space and of the layer. The layer occupies the region 0 < x < L,
while the half-space occupies the region x>L. The upper surface of the
layer is taken to be traction free and is subjected to a constant thermal
shock.

Due to the physics of the problem, all the functions considered will
depend on x and t only. The displacement components have the form

u_u(xt), uy=u2=0, i=1,2.

From now on the suffix 1 denotes quantities in the region of the
layer while the suffix 2 denotes quantities in the region of the half-space.

Solution for GL-Theory

The equations of motion have the form
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i=1,2 (1)
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A +21, L—adll+v,— |—=p—",
(A+20)55 ( ’azj o o

The generalized equation of heat conduction for both media are
given by

2

2
ox ' ot ) ot OxOt

In the above equations A, y, are Lamés constants, p, is the density,
T, v,are the two relaxation times, ki is the thermal conductivity, c is the
specific heat at constant strain, T, is the absolute temperature and T, is
a reference temperature assumed to be such that / (T-T,)/T, /1 << 1, y,a
material constant given by y=(3 A, +2 u, ) &, where « is the coefficient of
linear thermal expansion.

The constitutive equations have the form:

Ou, oT,
O_[:(ﬂ“[+2ﬂi)a1/;_}/i(7;_7;)+vi atlj (3)

where o0, denotes the stress component o in medium i.

We also have the Fourier’s law of heat conduction, namely

oT;
q; =—k; 87xl )

where g, is the heat flux in x- direction in medium i.

Let us introduce the following non- dimensional variables,

X =eax,u] =cpug, =it , T =i, v =ciny,,
o = 9 " = 71(7; _TO) q, = 7 q,
! (/11 +2u) " (At 2:“1) L ke (A +2m)

where ¢ = M T _ A
VA k,

The governing equations (1-4) in non-dimensional form become
(dropping the asterisks for convenience)

ou, 0\e0 . du,
Ty, — | L= g (5)
Vi ( ’a;) x o
2 2
af1ra 2o Tt ©
ox ot ) ot oxot
ou. 080.
o=ty —t—0+v.—L 7)
notae | P o
20,
=—Q. L (8)
g, e
where,

_71(11'*2/11') e

i:&’ _ v o k;

- 9P T > ¢)i - s &
7, (A +2u) ViP Hy k(A + 20, k,

The boundary conditions of the problem can be written as:

i

0,0, at x=0 9)
0 =f(t), at x=0 (10)
The continuity conditions between the two media are:

u=u,0=0,,0=0,q=q,atx=L (11)

We assume also that the initial conditions of a problem are
homogeneous.

Applying the Laplace transform with parameter s defined by the
relation

Fs)=[ e dt

to both sides of equations 5-8, we obtain

& - 00
(U/iaxz—észj Ui =(1+V‘-S)§ (12)
2 _
a—z—é'l.[lﬂ'is)s 6 =ps aa"’ (13)
ox "
_ ou; -
o =% y/l.%—{lﬂ/is] 0; (14)
5,’ =-0; 20 (15)

ox

Eliminating 0: between equations (12) and (13), we get the
following fourth order differential equation satisfied by u; :

{(//‘.D4 -D’ [1/46,.(1 +78)s+ &7+ (1+ V"S)S:I +E575,(1+ r,.s)} u =0 (16)
1

where D=—
ox
Solving equation (16), we obtain for the two different media,
i, =(1+ U]s)[Alk1 €+ A ke — Ak, e - A4k12e"‘”x] (17a)
i, =—(1+ uzs)[kﬂAse’k”x + knAée’k”xJ (17b)

where A PALALALA, and A . are parameters that depend on s only and
k., k,, are the roots with positive real parts of the characteristic equation

wkt -k J:l//l.5i (1+Tl.s]s+§l.sz +o; [1+vl.s)s} +&5°6,(1+7,5)=0.(18)

We note here that we have kept only the terms in equation (17b)
that is bounded at infinity.

