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Abstract

In present work, the modified 3-dimensional modified radial Schrédinger equation is analytically solved for the non-
relativistic interactions under the modified quark-antiquark interaction potential in the symmetries of Non-Commutative
Quantum Mechanics (NCQM), using the generalized Bopp’s shift method in the case of perturbed Non-Relativistic
Quantum Chromodynamics (PNRQCD). The new energy eigenvalues (ground state, first excited state and n™ excited
state) and the corresponding Hamiltonian operator are calculated in 3-dimensional Non-Commutative Real Space
Phase (NC: 3D-RSP) symmetries instead of solving modified Schrédinger Weyl Moyal star product. The present
results, in (NC: 3D-RSP), are applied on the charmonium cc , bottomonium sband sc mesons. It is found that the
perturbative solutions of discrete spectrum and quarkoniums mass can be expressed by the the parabolic cylinder
functions function, Gamma function, the discreet atomic quantum numbers (j,l,s,m) of the 00 state and the potential
parameters (a,b,c), in addition to non-commutativity parameters (e and ¢). The total complete degeneracy of new
energy levels of the modified quark-antiquark interaction potential changed to become equals to the value 3»* instead
the values ;? in ordinary Commutative Quantum Mechanics (CQM). Our obtained results are in good agreement with

the already existing literatures in NCQM.

Keywords: Schrodinger equation; The heavy quarkonium system;
The quark-antiquark interaction potential; Non-commutative space
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Introduction

It is well known that, the quark-antiquark interaction potential
or the quarkonium potential, which obtained from Cornell potential
by adding the harmonic term, is one of confining potentials. It was
one of the most popular model for study the interactions in the Non-
Relativistic Quantum Chromodynamics NRQCD such systems as
quarkonium (heavy quarkonia) consisting of heavy quark and antiquark
(charmonium cc , bottomonium bb and bc mesons). The study of this
potential, in NRQCD, is a particular interest for detecting characterizing
the electromagnetic characteristics of mesons and the mass spectra
for coupled states [1-8]. It is consist of three terms. One of the terms
is responsible for the Coulomb interaction of quarks and the second
corresponds to the string interaction, which provides confinement,
while the third is the harmonic term, known to researchers and
plays a very important role in various fields of physics and chemistry.
Furthermore, this potential plays a vital role in different branches of
physics such as atomic and molecular physics, particle physics, plasma
physics and solid-state physics [7]. The main objective is to develop the
research article [1] and expanding it to the hug symmetry known by
Non-Commutative Quantum Mechanics (NCQM) in order to achieve
a more accurate physical vision so that this study becomes valid in the
field of nanotechnology. On the other hand to explore the possibility
of creating new applications and more profound interpretations in the
sub-atomics and nano scales using new version the modified quark-
antiquark interaction potential, which has the following form:

c . .

qu(r)=ar2+br—;—> v, (r):l{ip(r)+{2’%—%—a}L® (1)

We refer to this term LO in the materials and methods section.
It should be noted that, the non-commutativity was introduced firstly
by W. Heisenberg in 1930 [9] and then by H. Syndre in 1947 [10].
The new structure of NCQM based to new canonical commutations
relations in both Schrédinger SP and Heisenberg HP, respectively, as
follows (Throughout this paper, the natural units ¢ = # = 1 will be used)
[11-15]:

. . s
{fcﬂ ,ﬁv} = [fcﬂ (1), p, (t)} =i8,,h=> A%, Ap, > ;v
. . 9
o | 005, 0)] 0, = a5, 2% o
RN . . - o gw
[py9pv:|: l:py(t),pv(t):l:leyv :>ApﬂApv2 2

Where the indices 4,y =1,3. This means that the principle of
uncertainty for Heisenberg generalized to include another two new
uncertainties related to the positions (fc ”,fcv) and the momenta’s
([7# D, ), in addition to the ordinary uncertainty of (fc/,,f)v) in CQM.
The very small two parameters g#v and g*" (compared to the energy)
are elements of two antisymmetric real matrixes, parameters of non-
commutativity and (*) denote to the Weyl Moyal star product, which is
generalized between two arbitrary functions (£, g)(x, p) > (f , ngc, p) to

the new form f(;e,ﬁ)g(f,ﬁ)s (f*g)x, p) in (NC: 3D-RSP) symmetries
[16-23]:

(/) (x,p)»(f*g)(x,p)=(.fg—%9“6;1‘%—éé“"az.f'aa’gj(x,p)

(3)

The second and the third terms in the above equation are present
the effects of (space-space) and (phase-phase) non-commutativity
properties. However, the new operators &(¢)= (;2# VD, X;) in HP are
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depending to the corresponding new operators é = fcﬂ v p, in SP from
the following projections relations:
E(t)=exp(iH,, (t—t, ))& exp(—iH,, (t—1,)) =
$(t)=expGH,,_, (1—1t,))*E*exp(—iH,_,, (1-1,)) (4)

