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Introduction
It is well known that, the quark-antiquark interaction potential 

or the quarkonium potential, which obtained from Cornell potential 
by adding the harmonic term, is one of confining potentials. It was 
one of the most popular model for study the interactions in the Non-
Relativistic Quantum Chromodynamics NRQCD such systems as 
quarkonium (heavy quarkonia) consisting of heavy quark and antiquark 
(charmonium cc , bottomonium bb and bc mesons). The study of this 
potential, in NRQCD, is a particular interest for detecting characterizing 
the electromagnetic characteristics of mesons and the mass spectra 
for coupled states [1-8].  It is consist of three terms. One of the terms 
is responsible for the Coulomb interaction of quarks and the second 
corresponds to the string interaction, which provides confinement, 
while the third is the harmonic term, known to researchers and 
plays a very important role in various fields of physics and chemistry. 
Furthermore, this potential plays a vital role in different branches of 
physics such as atomic and molecular physics, particle physics, plasma 
physics and solid-state physics [7]. The main objective is to develop the 
research article [1] and expanding it to the hug symmetry known by 
Non-Commutative Quantum Mechanics (NCQM) in order to achieve 
a more accurate physical vision so that this study becomes valid in the 
field of nanotechnology. On the other hand to explore the possibility 
of creating new applications and more profound interpretations in the 
sub-atomics and nano scales using new version the modified quark-
antiquark interaction potential, which has the following form: 

( ) 2
qp

cV r ar br
r

= + − → ( ) ( ) { }3 22
ˆqp qp

c b a
rr

V r V r − −= + ΘL
  (1)

We refer to this term ΘL
 

 in the materials and methods section.  
It should be noted that, the non-commutativity was introduced firstly 
by W. Heisenberg in 1930 [9] and then by H. Syndre in 1947 [10]. 
The new structure of NCQM based to new canonical commutations 
relations in both Schrödinger SP and Heisenberg HP, respectively, as 
follows (Throughout this paper, the natural units 1== c will be used)  
[11-15]:
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  (2)

Where the indices , 1,3µ ν ≡ . This means that the principle of 
uncertainty for Heisenberg generalized to include another two new 
uncertainties related to the positions ( )ˆ ˆ,x xµ ν  and the momenta’s
( )νµ pp ˆ,ˆ , in addition to the ordinary uncertainty of ( )νµ px ˆ,ˆ  in CQM.
The very small two parameters µνθ  and µν

θ  (compared to the energy) 
are elements of two antisymmetric real matrixes, parameters of non-
commutativity and ( )∗  denote to the Weyl Moyal star product, which is 
generalized between two arbitrary functions ( ) ( ) ( )( )pxgfpxgf ˆ,ˆˆ,ˆ, , →  to 
the new form ( ) ( ) ( )( )pxgfpxgpxf ,ˆ,ˆˆˆ,ˆˆ ∗≡  in (NC: 3D-RSP) symmetries 
[16-23]:    

( ) ( ) ( )( ) ( ),  , , ,
2 2

x x p pi if g x p f g x p fg f g f g x p
µνµν

µ ν µ νθ θ → ∗ = − ∂ ∂ − ∂ ∂ 
 

             (3)

The second and the third terms in the above equation are present 
the effects of (space-space) and (phase-phase) non-commutativity 
properties. However, the new operators ( ) ( )( )tpxt µµξ ˆˆˆ ∨=   in HP are 
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depending to the corresponding new operators  
νµξ px ˆˆˆ ∨=  in SP from 

the following projections relations: 

( ) ( ) ( )0 0
ˆ ˆexp( ) exp( )qp qpt iH t t iH t tξ ξ= − − − ⇒    

( ) ( ) ( )0 0
ˆ ˆˆ ˆexp( )* *exp( )nc qp nc qpt iH t t iH t tξ ξ− −= − − −             (4) 

Here ( )νµξ px ∨=  and ( ) ( )( )tpxt νµξ ∨= , while the dynamics 
of new systems ( )d

dt
tξ  are described from the following motion equations 

in NCQM:

( ) ( ) ( ) ( )
ˆd d ˆˆ ˆ, ,

dt dtqp nc qp
t t

t H t H
ξ ξ

ξ ξ
∗

−
  = ⇒ =     

   
                     (5)

The two operators ˆ
qpH and ˆ

nc qpH −
are presents the quantum 

Hamiltonian operators for the quark-antiquark interaction potential 
and modified quark-antiquark interaction potential, in the CQM and its 
extension NCQM, respectively. This paper consists of five sections and 
the organization scheme is given as follows: In next section, the theory 
part, we briefly review the SE with the quark-antiquark interaction 
potential [1-2]. The Section 3 is devoted to studying the MSE by applying 
the generalized Bopp's shift method and obtained the modified quark-
antiquark interaction potential and the modified spin-orbital operator. 
Then, we apply the standard perturbation theory to find the quantum 
spectrum of (ground state, first excited state and the thn excited state) 
which produced automatically by the effects of modified spin-orbital 
and modified Zeeman interactions. After that, in the fourth section, 
a discussion of the main results is presented in addition to determine 
the new formula of mass spectra of the of quarkonium system (the 
charmonium cc , bottomonium bb and bc mesons) in (NC: 3D-RSP) 
symmetries. Finally, in the last section, summary and conclusions are 
presented.

