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Abstract

In this paper we obtain a generalization of well-known result of Enestrom -Kakeya concerning the bounds for the
moduli of the zeros of polynomials with complex coefficients which improve upon some results due to A. Aziz and

Q.G Mohammad and others.
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Introduction and Statement of Results

The following result known as Enestrém - Kakeya theorem, is well
known in the theory of distribution of zeros of polynomials was firstly
proved by Enestrém [1] and Kakeya [2].

Theorem 1.1: If P(Z) = ZGF/Z/ is a polynomial of degree n with
real coefficients such that /=

a,za,  z.z2a,2a,>0,
then all the zeros ofP(Z) liein |Z| <l1. (1.1)

In literature [3-5] there exist several extensions of Enestrom
-Kakeya theorem. By using Schwartz lemma, Aziz and Mohammad [6]
generalized Enestrom -Kakeya theorem in a different way and proved:

Theorem 1.2: If P(z)= iajzj be a polynomial of degree n with
real positive coeflicients. If t]/;) t, 2 0 can be found such that
att,+a, (t1 - tz)— a_,20, r=12,.,n+la  =a, =0,
then all the zeros of p (Z) liein |Z| <t. (1.2)
The following generalization of Theorem B is due to Rather et al [7].

Theorem 1.3: If P(z)= ijoaizj be a polynomial of degree n
with Req, = ¢,and

Ima, =B, j=0,12,.... ,n If t,>% 20 can be found such that
tha, +(t—t)a,_ —a_,20for r=123,... k+1

nha, +(t—t)a, —a,, <0 for r=k+2,....,n+1,

and

LB+t —6) B~ B sofor r=1,2,3,.....m+1,

tltlﬁr+(tl _tZ)ﬁrfl _ﬂr72 Sofor rEm+l,.ontl,
0<k<nO0<m<na,=p =a,,

P(z) lie in

|Z| < ;_I{ZZIk_n (ak + tzak+|)+ 24" (ﬂm +6,8,. ) - (an + ﬁn)} (1.3)

n

=p,..=0,a,>0 then all the zeros of

In this paper, as a generalization of Theorem (1.3) , We prove the
following result.

Theoreml.4: Let P (Z ) = Zj':o a_,-Zj be a polynomial of
degree n>1with Rea,=«a; and Ima,=p,j=0,12,. ... o If
t, 2t, 20, # 0 can be found such that

tha, +(t—-t)a,_ —a,_,20 for r=12,3,.....k+1,

tho, +(t—t)a,  —a,_, <O0for r=k+2,...,n+1
and

tB.+(t—6,)B_ - B, =0for r=123,....m+1,
tp+(t—6)B_ - B, <0for r=m+2,....n+1,

0<k<n-1,0<m-1<na,=p, =a,, =p,

zeros of P(z) lie in

=0,a, >0 then all the

1+1

k+1 m+l1

a,, —(t-t)a, t t
Z+l(a]”2) <2(a, it +ak)ﬁ+2(ﬂm“t2 +ﬂm)|a‘n—tln
_ tzan + tlﬂn + an—l (1 4)

n

|a

For B3;=0,j=0,12,...,nin the Theorem (1.4), we obtain the
following result.

Corollary 1.5: Let P(z)= ijoa/.Z‘i be a polynomial of degree
n > 3 with real and positive coefficients. If #, 2, 2 0,t, # 0 can be found
such that

tha, +(t,—t)a, , —a,,20for r=1,273, . k+1
tha, +(t,—t,)a,  —a, , <0for r=k+2,.....n+l,

0<k<n-la,=a, =0, then all the zeros of P (z) lie in

s+ (g —t,)| <ty + Dot 2B T2 (1.5)
a a at

n n n'1

Remark

In general Theorem 1.4 also gives much better result than Theorem
1.3for 0 < k < n —1.For this we show that the circle defined by (1.5) is
contained in the circle defined by (1.3). Let z=w be any point belonging
to the circle defined by (1.4) then
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Lo, +4p, +a,

+ This gives

i t‘nm

o7 o,

|W|= W L (tl _tZ)an & _(tl _tZ)an
a, a,

< W+a’1*1 (tl_t2)an + anl (tl_tz)an
o |1 e

k+1

1,
< z(akﬂtz + ak)ﬁ+ 2(ﬂm+lt2 +ﬂm)

1

m+l

tl
a

n

a,, _(t\ _tz)an
a

n

_La, + L, +a,.,
a

n

y

n

= 7{2"‘1,(7” (ak + tza/m) +24" (ﬂm 6B, ) - (an + ﬁn)}

Hence the point z = w belongs to the circle defined by (1.3) and
therefore, the circle defined by (1.4) is contained in the circle (1.3).