Here & = (xﬂ \% pv) and rf(t) = (x# v p, Xt), while the dynamics
of new systems d¢(¢) are described from the following motion equations
in NCQM: dt

w:[f(t),ﬂqp}:@{f(t)jﬁmqp} (5)

dt dt

The two operators ]:[qp and ]:Inchp are presents the quantum

Hamiltonian operators for the quark-antiquark interaction potential
and modified quark-antiquark interaction potential, in the CQM and its
extension NCQM, respectively. This paper consists of five sections and
the organization scheme is given as follows: In next section, the theory
part, we briefly review the SE with the quark-antiquark interaction
potential [1-2]. The Section 3 is devoted to studying the MSE by applying
the generalized Bopp's shift method and obtained the modified quark-
antiquark interaction potential and the modified spin-orbital operator.
Then, we apply the standard perturbation theory to find the quantum
spectrum of (ground state, first excited state and the 1™ excited state)
which produced automatically by the effects of modified spin-orbital
and modified Zeeman interactions. After that, in the fourth section,
a discussion of the main results is presented in addition to determine
the new formula of mass spectra of the of quarkonium system (the
charmonium ¢¢, bottomonium ppand pemesons) in (NC: 3D-RSP)
symmetries. Finally, in the last section, summary and conclusions are
presented.

Theory

Overview of the Eigen-functions and the energy Eigen-values for the
quark-antiquark interaction potential in CQM

We shall recall briefly in this section, the time independent
Schrodinger equation SE for the quark- antiquark interaction potential
(quarkonium potential) [1-2]:

V(r):ar2+br—§ (6)

The relative spatial coordinate between the two quarks is 7, 4)0,
b and are ¢ purely phenomenological constants of the model. If we
insert this potential into SE, the radial part function U(r)= R(r) is

given as [1]: r
2 g
7(1 Ugr)+sz(r)+2,u[E—ar2—br+£—7l(l+!):|U(r):0
dr roodr ro 2ur
d’R 1(1+1
—)—gr)+2y E—arz—br+£——( z) R(r)=0 @
dr ro 2ur
mqu
Here wu=——"— the reduced mass for the quarkonium

Vﬂq + m; _
particle for example cc, pp and ch. The complete wave function
R N . . .
¥(r0.9)= (r) Y (0.9 is given by [1]:

r

W(r0,9)=C, (2y TN s

) r 2 exp(—ozrZ —ﬁr) F(-n2n+128r)Y" (6,9)

(8)
In addition, the energy E ; of the potential in Eq. (8) [1]:

_ _ 2
E, = i(2n+2]+3)+w ©)
2u 8(l+1)a

where 2 =, % ,ﬂ:b\/g , p=I1+1/2 and Cnl is a normalizing

constant. While n is a natural number accounting for the radial
excitation while / is a non-negative integer number which represents
the orbital angular momentum. On account of the relation between the
confluent hypergeometric function of the first kind and the generalized
Laguerre polynomial.

nl(2p+1) Eq. (8) is rewritten as:
F(-n2n+12pr)= =120 p21(2 ) B4
1 1( n,zn+1 ﬁr) F(ZT]+1+H) n ( ﬁr)

" n!F(277 + 1) rvfl

L}’(",g’ (ﬂ)z G, (_ 2) 1—‘(2’7 +n) : exp(— ar’ _ﬂ")Li”(Zﬂr)th(g’ ¢)

(10)
Materials and Methods

Solution of MSE for modified quark-antiquark interaction
potential in pPNRQCD

In this section, we shall give an overview or a brief preliminary
for modified quarkonium potential in (NC: 3D-RSP) symmetries. To
perform this task the physical form of MSE, it is necessary to replace
ordinary 3-dimensional Hamiltonian operators H w» (x oDy ), complex
wave function \y[? and energy E, by new Hamiltonian operators
H,. (X, ﬁy), new complex wave function‘{’(?) and new values

ne—cp » Tespectively. In addition to replace the ordinary product by
the Weyl Moyal star product, which allow us to constructing the MSE

in (NC-3D: RSP) symmetries as [24-28]:

[:qu (x#’pﬂ)ql(;) = E"’LP(;) = [:[m‘fqp (;cu’i)#)*ly[?j = Em‘fqp\P(;j (1 1)

The Bopp’s shift method has been successfully applied to relativistic
and non-relativistic (non-commutative quantum mechanical problems)
using Modified Dirac Equation (MDE), Modified Klein-Gordon
Equation (MKGE) and MSE. This method has produced very promising
results for a number of situations having physical, chemical interest. The
method reduces MDE, MKGE and MSE to the Dirac equation, Klein-
Gordon and SE, respectively, under two-similtaniously translations in

- w N O
space and phase x, %, =x, _%7 p, and pp=p,+x, - It based on

2
the following new commutators [10-14, 28-31]:

(5.5 ]=[%.(0).5.(1)]=16,,
[P |=[ B (1): 5, (1)] =00

The new generalized positions and momentum coordinates
( £, f)v) in (NC: 3D-RSP) are defined in terms of the commutative
counterparts (xu’pv) in CQM via, respectively [12-16, 28-31]:

ol
()= (50~ 5,2, + 2

The above equation allows us to obtain the two operators (#*.5°) in
(NC-3D: RSP) symmetries [26-31]:

(12)

(13)

(rz,pz):»(fz,;az):(rz—i(:),p2 -0 ) (14)

The two couplings L® and Eé are (Lx®]2 +L,0, +LZ®]3) and
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L6 +L, O+ L 913), respectively, while (L, L and L)) are the three

components of angular momentum operator [ and 0,=0,/2.