Theory
Overview of the Eigen-functions and the energy Eigen-values for the 
quark-antiquark interaction potential in CQM

We shall recall briefly in this section, the time independent 
Schrödinger equation SE for the quark- antiquark interaction potential 
(quarkonium potential) [1-2]:

( ) 2 cV r ar br
r

= + −
                                              

                                    (6)         

The relative spatial coordinate between the two quarks is r, 0〉a , 
b and  are c purely phenomenological constants of the model. If we 
insert this potential into SE, the radial part function ( ) ( )

r
rRrU =  is 

given as [1]:

( ) ( ) ( ) ( )
2

2
2 2

12 2 0
2

d U r dU r l lcE ar br U r
dr r dr r r

µ
µ
+ 

+ + − − + − = 
 

   

( ) ( ) ( )
2

2
2 2

1
2 0

2
d R r l lcE ar br R r

dr r r
µ

µ
+ 

→ + − − + − = 
 

             (7)  

Here q q

q q

m m
m m

µ =
+

 the reduced mass for the quarkonium 

particle for example cc , bb  and cb . The complete wave function 

( ) ( ) ( ), , ,m
l

R r
r Y

r
θ φ θ φΨ =  is given by [1]:

( ) ( ) ( )
( ) ( ) ( ) ( )

1
22

1 1

2 1
, , 2 exp , 2 1;2 ,

2
n m

nl l

n
r C r r r F n r Y

n
ηη

θ φ α β η β θ φ
η

−Γ + +
Ψ = − − − − +

Γ +
  

                                       (8)
In addition, the energy nlE  of the potential in Eq. (8) [1]:

( ) ( )
( )

24 2 2
2 2 3

2 8 1nl

n l baE n l
l aµ
− −

= + + +
+

               (9)     

where 
2
aµα =  ,

a
b

2
µβ =  , 1/ 2lη = +  and 

nlC  is a normalizing 

constant.  While n is a natural number accounting for the radial 
excitation while l  is a non-negative integer number which represents 
the orbital angular momentum. On account of the relation between the 
confluent hypergeometric function of the first kind  and the generalized 
Laguerre polynomial.

( ) ( )
( ) ( )rLnrnF n β
η
ηβη η 2

n12
 12!2;12, 2

11 ++Γ
+Γ

=+− , Eq. (8) is rewritten as: 

( ) ( ) ( )
( ) ( ) ( ) ( )ϕθββα
η
ηϕθ ηη

,2exp
2

12!2,, 222
1

m
ln

n
nl YrLrrr

n
nCr −−

+Γ
+Γ

−=Ψ
−  

                  (10)

Materials and Methods
Solution of MSE for modified quark-antiquark interaction 
potential in pNRQCD

In this section, we shall give an overview or a brief preliminary 
for modified quarkonium potential in (NC: 3D-RSP) symmetries. To 
perform this task the physical form of MSE, it is necessary to replace 
ordinary 3-dimensional Hamiltonian operators ( )ˆ ,qpH x pµ µ , complex 
wave function r

→ Ψ 
 

 and energy nlE  by new Hamiltonian operators
( )ˆ ˆ ˆ,nc qpH x pµ µ− , new complex wave function ( )rΨ

   and new values
nc cpE − , respectively. In addition to replace the ordinary product by 

the Weyl Moyal star product, which allow us to constructing the MSE 
in (NC-3D: RSP) symmetries as [24-28]: 

( ) ( ) ( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ, ,qp nl nc qp nc qpH x p r E r H x p r E rµ µ µ µ

→ →

− −
   Ψ = Ψ ⇒ ∗Ψ = Ψ   
   

             
                  (11)

The Bopp’s shift method has been successfully applied to relativistic 
and non-relativistic (non-commutative quantum mechanical problems) 
using Modified Dirac Equation (MDE), Modified Klein-Gordon 
Equation (MKGE) and MSE. This method has produced very promising 
results for a number of situations having physical, chemical interest. The 
method reduces MDE, MKGE and MSE to the Dirac equation, Klein-
Gordon and SE, respectively, under two-similtaniously translations in 
space and phase ˆ

2
x x x pµν
µ µ µ ν

θ
→ ≡ −  and ˆ

2
p p xµν
µ µ ν

θ
= + . It based on 

the following new commutators [10-14, 28-31]:

( ) ( )
( ) ( )

ˆ ˆ ˆ ˆ, ,

ˆ ˆ ˆ ˆ, ,

x x x t x t i

p p p t p t i
µ ν µ ν µν

µνµ ν µ ν

θ

θ

   = =   
   = =   

                          
                     (12) 

The new generalized positions and momentum coordinates  
( )ˆ ˆ,x pµ ν   in (NC: 3D-RSP) are defined in terms of the commutative 
counterparts ( )νµ px ,  in CQM via, respectively [12-16, 28-31]:

( ) ( )ˆ ˆ, , ,
2 2

x p x p x p p xµνµν
µ ν µ ν µ ν µ ν

θ θ 
⇒ = − + 

 

             (13)   

The above equation allows us to obtain the two operators ( )2 2ˆ ˆ,r p   in 
(NC-3D: RSP) symmetries [26-31]:     

( ) ( ) ( )2 2 2 2 2 2ˆ ˆ, ,  ,       r p r p r p⇒ = − Θ +L L
  
θ               (14)

The two couplings ΘL  and θL


 are ( )12 23 13x y zL L LΘ + Θ + Θ  and

http://mathworld.wolfram.com/ConfluentHypergeometricFunctionoftheFirstKind.html
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( )12 23 13x y zL L Lθ θ θ+ + , respectively, while (Lx, Ly, and Lz) are the three 
components of angular momentum operator L


 and / 2µν µνθΘ = . 

Thus, the reduced Schrödinger equation (without star product) can be 
written as:

( ) ( ) ( ) ( )ˆ ˆ ˆ ˆ ˆ ˆ ˆ, ,nc qp nc qp nc qp nc qpH x p r E r H x p r E rµ µ µ µ ψ ψ
→ →

− − − −
   ∗Ψ = Ψ ⇒ =   
   

               
                  (15)           

The new operator of Hamiltonian ( )ˆ ˆ,nc cpH x pµ ν−
 can be 

expressed as:

( ) ( )ˆ ˆ ˆ ˆ, , ,
2 2cp nc cpH x x H x p H x x p p p xµν µν

µ µ µ µ µ µ ν µ µ ν

θ θ
−

 
⇒ ≡ = − = +  

 
               

        

 
2ˆ ˆ

2 2 2cp
p V r x p x pµν µν

µ ν µ ν

θ θ
µ

   
 = + = − −      

                             (16)

Where  ( )ˆqpV r  denote to the modified quarkonium potential in 
(NC: 3D-RSP) symmetries:

( ) ( ) 2ˆ ˆ ˆ
ˆqp qp
cV r V r ar br
r

⇒ = + −                                          (17)     