Proof of the Theorem

Proof of Theorem 1.4: Consider the polynomial
G(2)=(1-2)(,+2)P(2)

= —a,2"" +{a,(t,-t,)-a, }""

n—-1

+Z::2 {avt1t2 +a,, (t] -4 ) —a,, }ZV
+Hat, +a,(t, - 1,)}z+agt,
= —a,z"+ {an (t-t)-a,, }z"“
" Aapt,+a, (4 -1)-a,,}z"

(a,=a,=0)
Let |Z| > 1, ,then

e+l 1
]
z

i+ 1
S o () st )= |
1

Z|

‘G(z)‘ >

a,z+a, - (tl -4 ) a,

2.
v=0

att, +a,, (tl - tz) —d,,

(1.6)

Now by hypothesis

i‘avlwlz +a,, (ll ) ) - a\»z‘lwy < i‘avtllz ta,, (lw - lz)_ o, }1;’ + i‘ﬁvl\ll +h,. (lw ) ) - ﬁ'\»z‘lwy
= = v=0
k+1
<2
v=0
>

v=k+2

v

anh+a,, (tl - tz) - av-z|t1

v

anh+a,, (tl - tz) &, Itl

m+l

3

v=m+1

,th1tz + ﬂv—l (tl - tz) - IBV—Z |T1V

ﬂvtltZ + ﬂv—] (tl - tz) - ﬂv—Z |t1V

=2 ((J{MZ2 +a, ) .

+2 (ﬂm+lt2 + ﬁm ) tlm2 - (IBntZ + ﬂnfl ) zln+1

—(a+a, )1

Using this in (1.6), we obtain

‘G(z)‘z z

‘anz +a,,—(t,-4)a,

1
_(ﬂn—l - ([1 - ) ﬂn ) - 2(O‘Mtz + ak) gk + (antz +a,, ) - Z(ﬂmutz + ﬂm)
1
1
(BB

1

T 1 1
e -2 ) g )20 ) 0
1 1

If

k+1 P
2+ BT

t
>2(ak+lt2+ak)17n+2(ﬂm+]t W
1

1 n

a,z+a,,~(4-1)a,

-(La, +1B,+a,,)
Hence all the zeros of G(z) whose modulus is greater than ¢ lie in
the circle

a,, —(t-t)a, 1 [
Z+1(aln2) <2(at, + a,{)ﬁ+2(ﬂmlt2 +ﬁ"’)|a1n v
_ t2an + tlﬂn + anfl (17)

an

Now we show that all the zeros of G(z) whose modulus is less than
equal to t, also lie in the circle defined by (1.4). Let |Z| <1, then we
have

<

|a,lz+aH —(t,-t,)a,|<|a,|t, +|a,., - (1 —tz)a”|

S tlan + tlﬂn + anfl - (tl - tZ)an

=218, +2(t,a, + 0, ,)

By hypothesis
Y Liht a‘(tll_ B)=%s o o<k<n-l
v=k+2 t]
This gives
2t + )
Z(tzan + an—l) < ;n-k-l (1.8)
1
Similarly for 0<m <n—1
2 t, +
21,8, + nl)ﬁw (1.9)
1
Also we have
LB, <up,+ B, (1.10)
Combining (1.9) and (1.10) , we obtain
2 t, +
23, < —(ﬁ'”f,',fﬂ,. £.) (1.11)
1
Using (1.8) and (1.11) in (1.7), we have
tk+l tm+l
az+a,  — (tl - tz)an < z(a/mtz +a; )17,, + 2(ﬁm+1t2 + ﬂm )17,,
an tl an tl

_(tZan +4f,+a, )
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Since all the zeros of P(z) are also the zeros of G(z), we conclude
that all the zeros of P(z) lie in

1 — (tl - tz)an
a

n

k+l +1
4

t
z+ <2(atty +ak)|a|7[n+2(ﬁm+lt2 +5,) a
n|’1

n|”l

_ La, + tlﬂn +a,
|a

n

This completes the proof of the theorem.
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