Thus, the reduced Schrodinger equation (without star product) can be
written as:

H,,(_qp(&,,ﬁ“)w[fj:E,,,ﬂ(f):H,u.w(fc,‘,zs},)wm:E,,f,Ww(f) (s)

The new operator of Hamiltonian £ (fc P ) can be
nc—cp w2y
expressed as:

- . G O
H(p(x#,x#)iH’W”(x“,p“)EH[#*,ﬂ ; pu Pyt ; Vj

52 0 0
14 ~ v uv
—2ﬂ+V(F[V—\/(xﬂ ; py][xf ’2 ij] (16)

Where V,,(7) denote to the modified quarkonium potential in
(NC: 3D-RSP) symmetries:

ar ar

v, (r)=V, (F)=ai +bi -~ (17)
r

Agam, applying Eq. (14) to find the three terms (57 and[%) and
)) which will be used to determine the modified quarkonium
potentlalV (7)) as follows:
¢ ,e_¢, ¢80
7—>;—r+2r3L®+0(®) (18)

br — bf =br—iﬂc7)+0(®2)
2r

ar’ = af* = ar’ —ai(:)+0(®2)

Substituting, Eq. (18) into Eq. (17), gives the modified quark-
antiquark interaction potential in (NC-3D: RSP) symmetries as follows:

v (7=, (r)+{2‘;3_2”r_a}ic?> 19)

ap qap

By making the substitution above equation into Eq. (16), we find the
global our working new modified Hamiltonian operator A ( X, Pv)
satisfies the equation in (NC: 3D-RSP) symmetries:

Hzm( #’pV)DH"L —qp ( )_qu(xﬂ’pV)+Hpcr-qp(r’®’§) (20)

where the operator qu( X, Pv) is just the ordinary

Hamiltonian operator for quarkonium potential in CQM
2
c
qu( #,pﬂ) ‘;—#+ar +br—; 21

while the rest part H ., (r ,0, 9) (the perturbative Hamiltonian
operator) is proportional with two infinitesimals parameters (® and 8 ):

H. (r,@,e){i_i_ ji@+L_° (22)
perdap 2 2r 2u
Thus, we can consider H (r) as a perturbation terms compared
with the principal Hamiltonian operator /7, (xﬂ , p#) in (NC:3D-RSP)
symmetries. After profound calculation, one can show that, the new
radial function g (r)satisfying the following differential equation for
modified quarkonium potential:

d’R > Lo
¢+2y E,—ar’ —br+7— L—i—a L@—L—g—l(l+1) R,(r)=0
dr® 2u  2ur

(23)

The exact modified spin-orbital operator for heavy
quarkonium systems under modified quarkonium potential
in Pnrqcd

In this subsection, we will apply the same strategy, which we have seen
exclusively in some of our published scientific works [26- 32] Under such
particular choice, one can easily reproduce both couphngs (LoandL9)
to the new physical forms (;@ [ sand 70 S) respectively. Thus,
the perturbative Hamiltonian operator H,,, (r, 0,0 ) for heavy
quarkonium systems, willbetransformsto modified spin-orbital operator

H, ( r0, 0) under modified quarkonium potential as follows:

HI’L‘HIP (r,@),g) - Hsn—qp (r,@, g) = y{[;_;_0j+29/1}2§ (24)

— — 2 =2 =2 [
Here ©=10,"+0,°+0," » =01, +0s +6;; andy~—is

a new constant, which play the role of fine structure constant in the
electromagnetic interaction or QED theory, we have chosen the two
vectors @ and g parallel to the spin & of heavy quarkonium systems.
Furthermore, the above perturbative terms H, ( ) can be rewritten
to the following new form:

¢ b o\ 7 2
(roe) N e —a |0+t J -L =S (25)
Ry 2 1\ 2% 2r 2u

5
Where J and Sare defined the operators of the total angular
momentum and spin of quarkonium systems. This operator,

stp (r, ®,§), traduces the coupling between spinEand
orbital momentumz The set ( H, » (r 0, 0) 1% L2 $? and ], forms
a complete of conserved physics quantities. For § = 1 the eigenvalues
of the spin orbital coupling operator are (/)= 1 {J(] +D) -1 +1)- 2}
corresponding j =/+1 (spin great), Jj =/ (spin middle) and j=7-1
(spin little), respectively, then, one can form a diagonal (3 x 3)matrix
for modified quarkonium potential in (NC: 3D-RSP) symmetries, with

giijgr(:rtl:;l: elements(Hmiqp )“, (Hqup )22 and (Hmiqp )33 are

c b 9
(Hw qp)n e 1()[(2}’3—2}’— j®+2/ljlf]:l+l
c b 0). .
O 7
c b 0
(=0 (G5 Jor=r-