Again, applying Eq. (14) to find the three terms ( rb ˆ and ˆ
c
r

 − 
 

 and
( )2ˆar ), which will be used to determine the modified quarkonium 
potential ( )ˆqpV r , as follows:

( )

( )

( )

2
3

2

2 2 2 2

ˆ 2

ˆ
2

ˆ

c c c c O
r r r r

bbr br br O
r

ar ar ar a O

→ →

→ →

→ →

 → = + Θ+ Θ

 → = − Θ+ Θ

 → = − Θ+ Θ

L

L

L

                      
                                                   (18)             

Substituting, Eq. (18) into Eq. (17), gives the modified quark-
antiquark interaction potential in (NC-3D: RSP) symmetries as follows: 

( ) ( ) { }3 22
ˆqp qp

c b a
rr

V r V r
→ →

− −= + ΘL                                 (19)                  

By making the substitution above equation into Eq. (16), we find the 
global our working new modified Hamiltonian operator ( ),qpH x pµ ν

 
satisfies the equation in (NC: 3D-RSP) symmetries:  

( ) ( ) ( ) ( )per- pˆ, , , ,qp nc qp qp qH x p H r H x p H rµ ν µ ν θ−⇒ = + Θ            (20)  

where the operator ( ),qpH x pµ ν
 is just the ordinary 

Hamiltonian operator for quarkonium potential in CQM

( ) 2
2

,
2qp
p cH x p ar br

rµ µ µ
= + + −

                    
                                     (21)  

while the rest part ( )per- p , ,qH r θΘ  (the perturbative Hamiltonian 
operator) is proportional with two infinitesimals parameters (Θ  andθ ): 

( )per- p 3, ,
2 2 2q
c bH r a
r r

θ
µ

 Θ = − − Θ+ 
 

LL


  θ          

                                    (22)    

Thus, we can consider ( )rH qp-per  as a perturbation terms compared 
with the principal Hamiltonian operator ( ),qpH x pµ µ  in (NC: 3D-RSP) 
symmetries.  After profound calculation, one can show that, the new 
radial function ( )nlR r satisfying the following differential equation for 
modified quarkonium potential:

  
( ) ( )

2
2

2 3 2

( 1)2 0
2 2 2 2

nl
nl nl

d R r c c b l lE ar br a R r
dr r r r r

θµ
µ µ

→
→

 
+  + − − + − − − Θ− − =     

LL


                                 
   

                   (23)

The exact modified spin-orbital operator for heavy 
quarkonium systems under modified quarkonium potential 
in Pnrqcd

In this subsection, we will apply the same strategy, which we have seen 
exclusively in some of our published scientific works [26-32]. Under such 
particular choice, one can easily reproduce both couplings ( →→

ΘL and θ
→→

L ) 
to the new physical forms (

→→

Θ SLγ and →→

SLθγ ), respectively. Thus, 
the perturbative Hamiltonian operator ( )per- p , ,qH r θΘ  for heavy 
quarkonium systems, will be transforms to  modified spin-orbital operator 

( )so- p , ,qH r θΘ , under modified quarkonium potential as follows:        

( ) ( )per- p so- p 3, , , ,
2 2 2q q
c bH r H r a L S
r r

θθ θ γ
µ

→ →  Θ → Θ ≡ − − +  
  

                  
                    (24)           

Here 2 2 2
12 23 13Θ = Θ +Θ +Θ  , 2 2 2

12 23 13θ θ θ θ= + +  and 1
137

γ ≈  is 
a new constant, which play the role of fine structure constant in the 
electromagnetic interaction or QED theory, we have chosen the two 
vectors Θ

  and θ  parallel to the spin S→  of heavy quarkonium systems. 
Furthermore, the above perturbative terms ( )so- pqH r  can be rewritten 
to the following new form:

( )
2 2 2

3, ,
2 2 2 2so qp

c bH r a J L S
r r

γ θθ
µ

→ → →

−

   Θ = − − Θ+ − −   
    

        (25) 
     

Where J
→

 and 
→

S are defined the operators of the total angular 
momentum and spin of quarkonium systems. This operator, 

( )so- p , ,qH r θΘ , traduces the coupling between spin S
→

and 

orbital momentum
→

L . The set ( ( ), ,so qpH r θ− Θ , J2, L2, S2 and Jz forms 

a complete of conserved physics quantities. For 1S
→

=


, the eigenvalues 
of the spin orbital coupling operator are { }2)1()1()( 2

1 −+−+≡ lljjlk  
corresponding 1j l= +  (spin great), lj =  (spin middle) and 1j l= −  
(spin little), respectively, then, one can form a diagonal ( )33× matrix 
for modified quarkonium potential in (NC: 3D-RSP) symmetries, with 
diagonal elements ( )

11so qpH −
, ( )

22so qpH −
 and ( )

33so qpH −
 are 

given by: 

( ) ( )

( ) ( )

( ) ( )

1 311

2 322

3 333

if 1 
2 2 2

if 
2 2 2

if 1
2 2 2

so qp

so qp

so qp

c bH k l a j l
r r

c bH k l a j l
r r

c bH k l a j l
r r

θγ
µ

θγ
µ

θγ
µ

−

−

−

  = − − Θ+ = +  
  
  = − − Θ+ =  
  

  = − − Θ+ = −  
  

    
                                                   (26)       

 Here ( ) ( ) ( )( ) ( )1 2 3
1, , , 2, 2 2
2

k l k l k l l l≡ − − −  and 1 1l j l− ≤ ≤ +  is the 
total quantum number. The non-null diagonal elements ( )

11so qpH −

,
 ( )

22so qpH − and ( )
33so qpH − of modified Hamiltonian operator

( )ˆnc qpH r−  will change the energy values nlE by creating three new 
values:

    ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

g- p 11

m-qp 22

l- p 33

, , , ,

, , , ,

, , , ,

q so qp

so qp

q so qp

E r H r

E r H r

E r H r

θ φ θ φ

θ φ θ φ

θ φ θ φ

−

−

−

 = Ψ Ψ

 = Ψ Ψ

 = Ψ Ψ

        
                                                                             (27)

We will see them in detail in the next subsection. Through 

our observation of the expression of ( )so- pqH r , which appear in 

the equation (24), we see it as proportionate to two infinitesimals 
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parameters (Θ  andΘ). Thus, in what follows, we proceed to solve 
the modified radial part of the MSE that is, equation (23) by applying 
standard perturbation theory to find acceptable solutions at first order 
of two parameters Θ  and θ . The proposed solutions for MSE under 
modified the quark-antiquark interaction potential includes energy 
corrections, which produced automatically from two principal physical 
phoneme’s, the first one is the effect of modified spin-orbital interaction 
and the second is the modified Zeeman effect while the stark effect can 
be appear in the linear part of the modified quark-antiquark interaction 
potential.