Similarly, eliminating 77; between equations (12), (13) we see that
@ satisfies equation 16. Thus, the solution compatible with equation
(12) is given by

0= (k]zI —s? )[Alek”x + ABe’k”"] + (klzz - sz)[Azek”X + AAe’k'z"] ,(19a)

_ _k -k

0. = (1//2/(221 - fzsz)Ase 2t + (Vlzkzzz - fzsz)Abe 2t (19b)

Substituting from equations (17), (19) into equation (14), we obtain
o =5 (110s) de + A +Ae " +Ae " |, (200)

o2 =y&0° (1+ Uzs){ASe_kZIX + Aﬁe_kzzx} , (20b)

where ¥ =72/71.

Substituting from equations (19) into equation (15), we obtain the
heat flux component g, in the form

a4, =k, (K5 =57 )[ A€t — e | =k, (5 =57 )| 4,8 = d,e ] (21a)

— k. x -k, x
9, =0, |:k21 (‘//zkzzl - ‘:Ezsz)Ase Mtk ('//zkzzz _gzsz)Aﬁe 2 :| (21b)

Applying the Laplace transform with parameter s to both sides of
equations (9-11), we get
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0 = f(s), atx=0, (22)
o1 =0, at x=0. (23)

El=;z,51=5z,51:52,61=¢72’atx:L' (24)

Substituting from equations (17), (19), (20) and (21) into equations
(22)-(24), we obtain the following system of linear equations in the
unknown parameters A -A_

A1+A2+A3+A4=0 (25)
(2 =) 4 + A+ (k-5 )[4, + 4] = 2 (26)
s
kHAlek“L + kleze"”L - k“A3e"‘“L - k12A4e’k”L
1+0v,s - - (27)
El " UTS; [y dee™" + ke Ae™" =0
(klzl - sz)[Alek”L + Ase'k“LJ + (klz2 —s? )[Azek”L + A4e'k‘zl]
28
_(V/ZkZZI - ézzsz)AseikZ'L + (‘//zkzzz - 5252)’4667/{2# =0 @5
Alek”L + Aze"”L + A3e’k”L + A4e’k‘3L
28b
_ 7é, (1 + Uzs) [Ase—kﬂL n A6e—k22L:| -0 (28b)
(1+vs)
k,, (k,zl - sz)[A,e"“L - A3e’k“q +k, (klz2 —s? )[Aze"”L - A4e’k”L} (280)
28¢
ta, [kn (V/zkzzl - 5252 )AseikUL +ky, (‘//zkzzz - ‘fzsz ) AﬁeikDLJ =0
Solution for GN-Theory
The equations of motion have the form
du, oT, ou. .
A +21. Ly —L—p_1 i=1,2 29
(h+21 )= —rr=pn_s (29)

The generalized equation of heat conduction for both media are
given by

LOT o°T Ou, _
DT 0T O sy (30)
Yot P e T g
The constitutive equations have the form
0, = (4, +2u) 2% (1, -T;) ()
Ox
We also have the Fourier’s law of heat conduction, namely
R (32)
Ox
The equations (29)-(32) in non-dimensional form become
0%u, 06, o%u,
s B R R (33)
Vige T e
2 2 3
o0
ox ot Ooxot
ou,
o =Ly —1—0. (35)
neoloy !
q; =—¢; %6, (36)
ox
where C. = k 5
PCEG

Solution of the problem in the Laplace transform domain

Applying the Laplace transform with parameter s to both sides of
equations (33)-(36), we obtain

[wi;;— ,SZJ ui = 5@5" (37)

056—22—92 b0 % (38)
ox

5:':% V/i%— 0i (39)

q; = 6621- (40)

Eliminating 5,- between equations (37), (38), we get the following
fourth order differential equation satisfied by #;

{1//I.CfD4 -D? [y/l.sz +CES+ (piszJ + §,.s4} u =0 (41)

The solution to equation (41) is again of the form in equation (16)

it, = Bk, " + B,k,e"™* — Bk, e — B,k,e”"* (42a)
i, = —| by Bee ™" + ky B | (43b)

where B, B,, B, B, B, and B, are parameters that depend on s only and
k,, k,, are the roots with positive real parts of the characteristic equation

i

WGk =k [ys +Ciés” + 7| +&s*=0 (44)
0i = (k121 -5 )[Bleknx + Bse_k“x:| + (k122 -5’ )[Bze‘k‘zx + B4e_k‘”:| (45a)
0 = (yk &) Be 2 (- %) B 2T (asb)