1
Here(k (1):k, (1).k (1)) ==(1,-2,-21-2) and|/ - 1| < Jj g|[+1| is the
2
total quantum number. The non-null diagonal elements( H qp)
SO— 11

(Hwiqp )22 and (Hqup )33

H ne—qp (f) will change the energy values E by creating three new

of modified Hamiltonian operator

values:
Eg-qp = <q,(r’0’¢)‘(Hqu )11 W(r,9,¢)>
(27)
ET“"]P = <lIJ (V, €’¢)‘(Hsofqp )22 ¥ (}", 9’ ¢)>
El'qp - <lP (V, €’¢)‘(Hm*qp )33 ¥ (l‘, 0, ¢)>

We will see them in detail in the next subsection. Through
our observation of the expression of Hso_qp(’”)’ which appear in

the equation (24), we see it as proportionate to two infinitesimals

J Nanosci Curr Res an open access journal
ISSN:2572-0813

Volume 4 + Issue 1+ 1000131



Citation: Maireche A (2019) A New Asymptotic Study to the 3-Dimensional Radial Schrédinger Equation under Modified Quark-antiquark Interaction

Potential. J Nanosci Curr Res 4: 131.

Page 4 of 8

parameters (® and ®). Thus, in what follows, we proceed to solve
the modified radial part of the MSE that is, equation (23) by applying
standard perturbation theory to find acceptable solutions at first order
of two parameters ® and @. The proposed solutions for MSE under
modified the quark-antiquark interaction potential includes energy
corrections, which produced automatically from two principal physical
phoneme’s, the first one is the effect of modified spin-orbital interaction
and the second is the modified Zeeman effect while the stark effect can
be appear in the linear part of the modified quark-antiquark interaction
potential.

The exact modified spin-orbital spectrum for heavy
quarkonium systems under the modified quark-antiquark
interaction potential in pPNRQCD

The purpose here is to give a complete prescription for
determine the energy level of ground state, first excited state and
n" excited state, of heavy quarkonium systems. We first find the
corrections (Em_gqp Sk (l) a,b,c n) E, (k (Z) a,b,c n) and
E, (k3 (1).a,b,c,n)) for heavy quarkonium system such as (the
charmonium ¢¢ , bottomonium p¢ and pc ) mesons that have the quark
and antiquark flavor under modified the quark-antiquark interaction
potential, which have three polarity j=/+1 (spin great), j =/ (spin
middle) and j =/+1 (spin little), respectively, at first order of two
parameters (9 and ).

Moreover, by applying the perturbative
the case of pNRQCD, we obtained

theory, in
the following results:

Ey o =7CA(22) ["T(h’”)]&k (1)?#“' exp(-2ar* - 2pr)[ L7 (2r) ] [[**E*”]m%jd’

T(2n+n) 2 o
EWWZ}/C”,I(—Z) [ gf]’:n;)} k, (/)J‘r”” exp(—Zarl—Zﬂr)[ ”(2/3))} [(23 > a]®+—]dr
o 20 11‘1"(217+1) el a2 2 (280 T i_i_a 0 -
E,.p =102 (-2)" [1_(27”") ] kz(l)! exp(-2ar* - 2r)[ L7 (251)] [[2# o )®+2y]d

(28)
We have used the ortho(gonahty property of the spherical harmonics

I Y (0.4)Y," (0.4)sin(0)d0d¢ = 5,5, . Now, we can re-write
the above equations to the simplified new form:

(20 +3

E, ki abcon 1 p)=5C, 7 (=2)" (r Girarn

] k, l}{@[r(n e 1, )+ Ty (n,b,1, 1)+ Ty (n, a1, ;1)]——7‘ nl, ,u)}
nr(21+3)
(20 +2+n)

(20 +3)
r(2/+2+n)

Fo o (psasbcon )= 1€, (<2) [ ] L ){O[T(nc/;z)+r(nb[y)+r(n a[y)]——T(n/y)J

~lap

(ky,a,b,en, 1, )= yC, " (= 2)1”[ J ky (1){®[n n,e, L, u)+ T,y (n,b,1, 1)+ Ty (n, a, 1,;1)]72—‘/7} (n,0, 1t Jl

(29)

Moreover, the expressions of the 4-factors T,.(i =1, ) are given by:

T (c,n,l,,u) = %Trlrz-z exp(—Zaﬁ —Zﬂi’)[Li" (2[7’;#)}2 dr
0

+00

For the ground state, we have L2’7 (2 ﬂr) 1, thus, the expressions
of the 4-factors 7, (1 =1 4) will be 51mphﬁed to the following form:

+00

:EI 2t 1exp( 2ar2—2ﬂr)dr

Tl(c,n=0,l,,u) 5
0

+0

—%J 2l 'exp( “2ar? —Zﬂr)dr

0

T, (b,n = 0,1,,u) =
(31)

+o0

—a _[ prre exp(—Zar2 —2ﬂr)dr

0

Ty(a,n=0,0,u)=

+00

T4(n=0,l,/4)=_[ 2 1exp( 2ar2—2ﬁr)dr

0

It is convenient to apply the following special integral [33]:

0
Where Dv([y denote to the parabolic cylinder functions function,

2
r(v) Gamma ﬁ/rEtion Rel(£))0 andRel(v)0). After straightforward

calculations, we can obtain the explicitly results:
C AN
5(4(1) 2 F(Zl-#l)exp[EjDi(zm) (ﬁ

b 2043 ﬁl ﬂ
Tz(b,n:O,l,ﬂ):—E(Zta) 2 F(21+3)exp(4 j zm)[ﬁ

T,(c,n:O,l,,u):

(33)
_ _ 12 s B
Ts(a,n—O,l,y)——a(4a) F(2l+4)exp(EJD7(ZM)[\/E]
2
T,(n=0.1,4)=(4a) "> (2l+4)exp[f ]D )(%)
Allow us the two to obtain the exact modifications

E, ., (k.a.b,c,n=0,)E

of the ground state as:

(kz,a,b,c,n = O,l) and E_, (k,a,b.c,n=0,)

so—mgp

By

k,a,b,e,n=0,1,p)= 2}/C002k1(1=0){®Tm(a,b,c,n=0,l,,u)+2£7"4(n=0,l,/1)}
u

E, o (b be,n=0,1, 1) =27C, k(1= 0){®Eo(abcn 01;4)+%T(n Olﬂ)} (34)
E, ., (kpab,e,n=0,1,u) )=2yCyi’k; (1=0)OT, (a,b,c,n=0,1, 1)+ — (n:O,l,,u)}
With

,O(abcn 0,/ = O,M) (cn 0,/ = O,u)

+T2(b,n :O,I:O,y)+7"3(a,n :O,Z:O,,u)

The obtained results, which presented in Eq. (34) are created by the
effect of modified spin-orbital Hamiltonian operator #,, (), thus the
ground state energy the energy E,, in CQM will be generated into three
values E + ESU e (kl’a,b,c,n = O,l,‘u) > E00 + Em?gqp (kz,a,b,c,n = 0,1,/1)
and E +E e (k3, a,b,c,n= 0,],/1). For the first excited state
n=1, we have r (Zﬂr) =-2f0r+2n+1, after a straightforward
calculations, the expressions of the 4—fact0rs]; (i =171) for n=1 in
Eq. (30) are simplified to the form:

_ by, 2 2 2 "
Tz(b,n,l,y)——g '!‘ P2 exp(—Zar —Zﬂr)[Ln’(Zﬂr)} dr T (en=1L4) %J’exp “2ar —2Br) (£ 4 fyr T £ dr
0 b 2431 2p+2-1 r o 2n+l-l
E(a’ml’ﬂ):_ajrzml exp(_2ar2_2ﬂr)‘:Li,,(2lBr)j|2dr S (bon=11pu)= Ez,[e 2111 -2pr ( r + for + fir )dr (35)
. ’ T,(a,n= ll,u f —2ar’ -2pr ( r”“+jr2””+jr2““)d)
2 0
T,(Lnu)= | r*"" exp(=2ar’ =28r)| L' (2pr) | dr -
4( ) .([ ( ﬁ )|: ( ﬁ ):. (30) 7-4(1,":1””): J’rexp(72a}’272ﬂr)(f,r2"*44 +f2r2”+3’] +f372"+2")dr
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Where f, =48°, f, = -4B(2n7+1) and f; =4n" +4n+1 Evaluating
the integral in Eq. (35), applies the special integration, which given by
Eq. (32), we obtain the results:

T(en =1l u1) = ECXP[ﬂ ](f(4a)"7 (20+3)D, (,3,[%]”(4(1) (2/+2)n,w,(%j

+ﬁ(4a) 2 1‘(21+1) n “[%])

T, (bn=1,1, ) 7—exp( j(/‘ 4a'/: 21+5)D“5)(%]+/(4a) r (21+4)D‘2MJ(%]
+,(4a) "; T(21+3)D, ,”( ) (36)
wazl.l,ﬂ):faexp[%j(/;(zta’3 (21+6)Du,(,(%)+f< a) T T (s)D, )[%]
40 T @)D (L=t 1)

Allow us the two to obtain the exact modifications

E__ (kl,a,b,c,n :l,l), E

e o

kyab,e,n=11)and E,, ,, (ks a,b,c,n=1,1)
of the first excited state under the modified quark-antiquark interaction
potential:

E,y o (ksa,ben=11p)= 47CI,Zk,(l){@TH(a,b,c,n:1,[,/4)+%T4(n:1,l,/1)}
E, (ky,a,b,e,n=11,1)= 47Cl,zk2(l){®T (a,b,c,n=1,1 ,u)+—T( )}

E, ,qp(kx,a be,n=11,u)= 4;/Cl,2k3(l){® (a,b,e,n= ll,u)+—T n=11 /J}
(37)

With T, (a,b,c,n zl,l,y):Tl (c,n :1,1,;1)+T2(b,n :1,1,;1)+T3(a,n :1,1,;1).