The exact modified spin-orbital spectrum for heavy 
quarkonium systems under the modified quark-antiquark 
interaction potential in pNRQCD

The purpose here is to give a complete prescription for 
determine the energy level of ground state, first excited state and 
nth excited state, of heavy quarkonium systems. We first find the 
corrections ( ( )( )1 , , , ,so gqpE k l a b c n− , ( )( )2 , , , ,so mqpE k l a b c n−  and 

( )( )3 , , , ,so lqpE k l a b c n− ) for heavy quarkonium system such as (the 
charmonium cc , bottomonium cb and cb ) mesons that have the quark 
and antiquark flavor under modified the quark-antiquark interaction 
potential, which have three polarity 1j l= +  (spin great), lj =  (spin 
middle) and 1j l= +  (spin little), respectively, at first order of two 
parameters (θ  and θ ).

Moreover, by applying the perturbative theory, in 
the case of pNRQCD, we obtained the following results:

( ) ( )
( ) ( ) ( ) ( )

( ) ( )
( ) ( ) ( ) ( )

2
222 2 1 2 2

1 3
0

2
222 2 1 2 2

2 3

! 2 1
2 exp 2 2 2

2 2 2 2

! 2 1
2 exp 2 2 2

2 2 2 2

n
so gqp nl n

n
so mqp nl n

n c bE C k l r r r L r a dr
n r r

n c bE C k l r r r L r a
n r r

η η

η η

η θγ α β β
η µ

η θγ α β β
η µ

+∞
+

−

+
−

 Γ +    = − − − − − Θ+      Γ +    

 Γ +    = − − − − − Θ+      Γ +    

∫

( ) ( )
( ) ( ) ( ) ( )

0

2
222 2 1 2 2

3 3
0

! 2 1
2 exp 2 2 2

2 2 2 2
n

so lqp nl n

dr

n c bE C k l r r r L r a dr
n r r

η ηη θγ α β β
η µ

+∞

+∞
+

−

 Γ +    = − − − − − Θ+      Γ +    

∫

∫

    

                 (28)

We have used the orthogonality property of the spherical harmonics
( ) ( ) ( )'

' ' ', , sinm m
l l ll mmY Y d dθ φ θ φ θ θ φ δ δ=∫ .  Now, we can re-write 

the above equations to the simplified new form:

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )[ ] ( )

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )[ ] ( )

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )[ ] ( )
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
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
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                                           (29)

Moreover, the expressions of the 4-factors ( )4,1=iTi  are given by:

   
( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

22 2 2 2
1

0

22 2 2
2

0

22 1 2 2
3

0

22 1 2 2
4

0

, , , exp 2 2 2
2

, , , exp 2 2 2
2

, , , exp 2 2 2

, , exp 2 2 2

n

n

n

n

cT c n l r r r L r dr

bT b n l r r r L r dr

T a n l a r r r L r dr

T l n r r r L r dr

η η

η η

η η

η η

µ α β β

µ α β β

µ α β β

µ α β β

+∞
−

+∞

+∞
+

+∞
+

 = − −  

 = − − −  

 = − − −  

 = − −  

∫

∫

∫

∫

  

                                                                                    (30)  

For the ground state, we have ( )2
0 2 1nL rη β= = , thus, the expressions 

of the 4-factors ( )4,1=iTi  will be simplified to the following form:

( ) ( )

( ) ( )

( ) ( )

( ) ( )

2 1 1 2
1

0

2 1 1 2
2

0

2 2 1 2
3

0

2 2 1 2
4

0

, 0, , exp 2 2
2

, 0, , exp 2 2
2

, 0, , exp 2 2

0, , exp 2 2

cT c n l r r r dr

bT b n l r r r dr

T a n l a r r r dr

T n l r r r dr

η

η

η

η

µ α β

µ α β

µ α β

µ α β

+∞
− −

+∞
+ −

+∞
+ −

+∞
+ −

= = − −

= = − − −

= = − − −

= = − −

∫

∫

∫

∫

                         (31)

It is convenient to apply the following special integral [33]:

( ) ( ) ( )
2

1. 2 2
.

0

exp 2 exp
8 2

x x x dx D
ν

ν
ν

γ γε γ ε ν
ε ε

+∞
−−

−

   − − = Γ    
  

∫
   

                                    (32) 

Where 2
D ν

γ
ε−

 
 
 

 denote to the parabolic cylinder functions function, 
( )νΓ  Gamma function ( )Rel 0ε 〉  and ( )Rel 0ν 〉 .  After straightforward 

calculations, we can obtain the explicitly results:

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

22 1
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1 2 1

22 3
2

2 2 3

2
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2 4
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4
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− +
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   = = − Γ +    
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 
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 
( )4

β
α

 
 
 

    
                                                        (33) 

Allow us the two to obtain the exact modifications
( )1, , , , 0,so gqpE k a b c n l− = , ( )2 , , , , 0,so mqpE k a b c n l− = and ( )3 , , , , 0,so lqpE k a b c n l− =  

of the ground state as:

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

2
1 00 1 10 4

2
2 00 2 10 4

2
3 00 3 10 4

, , , , 0, , 2 0 , , , 0, , 0, ,
2

, , , , 0, , 2 0 , , , 0, , 0, ,
2

, , , , 0, , 2 0 , , , 0, ,
2
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so mqp

so lqp

E k a b c n l C k l T a b c n l T n l
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θµ γ µ µ
µ

