Journal of

Arficho, J Appl Computat Math 2015, 4:3
UAI9 10.4172/2168-9679.1000223

Applied & Computational Mathematics

A Note on Integration of Trigonometric Functions

Daniel Arficho*

Department of Mathematics Aksum University, Aksum, Ethiopia, Africa

Abstract

In this paper, we derive equivalent equations of integration of secant and cosecant functions. Furthermore, we
derive reduction formula for integration of product of integer powers of cosine and sine functions.
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Introduction

This paper consists of integration of some trigonometric functions
and reduction formula of the product of integer powers of cosine and
sine functions. We want to include integration of secant and cosecant
functions because integration of these functions is not trivial. Most
of authors of calculus books applied the sum of secant and tangent
function to evaluate integration of secant function. In this paper, we
apply Integration by Substitution Formula to evaluate integration of
secant and cosecant functions. Moreover, we derive the reduction
formula of integration of the product of integer power of cosine and
sine functions.

The product of integer power of trigonometric functions is the
product of integer power of cosine and sine functions. Thus, one can
evaluate integration of the product of integer power of trigonometric
functions by applying the reduction formula of integration of the
product of integer power of cosine and sine functions. In general, we can
evaluate integration of the product of integer power of trigonometric
functions.

Trigonometric Identities
The following trigonometric identities are well known [1].
cos’x+sin’x =1
tan’x +1=sec’x

Derivative of Real Valued Functions

Definition 1: Suppose that the function f: [a, b] > R. If x is an
element of [a, b], then fis said to be differentiable at x=x_ if

S +h) = f(x)
h

J'(xp) = limf ]

i
—0
exists [2].

Definition 2: If f is differentiable on its domain, then it is said to be
differentiable [3].

Derivative of cosine and sine functions

Let f (x)=sin x. Then the derivative of f at a point x is given by
f'(x) = cosx It is known that the derivative of cos x is — sin x.

Derivative of product of two functions

If f and g are differentiable functions of x, then

W) =g () + F () (20 -

Chain rule

Theorem 3.1 (The Chain Rule): Suppose that f is differentiable
at x=x, and g is differentiable at f (x)). Then the composite
function h, defined by h(x)=g(f (x)), is differentiable at x=x,, with
h'(xo): g'(f(xo))f'(xo) [2]

Integration of Real Valued Functions
Integration by parts formula

Let’s consider the following equation.

J‘udv=uv—-|.vdu, (6.1)

Where u=f (x) and v=g(x) are differentiable functions of x.

The equation in equation 6.1 is the integration by parts formula [4].
Integration by substitution formula

Let’s consider the following equation.

[ £(gGg' (dx = [ fw)du, (62)

Where u=g(x).

The equation in equation 6.2 is the Substitution Formula [5].
Integration of Secant and Cosecant Functions

We know that

cos*x + sin’x=1 (6.3)

V real number x.

It follows that
cosx = +4/1 —sin’x (6.4)
and

sinx = +,/1-cos’x (6.5)

V real number x.

Let’s choose x=arcsin u. Clearly sin (arcsin u)=u and cos (arccos u)=u.
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Therefore, 1 1
~ () du = du
cos(arcsinu) = +~/1—u* (6.6) I\/l—uzx/l—uz '[\/l—uz\/l—uz
And
1 1 1
= duzf[ ——du + —du]
sin(arccosu) = =1 —u’. (6.7) '[1 u’ 2 Il tu '[
Claim: To derive an equivalent equation for integration of secant
funct fve an equivalent equatt ttegratt L S D S P 4 L) Y
unction. 2 27 |1-u]
1
dx = d
Isecxx -[cosx X |1+u| \/HT
Let’s apply Integration by Substitution Formula. Let x=arcsin u. \ l-u | [T+ (|1—-u
This implies that sin x=u. Differentiating both sides of the equation Clruf B | l+u ‘2
sin x=u with respect to x, we have =In >
[ +u)1- u)| |1 u |
d(sinx) du
dxd_a /|1+smx| |1+smx\
Thus, d—u = cosx = cos(arcsinu) = /1 —u” . |1—sinx’ | |cosx |
x
Now we consider two cases. | 1+ sinx | ‘ 1+ sinx|
+c
Case 1: \I | cosx | | cosx |
suppose that cosx =/1—sin’x _ Infsecx + tanx | +¢
Thus,
Therefore, J.secxdx =In|secx + tanx | +c .
1
secxdx = dx = du .
.[ .[ COSX ,[ cos(arcsinur) \/1 _ Therefore, considering both cases case 1 and case 2, we have
Isecxdx =In|secx + tanx | +c -
1 1 . . . . . .
= du = du Claim: To derive an equivalent equation for integration of cosecant
J.\/l—uzx/l—u2 IJI—MZVI—M2 function.