In addition, and in the same way we find the exact modifications
W glll) (k a, b 6,n, l) so—mqp (sza’b’c’n’l) and Esn—[qp (k3,a,b,c,n,l)
for n" excited states of heavy quarkonium systems under modified

quark-antiquark interaction potential in global quantum group
symmetry (NC: 3D-RSP):

2 o nT(20+3 0
5. wlbwabentn=rc,c (2R or, et Lot

E, plkya.b.enl,i)=5C,7C, (- 2) [F(2,+2+n)J ky(1 @T,,.(a,b,c,n,l,uhzﬂn(n,l,u)

2o | mD@I+3) Y g
B wlbabent =16 o [ k3<z%@n,,<a,b,c,n,z,u>+2—ﬂn(n,z,y>}

(38)

With T, (a,b,c,n,l, 1) =T, (¢,n, 1, 1)+ T, (b,n 1, 1) + Ty (a,n, 1, p1)

The exact modified magnetic spectrum for heavy quarkonium
systems under modified quark- antiquark interaction
potential in pNRQCD

Further to the important previously obtained results, now, we
consider another important physically meaningful phenomena
produced by the effect of the modified quark-antiquark interaction
potential in perturbative NRQCD related to the influence of an external
uniform magnetic field B . To avoid the repetition in the theoretical
calculations, it is sufficient to apply the following replacements:

©— 7B > B
- fﬂ = (Lfifa)(aL+ﬂ will -be- replace- by:
0 —>oB 2u

= (39)
c b
[(h_h_ajZ+M]BL

Here # and o are two infinitesimal real proportional constants, and

we choose the arbitrary uniform external magnetic field B parallel to
the (Oz) axis, which allow us to introduce the new modified magnetic
Hamiltonian Hm,,,,,(ra Z,;) in (NC: 3D-RSP) symmetries as:

— c b o
smm(r@&) mqp(r,z,a)z([;—;— jz+2;J{BJ N }
(40)
- —
Here 8, =—SB denote to Zeeman effect in CQM, while

R
N, g =BJ-N_is the new Zeeman effect in NCQM. To obtain
the exact NC magnetic modifications of energy for ground state, first
excited state and n” excited states of heavy quarkonium systems
E m=0,a,b,c,n=0,l,1)> E

mag—qp ( mag—qp (

m=0,%1,a,b,c,n=1,,4) and
E ,cp(m:—l,+l,a,b,c,n,l,,u), we just replace &, (l) and © in the Egs.

mag

(34), (37) and (38) by the following parameters 7 and 7, respectively:

E

o

m=0,a,b,c,n=0,1,4)=0

Epp o (m=0.2La,b.c,n=11u)=4yC/ { T, (n=1,b.c, nlp)+—lu (n,l,y)}Bm (41)

all(2043) )
1‘(21(+2+3)J {){T]”(n,a,b,c,n,l,y)Jriﬂ(n,l,,u)}Bm

Ere (m =l +lab,c, n,[,y) =yC} (—2)2"[

We have—! <m <+, which allow us to fixing (2/+1)
values for discreet number” . It should be noted that the
results obtained in Eq. (41) could find it by direct calculation

E,.. =< (r.0 ¢)‘Hm w7 Z,E)“P(r,@,qﬁ»that takes the following

mag—qp

explicit relation:

Epe oy =7C" (-2)" [%} ms

N 2 2 2 b o

[[ exp( —2ar —Zﬁf)( (Zﬂr)) [(—,—;—a))(+ﬂj[ (0 ¢)] (dr)
42

Wheredz = r* sin (9)&' 60d ¢, we have used the wave function that
is in Eq. (10) and the perturbed magnetic Hamiltonian operator, Eq.
(41) and the the orthogonality property of the spherical harmonics
[y (0.9)Y" (0,)d02=5,5,,. (withdQ=sin(0)dodg), It is

clear that the Eq. (42) can be rewritten as follows:

2
2T (27+1)
E,, o (ksabenlu)=yC,* (-2) [1"(27]-&—}1)]

{X[Tl(n,c,l,ﬂ)+Tz(n,b,l,#)+T3(n,a,l,ﬂ)]—;lﬂ(n,l,ﬂ)}ml? (43)

the expressions of the 4-factors7, (i = ﬂ) are given by Eq. (30).
Then we find the magnetic specters of energy produced by the operator

H, ., (r, }(,O‘) for ground state and first excited states repeating
the same calculations in the previous subsection. It should be noted
that, the magnetic effects are very important in the case of elementary
particles such as electrons [34].