θµ γ µ µ
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θµ γ µ
µ

−

−

−

 
= = = Θ = + = 

 
 

= = = Θ = + = 
 

= = = Θ = + ( )0, ,n l µ 
= 

 

 

                     (34)

With 

( ) ( )
( ) ( )

10 1

2 3

, , , 0, 0, , 0, 0,

, 0, 0, , 0, 0,

T a b c n l T c n l

T b n l T a n l

µ µ

µ µ

= = = = = +

+ = = + = =

The obtained results, which presented in Eq. (34) are created by the 
effect of modified spin-orbital Hamiltonian operator ( )so- pqH r , thus the 
ground state energy the energy 00E  in CQM will be generated into three 
values ( )00 1, , , , 0, ,so gqpE E k a b c n l µ−+ = , ( )00 2 , , , , 0, ,so gqpE E k a b c n l µ−+ =  

and ( )00 3, , , , 0, ,so gqpE E k a b c n l µ−+ = . For the first excited state 
1n = , we have ( )2

1 2 2 2 1nL r rη β β η= = − + + , after a straightforward 
calculations, the expressions of the 4-factors ( )1,4iT i =  for 1=n   in 
Eq. (30) are simplified to the form:   

( ) ( )( )

( ) ( )( )

( ) ( )( )
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2 2 1 1 2 1 2 1 1
1 1 2 3
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2
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η η η
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η η η
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∫

∫

∫
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2 r f r f r f r drη η ηβ
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+ − + − + −− + +∫

                        (35)
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we choose the arbitrary uniform external magnetic field B


 parallel to 
the (Oz) axis, which allow us to introduce the new modified magnetic 
Hamiltonian ( ), ,m qpH r χ σ−

 in (NC: 3D-RSP) symmetries as:

( ) ( ) { }so- p 3, , , ,
2 2 2q m qp z
c bH r H r a B J
r r

σθ χ σ χ
µ

→

−

  Θ → = − − + −ℵ  
  

           
        
                   (40)

Here BSz

→

−≡ℵ  denote to Zeeman effect in CQM, while 

zz JB ℵ−≡ℵ
→

−


mod

is the new Zeeman effect in NCQM. To obtain 
the exact NC magnetic modifications of energy for ground state, first 
excited state and thn  excited states of heavy quarkonium systems 

( )0, , , , 0, ,mag qpE m a b c n l µ− = = , ( )0, 1, , , , 1, ,mag qpE m a b c n l µ− = ± =  and 

( ), , , , , , ,mag cpE m l l a b c n l µ− = − + , we just replace ( )1k l  and Θ  in the Eqs. 

(34), (37) and (38) by the following parameters m  and χ , respectively:

( )

( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( )

2
1 11 4

2
22

1 4
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n
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µ
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−

= = =

 
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 

   Γ +
= − + = − +    Γ + +   

                     (41)

We have lml +≤≤− , which allow us to fixing ( 2 1l + ) 
values for discreet number m . It should be noted that the 
results obtained in Eq. (41) could find it by direct calculation 

( ) ( ) ( ), , , , , ,mag qp m qpE r H r rθ φ χ σ θ φ− −= Ψ Ψ that takes the following 

explicit relation:

( ) ( )
( )

2
22 ! 2 1

2
2

n
mag qp nl

n
E C mB

n
η
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η−

 Γ +
= −   Γ + 
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2 22 1 2 2
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exp 2 2 2 ,
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c br r r L r a Y d
r r

η η σα β β χ θ φ τ
µ

+∞
−     − − − − +      

∫      

                                    (42)

Where ( )2 sind r d dτ θ θ φ= , we have used the wave function that 
is in Eq. (10) and the perturbed magnetic Hamiltonian operator, Eq. 
(41) and the the orthogonality property of the spherical harmonics 

( ) ( )'
' ' ', ,m m

l l ll mmY Y dθ φ θ φ δ δΩ =∫  (with ( )sin )d d dθ θ φΩ ≡ , It is 
clear that the Eq. (42) can be rewritten as follows:

( ) ( ) ( )
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22
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! 2 1
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2
n

so gqp nl

n
E k a b c n l C

n
η

µ γ
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 Γ +
= −   Γ + 

 

( ) ( ) ( ) ( )1 2 3 4, , , , , , , , , , ,
2

T n c l T n b l T n a l T n l mBσχ µ µ µ µ
µ

 
+ + −   

 

 

                  (43)

the expressions of the 4-factors ( )4,1=iTi  are given by Eq. (30). 
Then we find the magnetic specters of energy produced by the operator 

( ), ,m qpH r χ σ−  for ground state and first excited states repeating 
the same calculations in the previous subsection. It should be noted 
that, the magnetic effects are very important in the case of elementary 
particles such as electrons [34].

Results
In the previous sub-sections, we obtained the solution of the 

modified Schrödinger equation for the modified quark-antiquark 
interaction potential, which is given in Eq. (22) by using the generalized 
Bopp’s shift method and standard perturbation theory in pNRQCD. 
The energy eigenvalue is calculated in the 3D space-phase. The 
modified eigenenergies ( )( )nc -g p nc -m p nc -l p, , 0, 0, , , , ,q q qE E E n m a b c l µ= = , 

Where 2
1 4f β= , ( )2 4 2 1f β η= − +  and 2

3 4 4 1f η η= + + Evaluating 
the integral in Eq. (35), applies the special integration, which given by 
Eq. (32), we obtain the results:
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                     (36)

Allow us the two to obtain the exact modifications 
( )1, , , , 1,so gqpE k a b c n l− = , ( )2 , , , , 1,so mqpE k a b c n l− =  and ( )3, , , , 1,so lqpE k a b c n l− =  

of the first excited state under the modified quark-antiquark interaction 
potential:
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                    (37)

With ( ) ( ) ( ) ( )11 1 2 3, , , 1, , , 1, , , 1, , , 1, ,T a b c n l T c n l T b n l T a n lµ µ µ µ= = = + = + = . 
In addition, and in the same way we find the exact modifications 