1
1 cscxdx = | —dx
S Ey s Josexar=[ o
1-u Let’s apply Integration by Substitution Formula. Let x=arccos u.
_ l[]n| ltu|—In|1-ul]+c= l[ln‘ I+u |] ‘e This implies that cos x=u. Differentiating both sides of the equation
2 27 |1-u] cos x=u with respect to x, we have

d(cosx) du

2 = —
=In |1+u‘+c:ln M+c dx dx
[1—u| [T+ul|l—u]

di . .
Thus, du = —sinx = —sin(arccosu) = —(+)\1—u’ -
X
_ 1+uf _ 1+uf Now we consider two cases.
=In 7“1 ) )|+c—ln I |+c
+u)1—u —u
Case 1:
. d
|1+ sinx |’ |1+sinx |’ Suppose that sinx = /1 —cos’x =~+/1—u" . Then M _ -t
=ln[———+c=In,|——+¢ dx
|1—sinx? | | cosx |’
Thus,
=In (m)2 +c=lnm+c _fcscxdx J.—dxf—_l.%
| cosx | | cosx | sinx sin(arccosu )1 —u?

= In|secx + tanx | +¢ _J‘ 1 du——j 1 du

NN 1-u*
Therefore, Isecxdx =1In| secx + tanx | +c.

1 1 1 1

. =——[|—du+|—-du]l=—[In|1+u|-In|1-ul]+c
Case 2: 2[ T+ - ] 2[ | | —In] 1
Suppose that cosx =—/1—sin’x Then L/ [1+u]| [1+u|
dx =—— [l ]+c=-In

Thus 27 [1-u| [1—u|

2 2
J‘secxdx J‘idx__'[ ! du =—In &4,6:_111 %4’6
cosx cos(arcsinu V1 —u> VIT+u || 1-u [A+u)1—u)|
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[T+ul |1+ cosx | =‘[tan"‘2xtan2xdx
= —1n 3 +c= —1n T 5
[1—u”| |1—cosx” | = jtan”’zx[l —sec’x]dx
_ n-2 _ n-2 2
|1+ cosx 11+ cosx|, —Jtan xdx jtan x[sec” x]dx (6.9)
=—11‘1 _72+C:—ln (7) +c ) . . .
| sinx | | sinx | Let’s apply Integration by Substitution Formula.
Let tan x=u. Then du=sec? dx Thus, we have
__ln|1+c0sx\ re
| sinx| Itan"’zx[seczx]dx = J‘u”’zdu
=—In| cscx + cotx | +¢
n—1
u
Therefore, Icsc x dx= —ln‘ csex+ cot x‘ +c. = n—1
Case 2: . _tan"'x (6.10)
Suppose that sinx = —\/1 —cos’x =—/1—-u> . Then d—u =+1-u’cc n—1
Thus o Here n # 1. If n=1, see 6.8. Therefore, for m=-n and n # 1, from
equations 6.9 and 6.10, we have
1 1 n-1
cscxdx = | —dx = du " ysin” = n-2 _fan x 6.11
_[ -[smx Isin(arccosu)\/l . fcos xsin” xdx Itan xdx o (6.11)
1 1 Theorem 6.1: Let m and n be integers. Then for m # —nand
=— du=— du _
IJ17u2J17u2 J-lfuz m#2—-n,

11 1 1
=——[|—du+|—dul=——[In|1+u|-In|1-ul|]+c
ot [ —du) == {nf 1+ u | =In 1= u]]

=fl[ln|]+u‘]+c:fln |1+u|+c
27 |1-u| [T—u]|
[1+ul [1+ul
=-In,|[—————+c=-In [————+c
[T+ul|l—u] [A+u)1-u)|

=—In

|1+u\2+c_ n |1+cosx|2+c
[1-u’| |1—cosx” |
1+ cosx 1+ cosx
s (e
| sinx | | sinx |

[1+ cosx |
=—In——+c¢

| sinx |

=—In| cscx + cotx | +¢

Therefore, '[CSCde = —In| cscx + cotx | +c . Therefore, considering

both cases casel and case 2, we have Icscxdx =—In| cscx +cotx | +c .

Reduction formula for integration of product of integer

power of cosine and sine functions

For m=-1 and n=1,

Icos’" xsin” xdx = Itanxdx

= J‘Siﬂdx

cosx
=—In|cosx|+c

For m=-n,

Jcos'”xsin”xdx = Itan”xdx

(6.8)

[n—1+(2—m—n)cos’x]cos™ " xsin"" x
(m+n—2)(m+n)

jcos’” xsin” xdx =

(m-1)(n-1)

—Jcosm’zxsin”’zxdx
(m+n-2)m+n)

Proof of Theorem 6.1:
Step 1

Let’s find the derivative of cos”xsin""'x with respect to x.

i[(cos'” x)(sin" "' x)] = (i (cos™ x))(sin"" x)
dx dx

+(i (sin" "' x))(cos" x)
dx

=[m cos""lx][i (cosx)][sin""' x]
dx

n-2

+(n—1)sin" " x] [di (sinx)](cos™ x)
X

= —m(cos™ ' x)(sinx)(sin" "' x) + (n — 1)(sin" "> x)(cosx)(cos” x)

= —m(cos" ™ x)(sin" x) + (1 — )(sin" > x)(cos" "' x)
= [cos™ " xsin" 2 x][(n — 1) cos>x — msin>x]