Results

In the previous sub-sections, we obtained the solution of the
modified Schrodinger equation for the modified quark-antiquark
interaction potential, which is given in Eq. (22) by using the generalized
Bopp’s shift method and standard perturbation theory in pNRQCD.
The energy eigenvalue is calculated in the 3D space-phase. The
(n70m Oabcl,u)

modified eigenenergies (E,,c,g,,,,,E.,c,.m,p, ne lt/p)
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(E'\L wp’Enc -mgp > E,. lqp)(n71 (m o, +1) a,b,e,l ,u) and WIth Spin §:T

for MSE for heavy quarkonium systems (the charmoniumcc,
bottomonium ppand be mesons) under modified quark-antiquark
interaction potential are obtained in this paper on based to our original
results presented on the Egs. (34), (37), (38) and (41), in addition to
the ordinary energy E,, for the modified quark-antiquark interaction
potential which presented in the Eq.(9):

Ey o (n=0,m=0,a,b,c,1,11) = Ey,

i ~ggp

E

n=0,m=0,a,b,c,l,u)=E, +2yC,’ {G)T]0 (n=0,a,b,c,1= 0,,u)+2iT4 (n=0,1= O,y)}
U

E

el (n =0,m= O,a,b,c,/,,u) =E,+ 2}/COU'7 {@Tm (n =0,a,b,c,l= 0,;1)+21T4 (n =0,/= 0,/1)}
"
(44)
Em_mm(n=l,lq.,(m=0,il),a,b,c,l,u)=E,,+4yq€2{(k‘(l=l)®+ )(Bm)TH(n=l,a,b,c,1,y]+[2£k,(l=l)+2£Bm]T,(n=l,l,y)+
’ u u

mm(n Lky,(m= (),tl],a.b,c.l.y):E”+47CUZ{(kﬂ,([:1)®+le)TH(n:l,a,b.c,l,;l%[zﬂkz(1:1)+2£anjf4(n:1,1,y)}
H

Ewp(n:l,k3,(m:O,il),a.b,c.[.ﬂ):EU+4yC,“2{(k‘(/:l)®+)(Bm)TH(n:l,a.b,c.[.y) [29 k. (/ )+2£ij (n:l,/,ﬂ)}
U U

(45)

:g[(flzjx))] {(k‘ (1)©+ zBm)1, (n,a,b,c,l,y){%k‘ (I)Jriéim]T4 (n,l,u)}

E (nk m=-I4l,a,b,c.l, ;1) Em‘+nd,3(—2)2”[

ne-gogp

]{( ()®+7Bm] L (mbab.c )+ [zik(/) %Bm]ﬂ(ﬂ.l.y)}

:(‘zr[(jlzij)] {(k;(1)®+le)T,” (n,a.b,c,l.;l)Jr[%ki(l}JriijL(n,],,u)}

(46)

nl(2+3)
T(2+2+n)

E,, W(nk m=-, +l.u,b,z,1,y) E‘,,erCu,:(fZ):“[

Ey iy (mhm = thab o) =By 16, () [

Where E, and E,, are the energy of ground state and first excited
state of heavy quarkonium systems in the symmetries of quantum
mechanics under the quark-antiquark interaction potential:

: 2-21)°
Ey=3 -2 and - i(21+5)+(71)b (47)
2u  8a 2u 8(l+1)a

This is one of the main objectives of our research and by noting
that, the obtained eigenvalues of energies are real’s and

(Huen),, 0 0
Hq/l (xﬂ’ p#) - H”c*qp (x#’ p#) = 0 (H'"*rm )zz 0
O 0 (H”C*‘iﬂ )33
(48)
Where(#,..,, ) — B Hy (H ) =-—“+H, _, and
ar )11 2/1 &qp ne=qp )9y zu nt-mq
(H ) AM+H with A A-OL-oL,
)y T int-lgp —me—— " - — "7 and the three
H 2u 2u
modified interactions elements ( Hio o Hoe e » i qu) are given
by:
) c . c
H\mfgqp =ar +br—; +7(k ®+ZZ\mnd ) zrz ]
5 c c
Vo (r) >4 Hyy g = +br—;+y(k )0+ N, (2’3 _—_a] (49)

H‘"‘*’W =ar’ +br—£+}/(k3(1)®+1Nmodff)(%_i_aj

7

Thus, the ordinary kinetic term for the quark-antiquark interaction
potential (_2A) and ordinary interaction (ar* +br—<) are replaced by
s r

new modified form of kinetic term 2% and new modified interactions
(H. , H. and H. ) ‘lf‘espectlvely, in (NC-3D: RSP)
int—ggp. int— int—lgp

symmetries. On the other hand, it is evident to consider the quantum
number m takes (27/+1) values and we have also three values for
( j=1+ 1,1), thus every state in usually three-dimensional space of
energy for heavy quarkonium systems under modified quark-antiquark
interaction potential will be 3((21 +l)) sub-states. To obtain the total
complete degeneracy of energy level of the modified quark-antiquark
interaction potential in (NC-3D: RSP) symmetries, we need to sum for
all allowed values of / . Total degeneracy is thus,