( )1, , , , ,so gqpE k a b c n l−
, ( )2 , , , , ,so mqpE k a b c n l−

 and ( )3, , , , ,so lqpE k a b c n l−  

for thn  excited states of heavy quarkonium systems under modified 
quark-antiquark interaction potential in global quantum group 
symmetry (NC: 3D-RSP):
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                                      (38)

With ( ) ( ) ( ) ( )1 1 2 3, , , , , , , , , , , , , ,nT a b c n l T c n l T b n l T a n lµ µ µ µ= + +

The exact modified magnetic spectrum for heavy quarkonium 
systems  under modified quark- antiquark interaction 
potential in pNRQCD

Further to the important previously obtained results, now, we 
consider another important physically meaningful phenomena 
produced by the effect of the modified quark-antiquark interaction 
potential in  perturbative NRQCD related to the influence of an external 
uniform magnetic field B


. To avoid the repetition in the theoretical 

calculations, it is sufficient to apply the following replacements:

 

3

3

 will -be- replace- by:
2 2 2

 
2 2 2

B c b La L
r rB

c b a B L
r r

χ θ
µθ σ

σχ
µ

→
→

→

 Θ→   ⇒ − − Θ +    →  
  − − +  
  

  


 

                      (39)

Here χ  and σ  are two infinitesimal real proportional constants, and 
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( ) ( )( )nc -g p nc -m p nc -l p, , 1, 0, 1 , , , , ,q q qE E E n m a b c l µ= = ±
 

and with spin 1S
→ →
=

for MSE for heavy quarkonium systems (the charmonium cc , 
bottomonium bb and cb mesons) under modified quark-antiquark 
interaction potential are obtained in this paper on based to our original 
results presented on the Eqs. (34), (37), (38) and (41), in addition to 
the ordinary energy nlE  for the modified quark-antiquark interaction 
potential which presented in the Eq.(9):

( )

( ) ( ) ( )

( ) ( ) ( )

nc gqp 00

2
nc - 00 00 10 4

2
nc - 00 00 10 4

0, 0, , , , ,

0, 0, , , , , 2 0, , , , 0, 0, 0,
2

0, 0, , , , , 2 0, , , , 0, 0, 0,
2

mqp

lqp

E n m a b c l E

E n m a b c l E C T n a b c l T n l

E n m a b c l E C T n a b c l T n l

µ

θµ γ µ µ
µ

θµ γ µ µ
µ

− = = =

 
= = = + Θ = = + = = 

 
 

= = = + Θ = = + = = 
    

                                                    (44)

( )( ) ( )( ) ( ) ( ) ( )

( )( ) ( )( ) ( ) ( )

nc -g p 1 1 1 1 11 1 4

nc -m p 2 1 1 2 11 2 4

21, , 0, 1 , , , , , 4 1 1, , , , , 1 1, ,
2 2

21, , 0, 1 , , , , , 4 1 1, , , , , 1
2 2

q l l

q l l

E n k m a b c l E C k l Bm T n a b c l k l Bm T n l

E n k m a b c l E C k l Bm T n a b c l k l Bm T n

θ σ
µ γ χ µ µ

µ µ

θ σ
µ γ χ µ

µ µ

   = = ± = + = Θ+ = + = + =  
   

 
= = ± = + = Θ+ = + = + 

 
( )

( )( ) ( )( ) ( ) ( ) ( )nc -l p 1 1 3 11 3 4

1, ,

21, 3, 0, 1 , , , , , 4 1 1, , , , , 1 1, ,
2 2q l l

l

E n k m a b c l E C k l Bm T n a b c l k l Bm T n l

µ

θ σ
µ γ χ µ µ

µ µ

  = 
  
   = = ± = + = Θ+ = + = + =  
   

 

                  (45)

( ) ( ) ( )
( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( )
( ) ( )

2
22

nc -g 1 1 1 1 4

2
22

nc -m p 2 2

! 2 3
, , , , , , , , 2 , , , , , , ,

2 2 2 2

! 2 3
, , , , , , , , 2

2 2

n
cqp nl nl n

n
q nl nl

n l
E n k m l l a b c l E C k l Bm T n a b c l k l Bm T n l

l n

n l
E n k m l l a b c l E C k l B

l n

θ σ
µ γ χ µ µ

µ µ

µ γ χ

    Γ +  = − + = + − Θ+ + +     Γ + +      

 Γ +
= − + = + − Θ+  Γ + + 

( ) ( ) ( ) ( )

( ) ( ) ( )
( ) ( )( ) ( ) ( ) ( )

1 2 4

2
22

nc -l p 3 3 1 3 4

, , , , , , ,
2 2

! 2 3
, , , , , , , , 2 , , , , , , ,

2 2 2 2

n

n
q nl nl n

m T n ba b c l k l Bm T n l

n l
E n k m l l a b c l E C k l Bm T n a b c l k l Bm T n l

l n

θ σ
µ µ

µ µ

θ σ
µ γ χ µ µ

µ µ

   + +  
   

    Γ +  = − + = + − Θ+ + +     Γ + +      

 

                  

                   (46)

Where 00E  and 1lE  are the energy of ground state and first excited 
state of heavy quarkonium systems in the symmetries of quantum 
mechanics under the quark-antiquark interaction potential:

( ) ( )
( )

22

00 1

2 223     and  2 5
2 8 2 8 1l

l ba b aE E l
a l aµ µ

−
= − = + +

+

    
                   (47)

This is one of the main objectives of our research and by noting 
that, the obtained eigenvalues of energies are real’s and    

( ) ( )
( )

( )
( )

11

22

33

0 0

, , 0 0

0 0

nc qp

qp nc qp nc qp

nc qp

H

H x p H x p H

H

µ µ µ µ

−

− −

−

 
 
 → ≡
 
 
 

         
    

                  (48)  

Where ( ) int11 2
nc

nc qp gqpH H
µ− −

∆
= − + ,, ( ) int22 2

nc
nc qp mqpH H

µ− −

∆
= − +  and 

( ) int33 2
nc

nc qp lqpH H
µ− −

∆
= − +  with 

2 2
nc L Lθ σ
µ µ

→ →

∆ ∆ − −
=


,      and the three 

modified interactions elements ( )int int int, ,gqp mcp lqpH H H− − −
 are given 

by:

( )

( )( )

( )( )

( )( )

2
int 1 mod 3

2
int 2 mod 3

2
int 3 mod 3

 
2 2

2 2

2 2

gqp z

qp mqp z

lqp z

c c bH ar br k l a
r r r
c c bV r H ar br k l a
r r r

c c bH ar br k l a
r r r

γ χ

γ χ

γ χ

− −

− −

− −

  = + − + Θ+ ℵ − −   
  → = + − + Θ+ ℵ − −  

 
  = + − + Θ+ ℵ − −  

 

                 
        
                 (49)

Thus, the ordinary kinetic term for the quark-antiquark interaction 
potential (

2µ
∆

− ) and ordinary interaction ( 2 car br
r

+ − ) are replaced by 

new modified form of kinetic term 
2

nc

µ
∆  and new modified interactions 

( gqpH −int , mqpH −int  and int lqpH − ) respectively, in (NC-3D: RSP) 
symmetries. On the other hand, it is evident to consider the quantum 
number m takes ( 12 +l ) values and we have also three values for
( )llj ,1±= , thus every state in usually three-dimensional space of 
energy for heavy quarkonium systems under modified quark-antiquark 
interaction potential will be ( )( )3 2 1l + sub-states. To obtain the total 
complete degeneracy of energy level of the modified quark-antiquark 
interaction potential in (NC-3D: RSP) symmetries, we need to sum for 
all allowed values of l . Total degeneracy is thus,

( ) ( )
1 1

2 2

0 0
2 1 3 2 1 3

n n

i i
l n l n

− −

= =

 + = → + ≡ 
 

∑ ∑
                

                 (50)

Note that the obtained new energy eigenvalues 
( ) ( )( )nc -g p nc -m p nc -l p, , , , , , , , ,q q qE E E n m l l a b c l µ= − +  now depend to 
new discrete atomic quantum numbers ( )sljn ,,,  and m  in addition 
to the parameters (a,b,c)  of the modified quark-antiquark interaction 
potential. It is pertinent to note that when the atoms have 0S

→ →

= , the 
total operator can be obtains from the interval l s j l s− ≤ ≤ +
, which allow us to obtaining the eigenvalues of the operator 

( )2 2 2
J L S− −
  

 as ( ), , 0k j l s ≡  and then the non-relativistic energy 

spectrum ( ) ( )( )nc -g p nc -m p nc -l p, , , , , , , , ,q q qE E E n m l l a b c l µ= − +  reads:

( ) ( )( ) ( ) ( )nc -g q nc -m q nc -l q 1 4
2, , , , , , , , , , , , , , , ,

2c c c nl nl nE E E n m l l a b c E C T n l m a b c T n l Bmσµ γ χ µ µ
 

= − + = − − 
 

                     

                         (51)

One of the most important applications, in the extended model 
of pNRQCD, is to calculate the modified mass spectra of the heavy 
quarkonium systems (the mass of the quarkonium bound state), such 
as charmonium and bottomonium mesons, that have the quark and 
antiquark flavor in the symmetries of NCQM under modified quark-
antiquark interaction potential. In order to achieve this goal, we 
generalize the traditional formula 2 q nlM m E= +  to the new form

( ) ( )( )nc -g p nc -m p nc -l p
12 2 , , , , , , ,
3q nl nc cp q q qM m E M m E E E n m l l a b c l µ−= + → = + + + = − +

                  
          

                  (52)

Here qm  is bare mass of quarkonium or twice the reduced mass 
of the system. Moreover, ( ) ( )( )nc -g p nc -m p nc -l p

1 , , , , , , ,
3 q q qE E E n m l l a b c l µ+ + = − +  

is the non-polarized energies (energy independent of spin), which 
can determine   from Eqs. (46) and (51).  Thus, the modified mass 
of quarkonium system 

nc qpM −
 can be according to the following new 

result:

( ) ( ) ( ) ( )
( )

2
2 12

2

for 1! 2 3
, , , , , , , , , , , 2

2 2    for 0
n

nc cp nl

M Sn l
M n a b c l m M n a b c l C

l n M S
µ µ γ−

  =Γ + = + −    Γ + + =  

 

 

                          (53)

With ( )02 =SM  and ( )02 =SM  are given by:

( ) ( ) ( ) ( )

( ) ( ) ( )

1 1 4

2 1 4

41 , , , , , 4 , ,
6 2 12

0 , , , , , , ,
2

n

n

lM S Bm T n a b c l Bm l T n l

M S T n a b c l T n l Bm

σ θχ µ µ
µ µ

σχ µ µ

 + = = + Θ+ − + +  
   
 

= = + 
 

 

                     (54)

Here ( ), , , , ,M n a b c l µ is the heavy quarkonium systems under 
the quark-antiquark interaction potential in CQM, which defined in 
[1]. The obtained modified mass of quarkonium system nc qpM −  equal 
the sum of corresponding value M in CQM and two perturbative 



Citation: Maireche A (2019) A New Asymptotic Study to the 3-Dimensional Radial Schrödinger Equation under Modified Quark-antiquark Interaction 
Potential. J Nanosci Curr Res 4: 131.

Page 7 of 8

Volume 4 • Issue 1 • 1000131
J Nanosci Curr Res an open access journal 
ISSN:2572-0813

Schrödinger equation for the quark–antiquark interaction potential. Physica 
Scripta 85: 055008. 

6. Kumar R, Chand F (2012) Reply to Comment on Series solutions to theN-
dimensional radial Schrödinger equation for the quark–antiquark interaction 
potential. Physica Scripta 86: 027002. 

7. Kumar R, Chand F (2014) Solutions to the N-dimensional radial Schrödinger 
equation for the potential ar2+br−c/r. Pramana 83: 39–48. 

8. Fulcher LP, Chen Z, Yeong KC (1993) Energies of quark-antiquark systems, 
the Cornell potential, and the spinless Salpeter equation. Phys Rev D 47: 
4122–4132. 