= [cos™ " xsin" 2 x][(n — 1)(1 - sin® x) — msin®x]
= [(cos" " x)(sin" 2 x)][(n 1) + (1 — m — n)sin’x]

= (n—1)(cos™ ' x)(sin" > x) + (1 —m — n)(cos™ ' x)(sin" x)

Step 2

m—1

Let’s find the derivative of (cos

x))sin"*x

m-1

%[(cos’”’lx)(sin”’zx)] = (% (cos

x)(sin""?x) with respect to x.
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+(i(sin"'2x)) cos”'x 2 s el
dx [n—14+(2—m—n)cos x]cos™ xsin"" x

(m+n-2)(m+n)

jcos’”xsin”xdx =

=[(m—1)cos™ *x] [i (cosx)][sin" *x]
dx

(m=D(n-1)

+(n-2) sin'Hx][di (sinx)][cos™ " x]c (m+n-=2)(m+n)
/X

n-2

_[cos’”’zxsin xdx

= (1—m)(cos™ > x)(sinx)(sin" > x) Hence proved

+(1—2)(sin" " x)(cosx)(cos™ " x) Conclusion

In general, we observed the following results.
= (1—m)(cos" 2 x)(sin" ™" x) + (n — 2)(sin" > x)(cos" x)

Let m and n be integers. Then

=[(cos” > x)(sin" > x)][(n — 2)cos’ x + (1 — m)sin’ x] 1.For m#—nand m=2—n,

=[(cos" > x)(sin" > x)][(n — 2)(cos’ x) + (1 — m)(1 — cos’ x)] [n—1+(2—m—n)cos’x]cos” " xsin" "' x

. s s '[cos'” xsin" xdx =
+(cos" " x)(sin" " x)][(1 —m) + (m + n —3)(cos” x)] (m+n-2)(m+n)
= (1—m)(cos" 2 x)(sin">x) + (m + n — 3)(cos” x)(sin" > x) m=Dn-1
chos’”'zxsin"'zxdx
Step 3 (m+n—=2)(m+n)
jcos’” xsin” xdx = Jcos"’ xsin"™ xsinxdx
2.Form=-nandy £1,
=—cos” xsin""' xcosx tan™!
. _ an"” x
fcos’” xsin" xdx = jtan” ? xdx —
+I cosx[(n—1)cos" " xsin" > x + (1 —m —n)cos™ ™ xsin” x]dx n—1
=_cos" ' xsin""'x 3. For m=-1 and n=1,
Mmoo n=2 mo e
+(n— l)f cos” xsin" " xdx+(1-m— n)f cos” xsin” xdx Icos’“ ysin” xdx = Itanxdx
Now, observe that sinx
—cos"" xsin"" x + (n - I)J cos” xsin"~ xdx - I CoSx d
J.cos” xsin”" xdx = (6.12)
m+n
=—In|cosx|+c
If we choose m=0 and n # 0 for equation 6.12, then equation in
equation 6.12 is reduction formula for sine function. That is, forn # 0, 4. For m=-nand n =1, we have
) —cosxsin" " x + (n— I)Isin"’zxdx . , tan" x
J‘sm" xdx = . Icosm xsin" xdx = J.tan"’ xdx ————
n n—1
If m=2 — n for equation 6.12, then see equation 6.11. 5. For m#0),
Step 4 . -
P . cos” ' xsinx + (m — l)j cos” > xdx
Jcosm xsin"? xdx = jcos'”’lxsin”’zxcosxdx J-COS xdx = m
_ m-1 s on-1
=Cos™ xS x 6.For n=0,
. m-2 2an=3 m 1an=3
—Ismx[(l —m)cos” " xsin"" x + (m + n—3)cos” xsin" " x]dx . —cosxsin" x + (n - I)J‘ sin" 2 xdx
Jsm" xdx =
=cos” ' xsin" ' x n
+(m— I)Icos””zxsin”’zxdx +GB-m- n)'[cos'"xsin"’zxdx 7. Icscxdx =—In|cscx + cotx | +¢
Now, observe that 8. fsecxdx =In|secx + tanx | +c
cos™ ' xsin" x + (m — l)j cos” ? xsin" > xdxm +n—2
mos -2 _
Icos xsin" xdx = s (6.13) References
If we choose n=2 and m # 0, then equation in equation 6.13 is 1. Philippe BL (2005) Integration Involving Trigonometric Functions and

reduction formula for cosine function. That is, for m =0, Trigonometric Substitution. Kennesaw State University.

William FT (2010) Introduction to Real Analysis. Trinity University, USA.
m-1 : m=2
cos™ xsinx + (m — 1)_[ cos” “xdx Lee L (2015) Introduction to Real Analysis. University of Louisville.

Icos'” xdx =
m Philippe BL (2008) Integration by Parts. Kennesaw State University.

Therefore, from equations in 6.12 and 6.13, we get

o » 0N

Philippe BL (2008) Integration by Substitution. Kennesaw State University.
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