”2 20+1) n2—>3(§(21+1)j53n2 (50)

i=0

Note that the obtained new energy eigenvalues
(EnC I O ,lqp)(n,(m = ﬂ),a,b,c,l,y) now depend to
new discrete atomic quantum numbers (7, j,l,s) andm in addition
to the parameters (a,b,c) of the modified quark-antiquark interaction
potential. It is pertinent to note that when the atoms have S =0, the
total operator can be obtains from the intervalll _S| <j< |[ + S|

, which allow us to obtaining the eigenvalues of the operator
(jzfzsz) as k(j,l,s)EO and then the non-relativistic energy
spectrum (Em_gqp,Em_mqp,EnC_]qp)(n,(m:—Z,+Z),a,b,c,l,,u) reads:

(Ew 02 Ene-meqs Enc g )(n,(m = H),a,b, c,/t) =E, - yC”,Z {;{Tm (n,1, ut,m,a,b,c) —%E (m1, u)}Bm
(51)

One of the most important applications, in the extended model
of pNRQCD, is to calculate the modified mass spectra of the heavy
quarkonium systems (the mass of the quarkonium bound state), such
as charmonium and bottomonium mesons, that have the quark and
antiquark flavor in the symmetries of NCQM under modified quark-
antiquark interaction potential. In order to achieve this goal, we
generalize the traditional formula Af = zmq +E, to the new form

1 R
M=2m+E,>M, = 2m+g(Em.g,,p +E +Em_lqp)(n,(m = 7l,+l),a,b,c,l,,u)

(52)

Here m_ is bare mass of quarkonium or twice the reduced mass
of the system. Moreover, | _ T4
Y §(E|1c e T Encomgp T Enc _,W)(n,(m = —l,+1),a,b,c, l,y)

is the non-polarized energies (energy independent of spin), which
can determine from Egs. (46) and (51). Thus, the modified mass
of quarkonium system A7, = can be according to the following new
result:

, .o
L nir(21+3) ) |M, for S=1
M”LT n,a,b,c,l,m,/.t nab(l/—l +}/C” _22 [7] 5§=0
A )=M( )+76i(2) T(2+2+n)) |M, for §=0

(

With M, (§ = 6) and M, (S =0) are given by:

M](E:T) (;{Bm+%®+] L (na,b,e,l,p)— [iBm+(l+4)%jT4(n,l,,u)

o - (54)
MZ(S=0) {){ ,”(n,a,b,c,l,,u)ﬁ—ETA(n,l,,u)}Bm

Here M (n,a,b,c,l,u)is the heavy quarkonium systems under
the quark-antiquark interaction potential in CQM, which defined in
[1]. The obtained modified mass of quarkonium system M, equal
the sum of corresponding value M in CQM and two perturbative
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terms proportional with two parameters (@ or x) and (gor
o). If we consider (@ or 4,6 or Egﬁ (0,0), we recover the results
of commutative space of ref. [1] obtained for the quark-antiquark
interaction potential, which means that our calculations are correct.

Conclusion

In the present work, the 3-dimensional modified Schrodinger
equation is analytically solved using the generalized Bopp’s shift
method and time independent standard perturbation theory. The
quark-antiquark interaction potential is extended to include effect of
non-commutativity space phase; we resume the main obtained results:

. Ordinary quark-antiquark interaction potential ( 4,2 4 p-— <)

s H. ancf

were replaced by new modified interactions ( A
int—mgqp

. int—ggp
H int—igp ) for heavy quarkonium systems,

. The ordinary kinetic term _ A modified to the new
- = 2 I
form 2 8, _A-0L-0L fo heavy quarkonium systems under
2u 2u 2u
influence of the modified quark-antiquark interaction potential,
. We obtained the perturbative corrections
((Enc-gqp’Enc-mqp’Enc-lqp )(n = 07m = O,Q,b, 6515 /’l) 4

(Epep+ Encmgpr Enc s ) (=1.(m=0,1),a,b.c.L. 1) and) for ground
state, first excited state and 1" excited state with (spin =1 andS=0)
for heavy quarkonium systems under influence of the modified quark-
antiquark interaction potential are obtained.

. We have obtained the modified mass of quarkonium system
M, ., (n.a,b,c,l,m, u)which equal the sum of corresponding value M
in CQM and two perturbative terms proportional with two parameters
((@or @ )and (gorg)).

Through the of high value results, which we have achieved
in present work, we hope to extend our recently work physics for
further investigations of particles physics and other characteristics
of quarkonium among others in the context of NRQCD theory.
Finally, we can say that we have established our new theoretical model
to describe the charmonium cc, bottomonium p5 and pc mesons in
the symmetries of NCQM under modified quark-antiquark interaction
potential, this is the main objective of this work.
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