Substituting from equations (43), (46) into equation (39), we obtain

oi=s [Blek" +Be"" +Be " +Be " ] (47a)
— K &
or=yi,s’ [Bse ant Be 2% (47b)

Substituting from equations (45) into equation (40), we obtain the
heat flux component g, in the form

51 =—ky, (klzl -5 )‘:Blek”x - Bseik”q —ky, (klzz -5 )[Bzekux - BAeikux] (48a)

k

- -k x ~kyyx
9, = |:k21 ('//zkzzl - ‘fzsz)Bse Mtk (‘//zkzzz - 6232)366 2 :| (48b)

Substituting from equations (43), (44), (47) and (48) into equations
(25), (26) and (27), we obtain the following system of linear equations
in the unknown parameters B -B,

Bl +Bz +B3 +B4 =0 (493.)
(k2 -5*)[B,+ B+ (k- 5°)[ B, + B,] =2 (49b)
s

kl,Blek”L + klsze"‘zL —k”B3e”‘“L —klzB4e’k‘zL (499)

c
+ kZ]BSe’kZ‘L + kzzBGefk”L =0
k2 —s2)| Bet + Bt |+ (k% —s?)| B,e"* + Be et
(-9 B Bt e s B e m ]

_(Wzkzzl -6 )B5eik21L + (l//zkzzz —&s )BseikmL =0
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Be"" + Bye*" + Be ™" + Bt (49€) GN Theory
e
—kipL —kpnL | _

—7% [Bse +Bge :| =0 p —— GL Theory

- L - ot 0.2
k(K —s*)| Be"™ = Be™* |+ k, (k5 —5)| B,e™" — Be™*
( )[z 2 k], ( 2)[2 o ](49f) 0.0 - X
+a, |:k21 (l//szI — &S )Bsei Mt ky (l//zkzz =58 )Béei ” :| =0 -0.2 1.5 2

To obtain the inversion of the Laplace transform [7]. 0.4
-0.6 o
Numerical Results and Discussion 08
During numerical computations, the upper material was taken to -1.0 4
be made of Carbon Steel, while that of the half-space was taken to be 121

made of the Copper material. The constants of the problem were taken
as shown in Table 1.

The computations were carried out for one values of time, namely
for t=0.2. The temperature, displacement and stress distributions are
shown in Figures 1-3, respectively. Solid line represents the case (GL
theory), dotted line represents the case (GN theory). The FORTRAN
programming language was used on a personal computer. The accuracy
maintained was 4 digits for the numerical program.

We notice that the solution is non-zero only in a region of space
adjacent to the upper surface. This region expands with the passage
of time. This is different from the solutions obtained using either
the uncoupled or the coupled theories of thermoelasticity where the

p,=7833 a,=1.474(10)"° k,=54 c,,=465 y,=6910112
1,=10.34(10)"° ' m,=7.93(10)" t,=0.02 v,=0.02 1,=0.025
p,=8954 a,=1.78(10)* k,=386 c,,=383.1 v,=0.025
1,=7.76(10)" | m,=3.86(10)" | y,=5518000 ,=0.7399 §,=1.4315
5,=0.48676 $,=0.01466 = ,=0.001638 T,=293
Table 1: The Material Constants.
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Figure 1: Temperature Distribution.
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Figure 2: Displacement Distribution.

Figure 3: Stress Distribution.

solution is non-zero everywhere due to the infinite speed of wave
propagation predicted by these theories. In Figure 1 we observed
that the leading wave front has reached the point x=1.33 for the two
theories. The solutions are thus non-zero only in the region 0<x<1.33.
The effects of the thermal shock have thus filled the region of the layer
and reached the half-space in two theories. But in (GL theory), we fined
that the dissipation in energy for the (GN theory) no dissipation in
energy. In Figure 2, the value of displacement is bigger at the initial,
and after that is decay to reached the zero at x=1 namely (GL theory),
in (GN theory) the displacement reached to zero at x=1.2 namely. In
Figure 3, we observed the discontinuity in the stresses at x=0.2 namely
in both theories. In (GL theory), the lased of energy is observed. In all
figures the beaver of all functions are different forms the two media but
are continues.
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