9. Heisenberg W (1930) Letter to Peierls R in ’Wolfgang Pauli, Scientific 
Correspondence’. Springer 3:15. 

10. Snyder H (1947) Quantized Space-Time. Phys Rev 71: 38–41. 

11. Ho PM, Kao HC (2002) Noncommutative Quantum Mechanics from 
Noncommutative Quantum Field Theory. Phys Rev Lett 88: 151602. 

12. Darroodi M, Mehraban H, Hassanabadi S (2018) The Klein–Gordon equation 
with the Kratzer potential in the noncommutative space. Mod Phys Lett A 33: 
1850203.

13.  Gnatenko KP (2019) Parameters of noncommutativity in Lie-algebraic 
noncommutative space. Phys Rev D 99: 026009. 

14. Gnatenko KP, Tkachuk VM (2017) Weak equivalence principle in 
noncommutative phase space and the parameters of noncommutativity. Phys 
Lett A 381: 2463-2469. 

15. Bertolami O, Rosa JG, De-Aragao CML, Castorina P, Zappala D (2006) 
Scaling of  variables and the relation between noncommutative  parameters in 
noncommutative quantum mechanics, Modern Physics Letters A 21: 795–802. 

16.  Maireche A (2017) A Recent Study of Excited Energy Levels of Diatomics for 
Modified more General Exponential Screened Coulomb Potential: Extended 
Quantum Mechanics. J Nano Electron Phys 9: 03021.

17. Djemaï AEF, Smail H (2004) On Quantum Mechanics on Noncommutative 
Quantum Phase Space. Commun Theor Phys 41: 837–844.

18. Yi Y, Kang L, Jian-Hua W, Chi-Yi C (2010) Spin-1/2 relativistic particle in a 
magnetic field in NC phase space. Chinese Phys C 34: 543–547. 

19.  Bertolami O, Leal P (2015) Aspects of phase-space noncommutative quantum 
mechanics. Phys Lett B 750: 6–11. 

20. Bastos C, Bertolami O, Dias NC, Prata JN (2008) Weyl–Wigner formulation of 
noncommutative quantum mechanics. J Math Phys 49: 072101.

21. Zhang J (2004) Fractional angular momentum in non-commutative spaces. 
Phys Lett B 584: 204–209. 

22. Gamboa J, Loewe M,  Rojas JC (2001) Noncommutative quantum mechanics. 
Phys Rev D 64: 067901. 

23. Chaichian M, Sheikh-Jabbari MM, Tureanu A (2001) Hydrogen Atom Spectrum 
and the Lamb Shift in Noncommutative QED. Phys Rev Lett 86: 2716–2719. 

24. Maireche A (2016) New Relativistic Atomic Mass Spectra of Quark (u, d and s) 
for Extended Modified Cornell Potential in Nano and Plank’s Scales. J Nano- 
Electron Phys 8: 01020-1 - 01020-7.

25. Maireche A (2016) New Bound State Energies for Spherical Quantum Dots in 
Presence of a Confining Potential Model at Nano and Plank’s Scales. Nano 
World J 1: 122-129. 

26. Maireche A (2016) A Complete Analytical Solution of the Mie-Type Potentials 
in Non-commutative 3-Dimensional Spaces and Phases Symmetries. Afr Rev 
Phys 11: 111-117.

27. Maireche A (2016) A New Nonrelativistic Investigation for the Lowest Excitations 
States of Interactions in One-Electron Atoms, Muonic, Hadronic and Rydberg 
Atoms with Modified Inverse Power Potential. Int Frontier Sci Lett 9: 33-46. 

28. Maireche A (2015) new quantum atomic spectrum of Schrödinger equation with 
pseudo harmonic potential in both noncommutative three dimensional spaces 
and phases. Lat Am J Econ 9: 1301. 

terms proportional with two parameters ((Θ or χ ) and (θ or 
σ )). If we consider ( ) ( )0,0or   ,or  →Θ σθχ , we recover the results 
of commutative space of ref. [1] obtained for the quark-antiquark 
interaction potential, which means that our calculations are correct.

Conclusion
In the present work, the 3-dimensional modified Schrodinger 

equation is  analytically solved using the generalized Bopp’s shift 
method and time independent standard perturbation theory. The 
quark-antiquark interaction potential is extended to include effect of 
non-commutativity space phase; we resume the main obtained results:

• Ordinary quark-antiquark interaction potential ( 2 car br
r

+ − ) 
were replaced by new modified interactions ( gqpH −int , mqpH −int  and 

lqpH −int ) for heavy quarkonium systems, 

• The ordinary kinetic term 
µ2
∆

−  modified to the new 

form 
2µ
∆

→
2 2

nc L Lθ σ
µ µ

→ →
∆ ∆ − −

=



 for heavy quarkonium systems under 

influence of the modified quark-antiquark interaction potential,

• We obtained the perturbative corrections  
( ( ) ( )nc -g p nc -m p nc -l p, , 0, 0, , , , ,q q qE E E n m a b c l µ= = ,

( ) ( )( )nc -g p nc -m p nc -l p, , 1, 0, 1 , , , , ,q q qE E E n m a b c l µ= = ± and) for ground 
state, first excited state and thn excited state with (spin 

→→
= 1S  and

→→

= 0S ) 
for heavy quarkonium systems under influence of the modified quark-
antiquark interaction potential are obtained.

• We have obtained the modified mass of quarkonium system 
( ), , , , , ,nc cpM n a b c l m µ− which equal the sum of corresponding value M 

in CQM and two perturbative terms proportional with two parameters 
((Θ or θ ) and (θ orσ )). 

Through the of high value results, which we have achieved 
in present work, we hope to extend our recently work physics for 
further investigations of particles physics and other characteristics 
of quarkonium among others in the context of NRQCD theory. 
Finally, we can say that we have established our new theoretical model 
to describe the charmonium cc , bottomonium bb  and bc  mesons in 
the symmetries of NCQM under modified quark-antiquark interaction 
potential, this is the main objective of this work.
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